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A  THEOREM  OF  USE  IN  WAVE  THEORY 
Bt  Edmund  Pinnkt 

L  Introduction.  The  purpose  of  this  paper  is  to  prove  a  theorem  which  has 
been  ot  considerable  value  in  reducing  the  solutions  of  some  problems  in  the 
theory  elastic  waves  to  tractable  form  susceptible  to  numerical  calculation.  It 
seems  worthwhile  to  present  it  here  in  view  of  its  applicability  to  other  problems 
in  this  thewy  as  well  as  possible  applications  in  other  theories  involving  solutions 
of  the  wave  equation.  The  theorem  can  be  applied  to  regimes  in  which  one  or  more 
wave  velocities  appear.  In  the  theory  of  elastic  waves  there  are  two  such  wave 
velocities  corresponding  to  irrotational  and  equi-voluminar  waves  respectively. 
It  may  have  applications  in  the  optical  theory  of  crystals. 

The  theorem  is  applied  to  finding  expressions  for  surface  displacements  due 
to  a  P-wave  point  source  in  a  semi-infinite  medium. 

2.  Theorem.  Let  pi  >  0,  p*  >  0,  •  •  •  ,  p,  >  0,  r  >  0, 0  <  fci  <  fc*  <  •  •  •  <k». 
Let  t  be  real,  and  s  complex.  Define 

(2.1)  X»  m  X»(s)  -  \/(«*  -  fci),  m  1,  2,  •  •  •  ,  n 

the  s-plane  being  cut  from  —kn  to  -\-kn  and  the  sheet  of  the  resulting  Riemann 
surface  being  chosen  for  which  X»(«)  — ♦  s  as  s  — ♦  <» ,  m  =  1,  2,  •  •  •  ,  n. 

Let  U(s)  be  a  function  of  the  complex  variable  s  such  that 

(i)  Git)  is  meromorphic  for  JRe(8)  ^  0  outside  the  interval  0  ^  Re(s)  ^  kn , 

Im(s)  »  0; 

(ii)  the  poles  of  Git)  lie  to  the  right  of  the  curves 

(2.2)  Re  Er  Pii.X»(«)  ±  irs]  «  0; 

(iii)  Git)  —  A  —  o(t)  as  s  — ►  «,  Re(«)  ^  0  for  some  constant  A  and  some  r  <  0; 

(iv)  u~^'*Giu  ±  tO)  is  continuous  of  bounded  variation  for  0  ^  u  <  fci . 

Let  C  be  a  contour  in  the  first  and  fourth  quadrants  of  the  «-plane,  beginning  at 
0  —  tO,  surrounding  the  interval  0  ^  Re(s)  ^  kn  ,  Im(s)  »  0,  and  the  poles  of 
Git)  in  the  coimter-clockwise  direction  and  returning  to  0  -f  tO.  Let  C  lie  entirely 
to  the  right  of  curves  (2.2)  except  for  segments  lying  on  the  real  axis. 

Define 

hiu)  -  zr  -  A 

(2.3)  jiv)  -  Zr  pWiki  +  V*), 

m»(m)  -  V(Ai  -  t**),  m  »  1,  2,  •  •  •  ,  n. 

Let  U\  denote  the  real  root  of  V(tt)  +  r  =»  0,  (0  <  mi  <  ki)  and  define 

(2.4)  S  -  hiui)  -H  rui 
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Then  if  r/^is  the  smallest  positive  root  of  A(w)  -|-  ru  1 1  when  pmkm  < 
<  I  <  i  and  17  *=  0  when  |  <  |  <  23*  P»  >  and  if 


(2.6) 

we  have 


H(t)  s  77(p,  ,Th,  •••  ,p»,r,t) 

^  I  L  exp  «  ^•p»X«(«)jG'(«)e*’*  d«d», 


(2.6) 


at  A  ^  (?(tt  4-  tP  ggn  0 

f *  f?(w)  dt>  ,  r“  0{—  u>)  dy 

“  -t  \/f<  -  i(.;)l*  +  r*f‘  i 


di* 


V[t  +  j(v)]*  +  rv 


whenever  <  5*,  and 

HipiyPi,  •••  .p.,*",  0 


t  sgn  t 


(2.7) 


n- 

»— 1  «», 


G(ii  +  tO) 


V[t  -  A(m)]*  -  r*t/*  V[t  +  X(«)l* 

•+*  G{u  —  fO)  du 


G{u  -  tO) 


-  rV) 


du 


V[J3Ip„X«(m)  -I-  i^l^-iPmUmiu)  -  if]*  -I-  rV 

‘ _ G{u  —  iO)  du _ 

V|£!p.x.(t<)  -  iZw  ?-.-(>•)  -  tfl*  +  "V 

t-  _  G(«) 

+  ^  *"  iCr  P.X.(.)  -  ftp  +  rV|‘« 

whenever  t*  >  The  arguments  of  the  radicals  in  the  denominators  of  the 
third,  fourth,  and  fifth  terms  in  (2.7)  lie  between  0  and  t/2,  —  t/2  and  0,  and 
—  t/2  and  t/2,  respectively.  The  residue  summation  is  over  the  poles  of  (?(«). 


3.  Preliminary  lemmas.  Before  proving  the  theorem  we  must  prove  two 
lemmas. 

LxiaiA  1.  If  u~^'*g(u)  is.  continuous  of  bounded  variation  for  0  ^  tt  ki , 
then  for  t  ^  Ti, 


f“  r 

(3.1)  lim  /  e*"'  /  giu)Joiuru)  exp  I±  iwX(u)]  du  du  Q 

,^o  J*  Jv 

for  0  ^  17  <  fci ,  and  where  €  — »  0  from  above  when  U  =*  0. 
Proof,  We  may  write* 


(3.2) 


Jo{x)  -=  y/2/Tx  cos  {x  —  t/4)  +  R(x) 


where 

(3.3)  |«(x)|<ix"^*  forx>l. 

>  G.  N.  Watson,  “Bessel  Functions, "  Macmillan,  1944,  7.32. 
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Accordingly  (  J#(x)  j  <  for  x  >  1.  Then 


(3.4)  1  Joix)  1  <  3/\/2(x  +  1)  for  x  ^  0. 

That  this  is  true  for  x  >  1  follows  from  the  above  and  the  fact  that  (x  +  l)/x  <  2 
for  X  >  1.  It  also  holds  when  0  ^  x  ^  1  because  (  Joix)  |  ^  1  for  all  real  x. 
Now*  for  any  finite  to  >  0 


lim  /  e'“*  /  giu)Jo(o)ru)  exp  [±iwfc(M)]  du  do 

I_0  I  Jo  Ju 

»  lim  /  g{%L)  I  Joioru)  exp  ±.  /i(u)]}  do  du 

,_o  I  Ju  Jo 

r  V-H  i.ro/l<l 

^  lim  /  1  giu)  1  /  1  Joioru)  |  dw  du 

t—o  Ju  Jo 

3  f  0+*  fro/M 

<  lim  I  giu)  [  (wru  +  1)“’'*  do  du 

_  lim  I .  !-•«  /  "**  [Ml  ((urr.  +  I .  I)'"  -  I .  n  *1 

r  (-*0  Ju  u 


3V2 


+  «)rT.  +  1 .  Il’'* 


=  0 


because  the  integral  is  boimded.  It  follows  that  the  lower  limit  of  the  outside 
integral  in  (3.1)  may  be  replaced  by  ro/|  e  |  without  changing  the  limit. 

Let  u  <«  U  +  at,  o  ^  t/I  c  I  in  (3.1),  after  making  the  indicated  change  in  the 
lower  limit  of  the  outer  integral.  Then  the  left  side  of  (3.1)  equals 


(3.5)  lim  /  exp  [iV  j<  ±  <  1  ]Mt)  dr  * 

€-»0  Jt% 

where 

(3.6)  Air)  -  giU  +  «) JoirUr/t  +  T«rr)  d<r, 

(3.7) -  fic)  -  [hiU  +  <ro)  -  /i(I7)]/l«|. 


When  17  •=  0  the  lower  limit  of  integration  in  (3.6)  may  be  replaced  by  l/(Tr). 
To  see  this,  note  that  for  c  sufficiently  small  there  exists  &  K  >  0  such  that 
I  gM  1  <  Ku^^*  when  0  <  u  <  e,  €  >  0.  Therefore 


ir’ 


j/(«)«*“"‘'V,(r(rr) 


rUfT) 

a*'*  da  -  i  Ke‘"(Tr) 


Taking  the  absolute  value  of  (3.5)  and  inserting  this  in  place  of  |  A(r)  |,  the 
resulting  expression  approaches  aero  as  €  — *  0.  Therefore  the  0  <  a  <  l/(Tr) 
■part  of  the  integral  of  (3.6)  has  a  zero  contribution  to  (3.5). 


*  E.  C.  Titchmarsh,  “Theory  of  Functions,”  Oxford,  1932,  §12.6. 
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It  follows  that  the  argument  of  the  Bessel  function  may  always  be  taken  as 
>1.  Accordingly,  we  may  replace  the  Bessel  function  by  the  first  term  on  the 
ri^t  of  (3.2).  To  see  this  we  note  that  the  contribution  to  (3.6)  of  the  second  term 
(Ml  the  rij^t  of  (3.2)  is,  by  (3.3),  0(|  c  |*^*t~*^*)  when  U  ^  0,  and  0(€^'*T“*'*inT) 
when  »  0,  the  latter  result  involving  the  fact  that  |  ff(u)  |  <  Ku^'*  when 
0  <  u  <  c,  and  that  the  lower  limit  in  (3.6)  may  be  replaced  by  l/(rr).  Taking 
the  absolute  value  of  (3.5),  and  inserting  this  term  in  place  of  A(r),  the  resulting 
expression  approaches  sero  as  c  — » 0.  Therefore  the  second  term  on  the  right  of 
(3.2)  has  a  zero  contribution  to  (3.5). 

Accordingly  A(t)  in  (3.6)  may  be  replaced  by 


(3.8)  p  ■»  l/(rr)  when  U  ^  0, 
Therefore  (3.5)  may  be  inTitten 


0  when  [/  9^  0.  ^ 


(3.9)  lim  r  /l/pl  C(r,  r)  +  C(r,  -  r)}  dr 

f-.e  Jt»  r  ivrr 


(3.10)  a  -  <  ±  h(U)  +  rU,  13  ^  t  ±  h(U)  -  rU 

(3.11)  'rf,. 

Now  assume  that  U  9^  Ui.  Then,  for  <  sufficiently  small,  ±/'(<y)  +  r  ^  0 
for  0  <  ff  <  1.  The  functions 

0(U  +  .>(±/(»)+r»I 

y/  U  ±  <re  [±  /'(«•)  +  r]  ’ 

are  c(Mitinuous  and  of  bounded  variation  over  Uie  interval  0  ^  a  <  1.  Therefore* 
(3.11)  may  be  integrated'by  parts,  giving 


C(r,  r)  -  ^ 


jiU  +  «) 


TrWirV*[±ni)  +  r]^ 

_  g((/  -I-  pt) 

VU  +  pt[±  f'ip)  +  r] 

_  ^  r  g(y  +  <r«) _ "I  .1 

Jp  d<r  Lv^  U  +  « [±  f'i<r)  +  rjJ  /  ’ 

For  c  sufficiently  small,  this  integral  has  a  bound  independent  of  r,  and  similariy 
*8.  Saks,  “Theory  of  the  Integral,"  Warsaw,  1937  (14.1). 
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for  C(r,  -r).  Therefore  |  C(r,  r)  |  <  X'/t,  |  C{t,  -r)  |  <  K'/t  for  some  K' 
independent  of  r.  The  absolute  value  of  the  integral  in  (3.9)  is  therefore  less  than 

r  \/ 2  \t\/icT  K't-*'*  dr, 

which  approaches  aero  as  c  -♦  0.  This  proves  (3.1)  for  U  ^  Ui. 

Now  suppose  U  ^  Ui,  and  consider  only  the  lower  sign  in  (3.1).  The  analysis 
below  (3.11)  still  applies  to  C(t,  r)  but  no  longer  applies  to  C(t,  — r).  Accordingly 
(3.9)  becomes 

lim  I  .  r  /’  «r.  -  rV-"  dr. 

V  t->0  •'T# 

Since  tj^S,hy  (2.4),  (3.10),  0^0.  Integrating  by  parts,*  this  expression  becomes 

I.r  c(,.,-rvr‘", 

+  i  /'  C(r,  -  dr-  C,(t,  -  fV"  iA . 

Since  C(r^  —  r)  is  bounded,  the  first  two  terms  in  the  bracket  are  bounded  and 
have  a  zero  contribution  to  the  limit.  It  remains  to  prove  that 

(3.12)  lim  I  «  I*'*  r  (7,(t,  -  r)T-‘'*  dr  -  0. 

t-*0  Jrt 

By  (3.11), 

(3.13)  C,(r,  -r)--i  [/(-)  +  dc. 

The  functions 


gjU  +  at)  /(<r)  4- 
Vl/+«f(«r)  +  r’ 


are  continuous  and  of  bounded  variation  over  the  interval  0  <  v  <  1.  Therefore* 
(3.13)  may  be  integrated  by  parts,  giving 


Ctir,  —  r) 


l/g(^  +  «)/(!)  +r  -trl/a)+»l 
T  \Vin^€/'(l)  +  r 

_  g{U  +  pt)  fip)  +  rp 
”  y/U  +  ptfip)  +  r 


/■*  ^  gjU  4-  g«)  /(<r)  -f  r<r~l 
J,  da  .V^tf  +  a*f{a)  +  r  J 


For  t  sufBciently  small  this  integral  has  a  bound  independent  of  r,  so  there 
exists  a  constant  K",  independent  of  r,  such  that  |  Cr(r,  —  r)  |  <  K'^/r.  Taking 


*  E.  C.  Titehmarsh,  loe.  cit.,  §112.11, 1.88. 
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the  abeolute  value  of  the  integral  in  (3.12)  and  inserting  this,  it  is  clear  that 
(3.12)  is  true.  (3.1)  is  therefore  established  for  the  lower  sign  where  U  ^  Ut . 
The  proof  for  the  upper  sign  is  similar. 

Lemma  2.  The  integral  . 

j  J o(«o)«^  da 

is  uniformly  convergent  in  a,  6  for  a,  b  real,  a  >  0,  a  6,  a  —b. 

Proof.  By  (3.2),  (3.3),  for  L  >  0, 

+  d«J  +  f“  R(.<M)e^  dm. 

For  La  >  1, 


J  R(fi>a)e**  dm 


Alim,  the  first  two  integrals  in  the  above  expression  may  be  evaluated  in  terms  ci 
Fresnel’s  integrals.*  In  fact 

JoMe^  dm  -  /  ^  nUb  +  o)l 

VO  I  0  -I-  o  1 

+  VolV'al  ’• 

where 


F\z\  -  i  -  C(|  X  I)  +  i  sgn  x(i  -  S(|  x  |)1 


and  where,  lot  La  >  1, 

I  ,  I  <  a-'‘L-‘'‘. 

For  a  outside  arbitrarily  small  fixed  intervals  about  0,  6,  —  the  right  side  of 
(3.14)  approaches  zero  uniformly  as  L  — ♦  «,  so  the  lemma  is  proved. 


4.  Proof  of  the  Theorem.  Let  C  ==  Ci  +  C*  +  Ci,  where  for  some  Ut, 
Ui  <  Ut  <  Jbi ,  Cl  is  a  straight  line  along  the  lower  side  of  the  real  axis  from 
«  -=  0  —  tO  to  s  ~  Ut  —  iO,  Cs  is  a  straight  line  along  the  upper  side  of  the  real 
axis  from  «  =  ui  +  iO  to  «  *=  0  +  tO,  and  Ci  is  a  contour  surrounding  the  interval 
uj  <  Re(«)  <  kn ,  Im(«)  =  0,  and  the  poles  of  0(s)  in  the  counterclockwise 
direction,  but  l3dng  wholly  to  the  right  erf  the  curves  (2.2).  Let  C'  be  the  broken 
contour  obtained  by  removing  from  Ci  and  Ct  arbitrarily  small  intervals  about 
«  0  and  about  the  points  for  which  h(u)  d:  ru  +  f  0  if  such  points  exist. 

*  E.  Jshnke,  and  F.  Ende,  “Tables  of  Functions,”  Dover,  1946,  pp.  36,  36. 
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By'  Lemma  1,  when  t  ^  :i;d,  the  right  side  of  (2.5)  differs  by  an  arbitrarily 
small  amount  from  Uie  corresponding  expression  in  which  C  is  replaced  by  O'. 
In  the  latter  expression  the  order  of  integration  may  be  changed  for,  by  Lemma  2, 
the  resulting  (i>-integral  is  uniformly  ccmvergent  on  the  part  of  C'  for  which  the  \m 
functions  are  pure  imaginary;  it  is  a-fortiori  so  on  the  part  of  O'  where  they  are 
complex.  Therefore,  going  to  the  limit  —*C,  the  order  of  integration  on  the 
right  of  (2.5)  may  be  interchanged,  giving 


H(t)  -  f  0(s)F(s,  t)  ds, 
Jc 


Jo(<ars)  exp  (—  0)  ^iPm  X«(s)le“'‘  du. 


F{s,  t)  has  branch  points  in  the  «-plane  on  the  curves  (2.2)  at  points  cor¬ 
responding  to 

(4.3)  t  -  — t'Xr  Pm\m(s)  ±  rs. 

The  curves  (2.2)  are  of  the  form  shown  in  Fig.  1.  The  points  on  the  curve  A(/ 
correspond  to  the  upper  sign  in  (4.3)  and  to  t  varying  from  £  to  <» .  The  points 
on  the  curve  LA'  correspond  to  the  lower  sign  in  (4.3)  and  to  t  varying  from 
—  00  to  —4. 

F(s,  t)  is  defined  by  (13)  only  to  the  right  of  the  curves  (2.2).  In  fact,  in  this 
region* 

(4.4)  F(,,  I)  -  IE?  -itf  +  fVl-'", 

where  the  value  of  the  square  root  is  taken  for  which 

(4.5)  I  Zr  P-X-(«)  ms,  or*  1  >  I  r»  |. 

Cutting  the  s-plane  by  connecting  together  the  branch  points  of  (4.4)  in  an 
appropriate  manner,  (4.4)  may  be  employed  to  continue  analytically  the  function 
F(s,  t)  throughout  the  region  of  analyticity  of  (4.4).  It  is  to  be  noted  that  the 
condition  (4.5)  need  not  apply  in  the  region  of  continuation.  Corresponding 
to  each  fixed  t,  the  branch  points  of  (4.4)  are  points  on  the  curves  (2.2)  illustrated 
in  Fig.  1. 

Suppose  — 4  <  f  <  4.  Then  0(8)F(s,  t)  has  no  branch  points  outside  the 
contour  C  except  at  «  «  U.  Since  F(«,  t)  —*  [(Z*  "?»•)*  +  as  «  — ►  « , 

by  iii),  C  may  be  deformed  to  the  imaginary  axis  plus  the  right-hand  semi¬ 
circle  at  infinity,  plus  a  clockwise  contour  from  s  =  0  -f-  tO  about  s  =*  U  to 
«  0  —  tO,  so  that 

Hit)  =  -i  r  Giiv)Fiiv,t)dv  +  TtVlfZrP-)*  +  rV' 


-r 


0(u  -H  ^  sgn  t)  du 
y/[t  \  —  X(«)]*  —  r*u* 


•  C(.  N.' Watson,  loc.  cit.,  13.2  (1). 
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Suppoee  t>  Sort  <  —i.  Then  C  may  be  shrunk  so  that  it  just  surrounds  the 
interval  0  <  Re(«)  <  k. ,  Im(«)  —  0,  giving 

t)  du 

G(,u  +  iO)Fiu  +  *0,  t)  du  +  2irxR,  _ 

where  R  is  the  siun  of  the  residues  of  G(a)F(8,  t)  at  the  poles  of  G(«). 

Substituting  from  (4.4)  the  appropriate  values  of  F(«,  t),  (4.6),  (4.7)  give 
(2.6),  (2.7). 


Hit) 


(4.7) 


f*" 

j  Giu  —  iO)F(u  —  iO, 

-f 

Jo 


6,  An  application  to  the  theory  of  elastic  waves.  In  an  x,  y,  z-rectangular 
coordinate  system,  suppom  the  region  z  >  0  is  filled  with  an  elastic  medium 
having  P-  and  <S-wave  velocities  e,  and  c,  respectively.  Suppose  a  small  spherical 
volume  V  is  instantaneously  injected  at  the  point  (0,  0,  a).  Let  R(r,  t),  and 
Z(r,  t)  be  the  displacements  of  points  on  the  surface  z  0  radially  outward 
from  the  origin  (0, 0, 0)  and  in  the  — z  direction  (i.e.,  outward  from  the  material), 
respectively,  where  r  —  \/(x*  +  y*).  By  a  rather  long  but  straightforward 
calculation  which  wiU  appear  in  another  paper. 


R(r,  t) 

(5.1) 


V  r 

2t(1  -  (o*  +  r*)*'* 


Xi(«)  da  cos  oit  du 
(s»  -  -  s%(«)X»(«) 
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Z{r,t) 


(5.2) 


2ir(l  -  jfc*)  (a*  + 


•k*(.)  («*  —  i)[X»(«)r‘  9d8  coa  at  doi 
(«*  -  i)*  -  «*X*(«)Xi(«) 


where  &  “  c,/c, ,  X*(s)  ■>  \/(«*  ~  fc*),  Xi(«)  «  V(a*  ~  l)i  where  the  contour  C 
begins  at  s  »  0  —  iO,  surrounds  the  points  s  »  s  >■  1,  and  the  poles  of  the 
integrand  in  the  counterclockwise  direction,  and  ends  at  s  0  +  tO,  and  where 
the  units  have  been  taken  so  that  c.  »  1. 

Hitherto  most  of  the  investigations  of  elastic  waves  in  semi-infinite  media 
have  obtained  final  expressions  substantially  similar  to  (5.1),  (5.2).  However 
these  expressions  are  poorly  adapted  to  either  analytic  treatment  or  numerical 
anal3nsis.  We  may  apply  the  theorem  of  §2  to  reduce  the  double  integrals. 

The  details  of  the  calculation  will  be  given  for  the  integral  in  (5.1).  Comparing 
with  (2.5), 


(5.3)  Rir,t) 


V  r 

2ir(l  -  fc*)  (a*  -h  r*)»« 


-01, 


where  n  «  2,  fci  *»  k  <  1,  kj  »  1,  Pi  “  o,  Pj  =  0,  and 


(5.4) 


G{a) 


_ Xi(s)s _ 

(«*  -  i)*  -  «*X*(«)Xi(«)‘ 


Gia)  has  a  simple  pole  at  s  y/^ ,  where  i)o  is  the  real  root  of 


(5.5)  (1  -  *■),*  -  (i  -  iW  +  in  -  A  -  0. 

Conditions  i)  —  iv)  of  the  Theorem  are  clearly  satisfied  with  A  =•  —2/(1  —  h*). 
By  (2.3),  (2.4),  Ui  —  kr/Z),  S  =  kD,  where 


(5.6) 


D  -  (o*  -1-  rY*. 


By  (5.4), 


G{±iv) 
G{u  ±  iO) 


-i»V(v*  +  1) 

(v*  +  i)*  -  t;V(t;‘  +  k*) V(t^  +  1) 

_ =fctuV(l  —  u*) _ 

(u»  -  i)*  -h  ttV(k*  -  t4*)V(l  -  U*) 


when  0  <  M  <  k,  and 


G(u  ±  tO) 


[-ttV(«*  -  k»)V(l  -  ti*)  ±  t(w*  -  i)*lV(l  -  tt*)tt 

(m»  -  §)<  +  t<*(u*  -  fc»)(l  -  tt») 


when  k  <  u  <  1. 

If  these  are  substituted  into  (2.6),  (2.7),  by  (5.3),  i2(r,  <)  "  0  when  t  < 
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(a*  +  ry'*/c,,aiid 


(5.7) 


V  r 

"  2ir(l  -  fc*)  (a*  +  r*)*" 

+  1^,  ^  Re  {(>/(no  -  fc*)  -  »rl‘  4-  norVa*}^'* 

~  4^*  -  »V]‘  + 

/  (n  —  i)*V (1  —  yi)v  di>  \ 
■  \iv  -  h)*  +  v'iv  -  -  n)J 


when  t  >  (a*  +  r*y'*/Cp ,  where  the  restriction  c,  =»  1  has  been  removed  by 
transforming  to  arbitrary  units,  and  where 


(5.8) 


T  =  cU/a, 

Mv)  =  (»»  —  i)*  -  Wiv  -  k*)y/(v  -  1): 


The  reduction  of  (5.2)  is  similar.  The  final  result  is  that  Z(r,  t)  =*  0  when 
f  <  (a*  +  r*)‘'Vc,  ,  and 


(5.9) 


Z{r,  t) 


V  a 

2t(1  -  k*)  (o*  +  r*)*« 

F  ifo  —  i  p  V  (no  —  *^)  —  *1" 

^  4ra*  A'(,h)  ^  {lV(i,.  -  Ifc*)  -  ir?  +  n.rVa’|*'* 

-  ^  Trc  V(r^_-*r 

4ir^*A.  {IV (t,  -  fc*)  -  tV]'  +  nrW* 

y  /(»>  ~  i)V (i>  —  fe)  V (1  —  n)n 
I  (i»-i)‘  +  n*(i»-fc*)(l-n)  J' 


6.  A  proof  similiar  to  that  of  §4,  but  not  requiring  condition  iv)  of  §2  nor  Lemmas 
1  and  2  shows  that 

lim  f  e~*‘ Z>  .  /o(«r«)  exp  j-w  X -.P«^(«)  1  G(s)  cise*"‘ do; 

,_0T  Jn  Jc  L  I  J 

-  DHipi ,  Pj  ,  •  •  •  ,  Pn  ,  r,  0, 

where  D  signifies  any  product  of  the  operators 

(6.2)  1,  d/dpi ,  d/dpi  ,  •  •  •  ,  d/dpn  ,  d/dr,  d/dt, 

and  where  H  is  given  in  (2.6)  and  (2.7).  The  indicated  differentiations  under 
the  integral  signs  may  easily  be  justified  when  c  >  0;  (6.1)  results  on  passing  to 
the  limit 

Univebsitt  or  Califobnia,  Bebulet. 


(Raceived  Juae  28,  19S0) 


THE  DIRICHLET  PROBLEM  FOR  MULTIPLY 
CONNECTED  DOMAINS* 

By  R.  R.  Reynolds** 


1.  Introduction.  The  classical  Dirichlet  problem  of  determining  a  harmonic 
fimction  from  its  values  on  the  boundary  of  a  given  multiply  connected  domain 
occurs  in  various  fields  of  applied  mathematics.  Bergman  has  developed  a  method 
for  obtaining  the  solution  of  this  problem  as  a  series  of  orthogonal  functicHis; 
however^  although  the  mathematical  theory  is  completely  developed  (see  the 
bibliography  in  his  book  [1]),  it  is  useful  to  modify  his  basic  formulas  (see  (2.2) 
in  the  next  section)  in  order  to  make  them  more  convenient  for  evaluation  on 
desk  calculators,  punch  card  machines,  or  other  devices.  This  alteration  is  ef¬ 
fected  by  expressing  (2.2)  as  the  real  part  of  a  complex  function  (see  (2.6))  and 
making  a  niimber  oi  linear  substitutions  culminating  in  formula  (3.15). 

In  §2  pertinent  results  extracted  from  chapters  1  and  5  of  [1]  and  §4  of  [4] 
are  summarized.  In  §3  formula  (2.2)  is  transformed  into  (3.15).  In  §4  the  steps 
that  a  computer  must  take  in  solving  the  problem  are  summarized.  In  §5  the 
integrals  Dm.n  of  (2.10b)  are  evaluated  explicitly  for  the  case  where  the  domain 
is  a  circle  with  any  number  of  circular  holes  punched  out  (see  (5.4)  and  (5.8)). 
Section  6  contains  the  calculation  of  the  7-termed  approximant  to  the  harmonic 
function  assuming  the  respective  values  0,  1,  and  0  on  the  circumferences  of 
the  exterior  and  left  and  right  interior  circles  forming  the  boundaries  of  a  given 
triply  ccnmected  domain. 

2.  The  method.  Let  ((,  ti)  and  (x,  y)  denote  points  in  the  domain  ^  or  on  its 
boundary  b;  23  is  a  plane,  open,  Af-ply  connected,  bounded  domain,  while  6 
consists  of  M  disjoint,  smooth,  simple,  closed  curves:  bo ,  and  bi ,  *  •  ■  bjr-i , 
lying  inside  bo .  Also,  let  the  symbol  [17,  F]  denote  the  integral 

ff  fdUjx,  y)  dV{x,  y)  dU{x,  y)  dV{x,  i/)\  ^  . 

JJ9  \  dx  dx  By  9y  )  ' 

Bergman  has  shown  [1]  that  if  {u((,  n) }  ia  the  class  of  non-constant,  single- valued, 
real,  harmonic  functions  in  23  which  possess  bounded  integrals  [u,  u],  then, 

i)  there  exists  a  sequence  of  linearly  independent  functions  9)  (n  =  1, 
2,  ■  *  ’  )  belonging  to  the  same  class  as  u  and  satisfying  the  conditions  of  00m- 
pleteness 

[u,  u]  —  S  [u,  <pn]*  -+  0  as  N  -*  X 

n^l 

*  R«aearch  paper  done  under  Navy  Contract  NOrd  10-449,  Task  3  at  Harvard  Uni¬ 
versity.  The  ideas  expressed  in  this  paper  represent  the  personal  views  of  the  author  and 
are  not  necessarily  those  of  the  Bureau  of  Ordnance. 

••Now  at  the  Institute  of  Numerical  .\naly8i8,  National  Bureau  of  Standards. 
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1,  m  ^  n 
0,  m  ^  n' 


ii)  u((i  n)  is  approximated  by 
5.2)  n)» 


m,  n  —  1,  2, 


[w,  <p«], 


uniformly  and  absolutely  in  every  closed  subdomain  of  9.  If  also  u  is  piecewise 
continuous  on  6,  the  coeflScients  a.  in  (2.2)  may  be  transformed  by  Green’s 
theorem  into  line  integrals 


a,  -  ^  u(x,  y)\di(>n{x,  y)/9v]  da 


which  depend  on  the  boundary  values  only  of  u.  The  integration  proceeds 
counterclockwise  along  bo  and  in  the  opposite  direction  along  each  (rf  the  other 
6^  ;  dipn/Bw  is  the  (outward)  normal  derivative ' 

{dpjdx){dy/da)  —  idipn/dy)(dx/da) 

of  tPn  . 

Being  harmonic,  the  ^.(l,  ri)  in  (2.2)  are  the  real  (9?)  and  imaginary  (3)  parts 
of  certain  analytic  functions  /..(f)  of  the  complex  variable  f  *  {  +  t’n.  Spe¬ 
cifically,  in  a  multiply  connected  domain  (M  >  1),  the  first  M  —  1  of  the  tpn 
are  taken  to  be 

(2.4a)  ^„({,  1,)  -  9?/,.(f),  M  -  1,  •  •  •  3f  -  1, 

while  the  remaining  2N  are  paired  as  harmonic  conjugates  defined  by 
(2.4b)  /«(f)  “  v)  +  v)t  m  “  3f,  •  •  •  -f  3f  —  1, 

whence  it  is  seen  that 

i)  the  orthogonality  condition  (2.1)  is  equivalent  to 

(2.5)  /L(z)/*(z)  dxdy  -  m,  n  -  1,  2,  •  •  •  , 

where  the  prime  indicates  the  derivative,  the  star  the  complex  CMijugate,*** 
and  z  «  X  -f  iy;  and 

ii)  formula  (2.2)  becomes 

(2.6)  o:/.(f)}. 

with  the  coeflScients  defined  according  to  (2.2),  (2.3),  (2.4)  by 

otp  *  ^  1,  •  •  •  3^  1, 

(2.7a) 

Om  “  Ciim-M  +  tOSM-Jf+l  ,  Wl  *  3f,  •  •  *,  AT  -j-  ilf  —  1, 

•••For  sake  of  shortneu  we  write /!•(*)  instead  of 


\  a 
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or,  since  /'(«)  —  dfiz)ldx  »  df/d(iy),  by 
(2.7b)  o»  -  ^  m(x,  y)/^(z)  dz, 

The  /»(f)  are  defined  by 

(2.8a)  /:(f)  -  lim/r’'(r) 

/ 

d  ir+M-t  M 

(2.8b)  /r'(f)-zo:(f)+  z  o'.(f). 

*>1  «-ir 

(see  statement  after  (3.12)  for  proof  of  convergence), 

(2.8c)  /:(f)  »  f:  C^.nVni^),  m  -  3/, 


m 


1,2, 


1, 


A/  -  1 


AT  +  Af  -  1, 


where  the  functions  on  the  right  are  the  derivatives  o(  the  linearly  independent 
functions. 

•^»(f)  “  (f  ““  {"»)  r  “  1  •  •  •  A/  —  1 

(2.9)  «>,«(f)  -  fVp 

,,.+.(r)  - -(f  -  f.rvp  p-1.2.-" 

(j*,  is  an  arbitrary  fixed  point  in  the  open  domain  (outside  9)  bounded  by  b,), 
and  the  coefficients  are  determined  uniquely  by  substituting  (2.8)  into  (2.5). 
This  orthogonalisation  process  will  be  carried  out  in  the  next  section  where  it 
will  be  shown  that  m^^(|,  n)  is  the  real  part  of  a  linear  function  of  the  v»(i’)  with 
coefficients  depending  on  the  integrals 

(2.10)  a)  !/)•'»(*)  Vm{.z)vT{z)  dx  dy. 

3.  Orthogonalization.  The  necessary  substituting  will  be  facilitated  by  using 
matricea  Let  column  and  row  matrices  be  represented  by  small  boldface 
letters;  e.  g.. 


»*(f)  -  (/icr). 


//.(f)  \  //-(f)  ^  tf(f).(^(f).--/i-.(f)). 

Us)  -  ;  .  ((f)  -  ; 

\/)ir+jf-l(f)y 

and  Mctangular  (and  square)  ones  by  capital  boldface  letters;  e.g., 

/Di.i  \ 

Do,-  *•.  ,  Do*- 

\  Dit-l.M-ll  \ 

I  Dm, I  \  /Djf.jf 

D.-  .  D. 

\  Dh+m-i,m-iI  \  Dif+M-uir-t-it-i , 
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The  presence  or  absence  of  zero  subscripts  appended  to  a  matrix  indicates  the 
range  of  the  subscripts  of  its  elements;  a  star  designates  the  transposed  matrix 
with  its  elements  replaced  by  their  complex  conjugates.  The  definition  of  Do 
above  is  consistent  with  this  convention  since  all  the  integrals  (2.10b)  satisfy 
the  hermitian  relation  !)*.«  =  Dt.m- 
Now  let 


fit),  a  =  -t  fuix,  y)riz)  dz,  D  *  fj^  v'(z)v'*(2)  dx  dy, 
etc.  denote  the  matrices  with  respective  general  elements 
a-  -  -*■  ^  y)fLiz)dz, 

Dn,.n  *  Vm(z)vn*(z)  dx  dy,  m  “  Af,  •  •  •  JV  -f  Af  —  1, 

etc;  then  (2.5),  (2.6),  and  (2.8)  become,  in  matrix  form. 


a) 

//. 

C>'fr'*dxdy  »  I. 

b)  - 

(3.1) 

c)  dxdy  •  I; 

li 

f  f^^'*  dxdy  ^  0, 

(3.2) 

n)  »  «{(9e  ai^»*)fr(r)  +  •*«(«); 

and 

(3.3a) 

fn)  -  ci?’v;(f)  +  crv(f), 

(3.3b) 

f'(t)  - 

Cv'(f), 

respectively,  with  I  and  O  appropriate  unit  and  aero  matrices,  and 

(3.4)  a)  =  CiJ^Co  +  b)  a  -  Cc,  .  .  ./ 

Substitution  of  (3.3b)  in  (3.1c)  yields 

(3.5)  Cy'v'*C*  dr  dy  >=  cjf^  y'v'*  dx  dyC*  =  CDC*  -  I. 

It  follows  from  the  linear  independence  of  the  vld*)  that  none  of  the  diagonal 


elements  of  C  can  be  zero;  therefore,  since  C  is  triangular,  having  aero  elements 
above  its  diagonal,  its  inverse  C  exists  and  , 

Cc 


I. 


(3.6)  CC*  =  D, 

From  these  are  derived  scalar  equations  for  the  successive  determination  of 
the  Cm.n  : 


(3.7a) 


c.. 


c.,.  -  (b...  -  S  I  I*)  . 
B-  ./e.,. ,  c...  -  (b.,.  -  2 


*  % 
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with  (m,  n)  taken  in  the  order  (Af,  Af),  •  •  •  (iV  +  Af  —  1,  A/);  (Af  +  1,  Af  -f*  1)» 
•  •  •  (AT  +  A/  -  1,  Af  +  1);  •  •  •  (AT  +  Af  -  1,  JV  +  A/  -  1),  and 

(3.7b)  C«.«  - 


with  {m,  n)  -  (Af,  Af);  (Af  +  1,  Af  +  1),  (Af  +  1,  Af);  (Af  +  2,  Af  +  2), 
•  •  •  (Af  4-  2,  Af);  •  •  •  (AT  +  Af  -  1,  AT  +  Af  -  1),  • . .  (AT  +  Af  -  1,  Af). 

According  to  (3.8)  below,  *  C*C,  the  inverse  of  D,  is  a  positive  definite 
matrix;  therefore,  the  radicands  above  are  positive. 

The  formulas  (3.7)  incidentally  are  essentially  those  used  by  Banachiewics 
in  his  “square  root”  method  of  inverting  D,  and  are  convenient  for  computa¬ 
tion  on  desk  calculating  machines;  this  method,  employing  auxiliary  matrices 
and  check  columns,  is  described  in  [6].  It  will  be  seen  subsequently  that 
does  not  really  depend  on  C  but  rather  on  consequently,  other  methods  ol 
inversion,  including  those  adaptable  to  punch  card  machines,  may  be  used.  The 
elements  of  vary  with  N;  however,  their  convergence  is  assured  from  the 
fact  that 

(3.8)  z*)  s  f(«)f'(f)  -  ▼'*(*)C*Cv'(f)  -  T'*(s)D‘^v'(f) 

converges  uniformly  and  absolutely  in  every  closed  subdomain  of  B  to  an  analy¬ 
tic  function — Bergman’s  kernel  ftmction  K{{,  **) — of  two  complex  variables. 
Substitution  of  (3.3)  in  (3.1b)  and  (3.1a)  yields 


(3.9) 

and 

(3.10) 

^00  JC'OO  VyOO  ^  1. 

idiere 

(3.11) 

Eir  -  Dm  -  D?  D, 

Because  of  the  formal  analogy  between  (3.10)  and  (3.5),  the  are  obtained 


from 

(3.12a) 

\  fc-i  / 

/  \  / 

jplM)  /A(W) 
t.^,1  =*  /^l.l  , 

with  (m, 

y)  -  (1, 1),  •  • .  (Af  -  1. 1);  (2,2),  . .  •  (Af  -  1,2);  . . .  (Af  -  1,  Af  -  1), 

and 

(3.12b) 

clV  »  i/CZ\ 

(•—1 

/^(W)  ^  /-.(»)  V 

with  (m,  y)=  (1,  1);(2,2),  (2,  1);  (3,  3),  •  •  •  (3,  1);  •  •  •  (Af  -  1,  Af  -  1), 
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(M  —  1, 1);  the  coavergence  of  the  follows  from  that  of  the  of  (3.11). 
The  second  term  of  (3.3a)  is 

-CirD:D‘'V(f)  -  -CiT  /J^  vi(z)y'*(z)D‘'^V(f)dxdy 


“  **)  dx  dp; 

hence  the  <rf  (2,8b)  converge,  when  A”  — >  « . 

Substitution  of  (3.3)  and  (3.4)  in  (3.2),  with  the  help  of  (3.9),  yields  the 
desired  formula 

(3.15a)  «'«({,  ,)  -  +  «'"(£.  ,), 

,  ,  tl""({,,)  -  3t|a|(c.*  -  c*D'''D.)ca'”|c:a'> 

(3.15b) 

X  [v.(i-)  -  Do*D^'V(f)]  +  c*D^V(r)} , 
where  is  a  constant  of  integration. 


4.  Stunmary.  After  choosing  N,  compute  Dm.*  (2.10b),  where  the  Vm  are 
defined  m  (2.9),  and  arrange  them  in  the  matrices  D,  Do ,  Doo .  Compute  the 
inverse  =  C*C  by  using  the  formulas  (3.7)  or  some  other  method.  Com¬ 
pute  (3.11)  and  Coo^  (3.12);  if  the  elements  of  are  real,  then  the  prod¬ 
uct  appears  and  it  is  necessary  to  calculate  only  the  inverse 

ofEiJ^’. 

Cmnpute  the  line  integrals  (2.10a)  and  arrange  in  the  matrices  Co  and  c. 
Cixnpute  91{(co  —  c*D^‘'^^Do)Coo^’*}  and  c*D^^.  Compute  the  functions  Vm 
along  6  and  arrange  in  the  matrices  Vo  and  v. 

Compute  u^^(x,  y)  and  d^^(x,  y)  **  tt(x,  y)  —  tl^^(x,  y)  at  a  number  of 
points  (x,  y)  on  b.  Since  u^^((,  y)  is  a  linear  combination  of  harmonic  functions 
at  all  points  ((,  m)  of  9,  d''"\ii,  y)  is  also  harmonic  and  consequently  assumes 
its  extrema  diHLi  and  on  b;  thus,  for  any  choice  of  the  limits  of  error 
are  known.  In  particular,  if  this  constant  is  defined  by  -h  dLu)/2, 

then  I  max  {m(x,  y)  —  m‘^(x,  l/)j  |  *  |  min  \u{x,  y)  —  u^^(x,  y)}  | .  On  the 
other  hand,  if  is  defihed  in  a  similar  way  in  terms  of  the  extreme  values  of 
y)  on  a  subset  6  of  b,  then  the  deviation  is  larger  along  part  of  b,  but 
may  be  rather  small  on  B.  It  is  possible  to  reduce  the  error  by  increasing  N, 
but  this  requires  computation  frcxn  the  beginning.  A  more  efficient  method  is 
now  described.  The  function  d^^’(x,  y)  has  a  number  of  relative  maxima  and 
minima  diT’  (m  =■  1,  •  •  •  r,  say)  at  the  points  (  x«  ,  y*^.  For  each  m  construct 
a  harmonic  function  ui'^x,  y)  which  assumes  the  value  —  at  (x» ,  pm)  and 
approaches  sero  at  other  points;  as  an  example 

cl(«,{(x  -  x»  -1-  «i”)*  -f  (y  -  i/i  +  ei*^)*} 

-  is  such  a  function  for  an  appropriate  choice  of  the  constant  c  and  the  small 
constants  «i*’,  which  are  selected  so  that  the  points  (x«  —  j/„  —  «i**) 
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lie  just  outside  8.  Generally  then  if)  +  if)  is  a  closer  ap¬ 
proximation  than  If)  alone.  The  procedure  of  constructing  functions 

y)  for  a  simply  connected  domain  has  been  discussed  in  [2]  and  [3]. 


6.  A  domain  with  circular  boundaries.  In  general,  the  integrals  in  (2.10b) 
may  be  evaluated  by  the  means  of  identity 


(5.1)  Vriz)vt(z)  dxdy  ^  (2»)“‘  ^  Vriz)v*(,z)  dz, 

valid  for  fimctions  v^*  single- valued  in  8  (z*  is  a  function  of  z  on  b).  Either 
side  of  (5.1)  may  alwa3r8  be  integrated  numerically;  however,  if  8  is  the  domain 
consisting  of  the  circle  interior  to  bb  (|  z  |  Rt)  with  the  Af  —  1  circles 

(I  s  —  fx  I  =  flx)  punched  out,  then 

(5.2)  z*  =■  /2j/z  on  bb  ,  z*  «  -f-  /^(z  -  fx)  on  bx  (X  =  1,  2,  •  •  •  Af  -  1), 


and  the  right-hand  side  di  (5.1)  reduces  to  a  form  which  may  be  integrated 
with  the  help  of  Cauchy’s  integral  formulas 


(5.3) 


1  f  AW  '  rd‘/i(z)'| 

2t  A  (z  -  r)*+‘  k\l  dz^ 


*-0, 1,  ••• 


(f  inside  b)  valid  for  A(z)  anal3rtic  inside  b.  Consequently,  the  elements  of  D 
and  Do  (p  —  0,  1,  •  •  •  ;  g  =*  1,  2  •  •  •  )  are  given  by 

(5.4)  -  (T/?)H^i.r’-  ,  M,  -  0,  1,  •••  Af  -  1 

X-0 

where  indicates  that  X  »  m  sud  X  —  r  are  omitted  from  the  summation, 
and 


(5.5)  p!;;’ -  za;’ g  (Cv’cn,.,..)*,  ‘  St  x^o. 

The  quantities  appearing  are  displayed  in  Tables  1  and  2  (the  sign  —  or  tS 
indicates  whether  X,  m,  or  is  zero  or  not;  some  of  the  are  modified  if  cer¬ 
tain  fx  “  0;  see  (5.7)). 

The  computation  may  be  arranj^  as  follows:  Let  X,  /«,  r  be  chosen  from  the 
numbers  0,  1,  2,  •  •  •  Af  —  1  with  the  restrictions  \  ft,  \  9^  v.  Arrange  the 
allowable  ordered  triples  (X,  ft,  v)  into  the  groups 


(6.6)  I  (X,  0,  0),  II  (X,  ft,  0),  III  (X,  ft,  r),  IIIo(0,  ft,  p);  \,  ft,  p  0. 

Number  a  set  of  long  sheets  according  to  this  scheme  and  arrange  them  ac¬ 
cording  to  groups.  Rule  eight  columns  on  each  sheet  and  enter  the  quantities 

P.  q,  *,  /&?'’.  (n,.,.)*.  tftt.r'(n..,,)*,  Zitr  .  PitV  (take  p,  j,  *  m  Uw 

order  suggested  in  Table  2).  Number  another  set  of  sheets  according  to  the 
pairs  (jt,  p)  and  enter  the  quantities  , 

irir’  -  ,  0,ir+..,ir+p  (m,  V  =  0,  1,  .  •  •  A/  -  1). 
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In  case  srane  fx  *  0,  replace  the  corresponding  by 

<6.7a)  I,.,  e?  or  p  *)  Itl’/t.'*'  J.,.  -  {?;  p  ^  J 

depending  on  whether  (X,  i*)  is  in  group  I  or  II,  respectively;  otherwise  the 

formula  in  Table  1  is  applicable.  In  case  —  0,  replace  in  group  IIIo  by 

(6.7b)  .  (j  I  })  if  M  I',  or  if  M  -  r.‘ 


In  Dm  each  vx  (X  «  1,  ■  *  •  if  —  1)  is  multivalued  and  (6.1)  must  be  applied 
to  the  (Af  —  l)-ply  connected  region  formed  by  making  a  radial  cut  from 
bx  to  {% .  A  little  calculation  yields 


(6.8) 


D,, 


6.  A  numerical  example.  Consider  the  triply  connected  domain  whose  outer 
boundary  is  the  circle  bo  with  radius  4  and  center  at  the  origin  and  whose  inner 
boundaries  are  the  circles  bi  and  bi  with  unit  radii  and  centers  at  »  T2.  First 
the  integrals  are  calculated  with  the  data 

^  «  3,  iV  -  4,  ft  -  4,  ft  -  ft  -  1,  fi  -  -  2,  f,  -  2. 
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After  computing  the  appropriate  matrices  in  (3.16),  the  following  7-tenned 
approximant  to  the  harmonic  measure  i<((,  n)>  which*  —0  on  bb  and  bi ,  and  » 1 
OD  6i ,  is  obtained: 

i»)  -  1.1160  +  9e{-.976091og.(f  +  2)  +  .16932 log.(r  -  2) 

+  .14202f  -  .14106(i'  +  2)"*  +  .12004(f  -  2)"*  -  .00835f*l, 

where  o**’  \idi^  +  Fig.  1  and  Table  3;  show  the  values  <rf  y) 

along  different  s^ments  ci  6,  the  angles  being  measured  counterclockwise 
from  the  right  end  of  the  horiscmtal  diameter  ot  each  circle  b^(M  ~  0,  1,  2).  The 


TABLE  3 


e  , 

b. 

b> 

•  t 

00  00 

-.0515 

.0506 

-.0122 

360  00 

11  15 

-.0480 

.9616 

-  ,0131 

348  45 

22  30 

.9662 

-.0154 

337  30 

33  45 

-.0100 

.9733 

-.0102 

336  15 

45  00 

-.0013 

.0815 

-.0239 

315  00 

56  15 

-»-.0148  . 

.0880 

303  45 

67  30 

-«-.0210 

.9063 

-.0343 

292  30 

78  45 

H-.OIOO 

1.0014 

-.0385 

281  15 

-f-.OOOl 

1.0044 

-.0409 

101  15 

1.0051 

-.0408 

258  45 

112  30 

-.0517  ■ 

1.0040 

-.0374 

247  30 

123  45 

-.0704 

1.0013 

236  15 

135  00 

-.0714 

.9959 

-.0213 

225  00 

146  15 

-.0475 

.9943 

213  45 

167  30 

202  30 

168  45 

.9890 

191  15 

180  00 

-t-.0737 

.9882 

error  does  not  exceed  7.4%  and  may  be  diminished  by  adding  more  terms  as 
explained  in  §4. 

Part  of  this  computation  was  carried  out  imder  the  directicm  ci  Mr.  Frank 
Yersuh  at  the  Center  of  Analysis,  Department  of  Electrical  Engineering,  Massa¬ 
chusetts  Institute  of  Technology. 
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ON  THE  SOLUTION  OF  FREDHOLM  INTEGRAL  EQUATIONS 
OF  SECOND  KIND  BY  ITERATION 

By  Carl  Waoner 

1.  Introduction.  This  paper  deals  with  the  numerical  solution  of  Fredholm 
integral  equations  of  second  type, 

»>(*)  -  f(x)  -  X  Kix,  z)^(z)  dz  (1) 

where  o,  6,  and  X  are  given  ccmstant  values,  f(x)  and  K(x,  z)  are  given  functions, 
and  ip{x)  is  to  be  determined. 

The  solution  ^(x)  may  be  obtained  by  an  iteration  process.  We  assume  that 
an  approximate  solution  is  known  and  we  ask  how  a  closer  approximation 
can  be  obtained.  Then  the  final  solution  may  be  written  as  the  limiting  value  of 
successive  approximations 

^<-+»(x)  »  +  fc<"+“(x)  (2) 

where  represents  a  correction  term  to  be  added  to  the  preceding  ap¬ 

proximation  ^*"*(x).  Hence 

^(x)  -  ^‘”(x)  4-  k^'^ix)  +  fc®(x)  -h  . . .  .  (3) 

Each  correction  term  may  be  set  proportional  to 

-  *'■.>(!)  +  \f  K(x,  z)t’'\z)  dz  -  /(*),  (4) 

i.e.,  the  difference  of  the  left-hand  and  the  right-hand  member  of  Eq.  (D  if 
^(x)  is  replaced  by  the  preceding  approximation  Thus 

*'■■"”(1)  -  c(i)4'->(l)  -  c(l)  [*<"(*)  +  X  /  K{x,  z)*"\z)  dz  -  f(x)]  (6) 

where  c(x)  is  a  factor  to  be  determined  below.  Here  and  in  the  following  equations 
the  limits  of  integration,  a  and  b,  are  omitted  for  the  sake  of  brevity. 

Setting  ^”\x)  —  /(x)  and  c(x)  —  —1,  we  obtain  the  Liouville-Neumann 
series.  This  series  is,  however,  expedient  for  computations  only  if  for  a  given 
kernel  K(x,  z)  the  value  of  X  is  siifiSciently  small. 

To  improve  convergence,  Wiarda^  and  Btlckner*  have  suggested  a  modified 
sequence  of  approximations  by  using  a  factor  —c(x)  h  e  <  1,  independent  ol  x. 
This  follows  readily  from  Eq.  (3')  of  Bilckner’s  paper.  Use  of  a  factor  c(x) 
depending  on  x  may  therefore  be  considered  as  a  generalization  of  Bfickner’s 
method. 

2.  Determination  of  the  Factor  c(x).  Tentatively,  we  may  set 

c(x)-  -1/Il-l-X  f  K(x,z)dz]. 

23 
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Up<Mi  substitution  (tf  Eqs.  (5)  and  (6)  in  Eq.  (2),  it  foUows  that 

fix)  +  f  Kix,  z)  dz  -  \  f  K(x,  dz 

- i - - - i - .  (7) 

1  +  X  J  K(x,  z)  dz 

The  special  suggestion  for  the  factor  c(z)  in  Elq.  (6)  may  be  justified  by  the 
fdlowing  considerations. 

Assuming  a  constant  value  for  if‘'^\x),  we  obtain  from  Eq.  (7)  as  first  iteration 

*'”(*)  -  m /[l  +  X  /  *(*.  z)  dz]  ,  (8) 

regardless  of  the  special  constant  value  substituted  for 
If  the  kernel  K{x,  z)  vanishes  except  for  x  —  z,  integral  Eq.  (1)  becomes  a 
linear  algebraic  equation  in  ^(z), 

v.(x)  -  fix)  -  v>(x)X  f  Kix,  z)  dz  (9) 

with  the  obvious  sdution 

>fiix)  -  fix) /[l  +  X  /  K(x,  z)  df]  (10) 

which  is  equal  to  the  first  iteraticm  obtained  in  Eq.  (8).  Hence  we  conclude  that 
successive  approximations  calculated  with  the  aid  of  Eq.  (7)  will  converge 
rather  rapidly  if  the  kernel  Kix,  z)  has  a  pronounced  maximum  for  x  »  z  so  that 
the  behavior  of  integral  Eq.  (1)  is  similar  to  that  of  algebraic  Eq.  (9). 

It  is  obvious  that  Eq.  (6)  does  not  apply  if  X  j  Kix,  z)  dz  —  1  for  any  value 

of  X.  By  and  large,  use  of  Eq.  (6)  does  not  seem  recommendable  jfxj  K(x,  z)  dz 

lies  between  — 1.5  and  —0.5,  but  the  practical  limits  depend  on  the  characteristics 
of  Kix,  z)  for  X  z.  So  far  Eq.  (6)  has  been  applied  only  to  int^ral  equations 

in  which  X  j  Kix,  z)  dz  is  positive. 


3.  Derivation  of  a  Criterion  of  Convergence.  We  denote  by  (^*^(x)  the  devia¬ 
tion  of  the  approximation  from  the  true  scduticm, 

«‘->(x)  -  -  ^(x).  (11) 

Upon  substitution  of  Eq.  (11)  in  Eq.  (5),  it  follows  that 


i‘-^"(x)  -  c(x)  [^(x)  +  .‘-’(x)  X  /  K{x,  z)v>(z)  dz 


-f-  X  /  K(x,  z)«‘-'(z)  dz  -  fix)  , 


(12) 
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whence  upon  eomparisixi  to  £q.  (1), 

-  c(x)  +  \  f  K(x,  &j.  (13) 

If  c^*^(x)  is  independent  ci  x,  i.e.,  the  approximate  solution  deviates 

from  the  exact  solution  by  a  constant  value,  then  fc‘"''‘“(x)  equals  —  €‘*\  and 
^(•+U(2)  p(x),  i.e.,  the  exact  solution  is  reached  in  (me  step.  A  constant 

value  of  c^”’(x)  is,  of  course,  not  to  be  expected  in  practical  computations,  but 
j|,(»+i)(^)  rather  close  to  —  e‘*^(x)  if  «*"*(x)  is  a  smooth  functicm  (rf  x  and 

K{x,  z)  has  a  high  peak  for  x  s  so  that  the  value  of  the  integral  in  Eq.  (13)  is 
mainly  determined  by  values  of  €*"’(2)  in  the  vicinity  of  2  »*  x. 

If  K{x,  2)  and  X  are  positive  and  6  >  a,  we  have  the  inequality 

*‘-’(x)  +  \f  K(x,  zW\z)  dz  ^  [1+  X  /  K(x,  2)  (fej  (14) 

where  denotes  the  maximum  amount  of  for  any  value  oi  x.  Substituting 

Eqs.  (6)  and  (14)  in  Eq.  (13),  we  obtain 

I  ik‘"'^”(x)  I  ^  if  K(x,  2)  >  0  and  X  >  0,  (15) 

i.e.,  the  amount  of  the  correction  term  for  any  value  of  x  does  not  exceed  the 
maximum  amount  ci  the  deviation  of  the  foregoing  approximation  from  the 
true  solution.  In  spite  of  Eq.  (15),  however,  it  may  happen  that  |  c^”^^’(x)  |  — 

I  €**’(x)  +  (x)  I  for  some  values  of  x  is  greater  than  |  €***(x)  |  if  the  values  of 

«^*’(x)  are  arbitrary.  Thus  a  proof  of  c<mvergence  requires  more  elaborate 
consideraticms. 

The  following  criterion  of  ccmvergence  is  derived  as  an  analogue  to  that  for 
the  solution  of  simultaneous  linear  algebraic  equations  according  to  vcm  Mises 
and  Pollacsek-Geiringer*.  We  assume  that  X  >  0  and  b  >  a.  From  Eq.  (13) 
it  follows  that 

1  .‘-*-«(x)  I  -  1  €‘-’(x)  +  fc<’^”(x)  I 

/| 

£  U  +  £(I)  I  X  I  ."’(x)  I  +  1  c(x)  |X  /  I  K(x,  X)  I  X  I  .‘"(x)  I  dz. 

We  then  calculate  the  integral  of  the  amounts  of  €*"■*■*’ (x), 
j  I  .'"“(x)  I  dr  £  /  1 1  +  r(i)  I  X  I  .'"(x)  |  dx 


j  n  c(x)  I X  I  K{x,  x)  1  X  I  <‘*’(x)  I  dz  dx. 


Changing  the  sequence  of  integration  in  the  8ec(md  term  ci  the  right-hand 
member  of  Eq.  (17),  we  obtain 

J  l«‘-+»(x)!(ix  ^  /  11  -l-c(x)l  X  l«‘*'(x)ldx 


J  I  €‘*^(2)  lx  J  \  c(x)  1  X  1  Kix,  2)  1  dx  j  dz. 
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To  evaluate  the  second  term  the  right-hand  member  of  Eq.  (18),  we  have 
to  calculate  first  the  expression  in  brackets  by  integration  with  respect  to  the 
first  variable  of  the  kernel  K.  Then  we  have  to  integrate  the  product  of  this 
integral  times  with  respect  to  the  second  vfuiable  of  K.  Interchanging  the 

qmbols  X  and  z  in  the  second  term  of  the  right-hand  member  of  Eq.  (18),  we 

obtain 

1 1  .'*+‘>(1)  1  S  /  1 1  +  cW  1  X  I  .'•>(*)  1  dx  dx 

+  /  I X  ^  I  <Kz)  I  X  I  K(z,  z)  I  dzi  (fa  (19) 

-  /[l  1  +  c(z)  I  +  x/|  c(z)  I  X  I  K(z,  z)  I  (fel  I  «‘*'(z)  I  dx. 

We  designate  the  maximum  value  of  the  expression  in  brackets  in  Eq.  (19) 
for  any  value  of  x  by  M, 

M  ^  [ll  -fc(x)l  -1-X  I \eiz)\  X \K{z,x)\dz'^.  (20) 

CJombining  Eqs.  (19)  and  (20),  we  have 

/  1  .'-^“(Z)  I  (fa  S  M  /  1  .'"(z)  I  dx.  (21) 

Ckmsequently,  the  average  of  the  amounts  of  the  deviations  t^’*\x),  c^'''''‘^(x),  •  •  • 
ci  the  approximate  solutions  from  the  true  solution  converges  toward  sero  if 
the  value  of  M  defined  in  Eq.  (20)  is  a  proper  fraction.  Cmivergence  will  be 
rapid  if  is  much  less  than  unity.  Since  Eq.  (21)  represents  only  a  necessary 
condition  of  convergence,  however,  it  will  happen  that  satisfactory  convergence 
may  also  be  found  if  the  value  of  ilf  is  greater  than  unity. 

4.  Equations  Resulting  from  Transformation  of  an  Integral  Equation  into  a 
Set  of  Simultaneous  Linear  Algebraic  Equations.  To  apply  the  method  sug¬ 
gested  above,  one  may  proceed  either  graphically  or  numerically.  In  the  latter 
case,  one  has  to  transform  the  integrals  in  Eq.  (7)  into  sums  of  values  of  the 


functions  involved  for  specified  values  of  x  ^  Xi  and  z  •  xj, 

j  K(x,,  x)dz  —  Zj  It!  (22) 

/  K(z„  z)^'*>(z)  dx-Z,  ■,„t''\xt)  (23) 

where  the  coefficients  ya  are  determined  by  the  values  ci  K{Xi ,  x/).  Hence  we 
have  instead  of  Eq.  (7) 

<^‘’^“(x,)  -  ^‘-’(x.)  +  c*a‘*’(x,)  (24) 

where 

C.  -  -1/[1  +  X2/7,y]  (25) 

a'’‘’(x.)  -  ^‘"’(x<)  +  X  2/Y<i^‘*’(xy)  -  f(Xi).  (26) 
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For  comparison,  we  consider  the  formulae  which  result  from  transformations 
of  integral  £q.  (1)  into  a  set  of  simultaneous  linear  algebraic  equations  with 
the  unknowns 

2/  aifpixi)  -  f(xi)  =  0  (27) 

where  a,/  *■  \yn  ii  i  and  0,7  —  1  Xya  if  t  j.  According  to  von  Mises 
and  Pdlacsek-Geiringer*,  we  may  use  the  general  iteration  formula  (24)  with  a 
conventional  value 

cl-  -l/o.,-  -1/(1  +  X7«)  (28) 

instead  of  ct  according  to  £q.  (25).  Then  Eqs.  (25)  and  (28)  become  virtually 
identical  if  the  kernel  has  a  high  peak  for  x  »  z  and  intervals  between  consecutive 
values  of  X/  are  sufficiently  large  and  thus  the  values  of  yu  equal  nearly  the 
sums  Zytj . 

On  the  other  hand,  if  the  number  of  values  x,-  is  increased  more  and  more, 
the  values  of  individual  coefficients  y,/  decrease.  If  yu  1,  the  value  of  c't 
approaches  unity  according  to  Eq.  (28).  Then,  with  i^‘®\x)  =«  /(x),  the  Liouville- 
Neumann  series  results. 

5.  Modification  of  the  Foregoing  Iteration  Method.  According  to  Seidel,* 
the  iteration  process  for  the  solution  of  a  set  of  simultaneous  linear  algebraic 
equations  (27)  with  a  conventional  value  of  c<  ■'  —  l/a«  can  be  improved  by 
introducing  values  of  the  (n  +  1)***  approximation  of  the  unknowns  into  the 
expressiixi  for  A^”’(x,)  as  far  as  these  values  have  been  calculated  before.  Ac* 
cordingly  we  modify  the  procedure  described  above.  We  define  a  fimction 

W  -  ♦‘•’W  +  X  z&f ‘  TO*'**” W  +  X  za  TO*'" W  -  /(»<)  (29) 

where  v  is  the  total  number  of  specified  values  x< .  In  view  of  Eq.  (2),  one  may 
also  write 

i*‘*’(xO  -  +xE£!^T«ife'**”(*J  +xZST</it‘*’(x,).  (30) 

The  computation  of  the  right-hand  side  of  Eq.  (30)  requires  less  labor  especially 
when  one  is  close  to  the  final  solution  and  some  values  of  k^’'\xi)  may  be  negligible, 
but  Eq.  (29)  has  the  advantage  that  eventual  errors  of  computation  are  elimi¬ 
nated  in  successive  approximations. 

Instead  of  Eq.  (24),  we  have  ' 

^‘•"■“(xd  -  ^‘-’(xd  +  c.A*‘-'(xd.  (31) 

To  obtain  a  criterion  of  convergence,  we  may  apply  the  same  kind  of  reasoning 
as  Seidel*  and  von  Mises  and  Pollaczek-Geiringer*  have  used  for  the  conventional 
value  (d  Ci  indicated  in  Eq.  (28).  We  assume  that  K{x,  x)  is  a  S3rmmetrical 
functimi  with  respect  to  x  and  z,  i.e.,  K(x,  z)  «  K(z,  x).  We  then  define  a  function 

Fl^(xi),  ^(xi),  *  •  •  f 

“  [<p(3J»)l*  +  yiiv(xi)tp(,Xj)]  —  2</(®<)ip(®<)  (32) 

-  <?  -  2Z</(x<)x>(x.) 
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where  the  ^(x^’s  can  assume  arbitrary  values.  The  set  erf  linear  algebraic  equa¬ 
tions  indicated  in  Eq.  (27)  is  identical  with 

aF/a^(xO  -  0  (t  -  1,  2,  •  •  •  ,  p).  (33) 

Seidel  and  von  Mises  and  Pollaczek-Geiringer  have  shown  that  Eqs.  (33) 
determine  a  minimum  value  of  the  functimi  F  and  that  (mly  <nie  minimiun  of  F 
exists  if  the  value  of  Q  defined  in  Eq.  (32)  is  positive  definite.  Solving  the  set  of 
linear  algebraic  equatimis  indicated  in  Eq.  (27)  becomes,  therefwe,  identical 
with  determining  the  variables  of  F  which  correspond  to  a  minimum  value 
of  F.  The  iteration  process  is  c<mvergent  if  F  decreases  in  each  step.  To  prove 
eonvergenoe,  we  calculate  the  change  AF  of  the  function  F  in  an  individual  step 
of  the  iterati<m  method  indicated  in  Eqs.  (29)  and  (31),  values  of  f^”'*'**  and 
respectively,  being  substituted  for  values  of  ip  in  Eq.  (32).  Thus,  in  view  of 
K{xi,Xi)  -  F(x,,x,), 

Af  -  j(l  +  (34) 

FrcHn  Eqs.  (29)  and  (31)  it  follows  that 

+  HEfwT«#‘*’(^)  -  SM  -  A*“’w 
-  (I  +  -  *“(*,)1/C,  -  (I  + 

Substitution  in  Eq.  (34)  yields 

AF  -  -i[-l  -  X7«  -  2/cJ  {^'"-"“(xO  -  ^‘-’(xOI*.  (36) 

The  functitm  F  decreases  in  each  step  if  the  factor  in  brackets  is  positive.  Con¬ 
sequently,  convergence  of  iterati(Hi  based  on  Eqs.  (6),  (29),  and  (31)  is  ascertained 
if  (1)  the  kernel  /C(x,  z)  is  symmetric  with  respect  to  x  and  z,  (2)  the  value  of  Q 
defined  in  Eq.  (32)  is  positive  definite,  and  (3)  the  factor  (  —  1  —  —  2/c<)  — 

1  -f-  2\1rtii  —  Xyu  according  to  Eq.  (25)  is  positive  for  any  value  of  x< . 

One  can  show’  that  the  decrease  of  F  in  a  sin^e  step  has  a  maximum  value  if  c,- 
is  replaced  by  cj  —  l/<j,<  =  — 1/(1  -h  Xy*,)  according  to  Eq.  (28).  The  most 
rapid  cMivergence  for  the  whole  set  of  values  x<  is,  however,  a  different  problem. 
To  this  end,  the  decrease  of  F  after  a  sequence  of  individual  steps  from  t  1 
to  t  r  should  have  a  maximum  value.  Considerations  omitted  here  show' 
that  it  is  not  possible  to  determine  values  of  c,  so  that  for  any  values  of  ^^"’(X{)  a 
maximum  decrease  of  F  results.  Cemsiderations  in  Section  2  lead  to  the  conclusicm 
that  use  of  the  special  value  of  c<  as  determined  by  Eq.  (25)  is,  in  general,  ad¬ 
vantageous  if  K{x,  z)  has  a  pronoimced  maximum  for  x  =  z.  Ab  pointed  out 
above,  the  exact  solution  will  be  reached  immediately  if  the  kernel  vanishes 
except  for  x  ^  z,  bo  that  intend  Eq.  (1)  becomes  a  linear  equation  in  ^(x). 
Since  this  is  not  the  case  in  practical  .problems,  one  may  therefore  make  a  compro¬ 
mise  and  choose  a  value  between  the  two  values  indicated  in  Eqs.  (25)  and 
Eq.  (28),  but  no  general  rule  for  such  a  compromise  can  be  given. 
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6.  mustratiye  Example.  The  foregoing  considerations  may  be  illustrated  by 
the  integral  equation 

ffiix)  -  1  ~  ^  [— In  |x*  —  z*\]tpiz)  dz.  (37) 

This  integral  equation  results  from  the  boundary  problem  of  third  kind  of  the 
Laplace  differential  equation  for  the  potential  in  an  x  —  y-plane  when  the  sum 
of  the  potential  and  the  product  of  the  potential  gradient  times  a  parameter 
along  the  line  — l<x<+l,y  =  0is  given  as  a  constant  value,  and  the  potential 
gradient  along  this  line,  proportional  to  the  density  of  electrical  charge  and 
proportional  to  in  Eq.  (37),  is  to  be  calculated.  For  illustration,  we  assume 
X  =  2. 

TABLE  I 


Suecutive  approximations  for  inUgrtU  equation  (57)  with  X  —  5 


i 

Mi 

*<i) 

*(i) 

♦  <*) 

*<*) 

*<«> 

*(4> 

1 

0.95 

0.3711 

+0.0416 

0.4127 

+0.0145 

0.4272 

+0.0047 

0.4319 

2 

0.85 

0..3037 

+0.0138 

0.3175 

+0.0060 

0.3235 

+0.0029 

0.3264 

3 

0.75 

0.2678 

+0.0036 

0.2714 

+0.0024 

0.2738 

+0.0013 

0.2715 

4 

0.65 

0.2450 

-0.0015 

0.2435 

+0.0003 

0.2432 

+  .00007 

0.2439 

5 

0.55 

0.2294 

-0.0044 

0.2250 

-0.0008 

0.2242 

+0.0000 

0.2242 

6 

0.45 

0.218:1 

-0.0061 

0.2122 

-0.0016 

0.2106 

-0.0004 

0.2102 

7 

0.35 

0.2105 

-0.0071 

0.2034 

-0.0022 

0.2012 

-0.0006 

0.2006 

8 

0.25 

0.2052 

-0.0074 

0.1978 

-0.0026 

0.1952 

-0.0009 

0.1943 

9 

0.15 

0.2018 

-0.0073 

0.1945 

-0.0028 

0.1917 

-0.0011 

0.1906 

10 

0.05 

0.2002 

-0.0067 

0.1935 

-0.0028 

0.1907 

-0.0013 

0.1894 

If  one  tries  to  use  the  Liouville-Neumann  series,  one  has  ^^“^x)  —  1  and 
subsequently  ^^\0)  »  1  —  2X  «■  —3  and  *  1  —  0.6X  —  —0.2,  whereas 

the  true  values  (tf  <p{x)  are  positive  throughout  the  whole  range  from  x  »  0 
to  X  o  1.  The  Liouville-Neumann  series  is  therefore  not  helpful  for  X  »  2. 

Instead,  a  first  approximation  may  be  obtained  with  the  help  of  Eq.  (8), 
which  is  based  on  the  value  of  c(x)  suggested  in  Eq.  (6).  To  compute  further 
approximations,  we  write  in  accordance  with  Eqs.  (22)  and  (23) 


7.7 


Jwk^ik 


{-In  [(rA  4- JA  -  A»)*  -  r*]}  dr 


(38) 


where  —  t'A  »  x<  and  r  is  an  auxiliary  variable  of  integration.  For  a  first 

approach,  a  value  of  A  —  0.1  may  be  chosen  so  that  x<  »  0.95,  0.85,  *  ■  *  ,  0.05. 
Values  oi  the  first,  second,  third,  and  fourth  approximation  and  values  of  k^*^(xi) 
calculated  with  the  aid  of  Eqs.  (6),  (29),  (31),  and  (38)  are  compiled  in  Table  I. 
To  obtain  more  accurate  results,  one  has  to  decrease  the  width  of  intervals, 
preponderatingly  at  x  1 ,  where  the  function  ^(x)  changes  very  rapidly. 

For  small  values  of  X,  Eq.  (37)  may  be  solved  with  the  aid  <rf  the  Liouville- 
Neumann  series.  After  having  calculated  the  numerical  values  of  the  iterated 
kernels,  one  obtains  the  solution  of  ^(x)  as  a  power  series  in  X,  which  gives  the 
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possibility  oi  calculating  ^(x)  at  once  for  any  value  (tf  Even  for  small  values 
cA  X,  however,  it  may  be  expedient  to  calculate  ^(x)  for  selected  values  of  X  by 
means  of  the  method  suggested  above,  and  herefrom  values  of  ^(x)  for  inter¬ 
mediate  values  of  X  by  interpolation,  since  the  new  method  converges  more 
rapidly  than  the  Liouville-Neumann  series.  For  X  -■  0.25,  e.g.,  it  follows  from 
Eqs.  (3),  (8),  (5),  and  (6)  that 

v(x  -  0.96)  -  0.825  -f  0.009  ••• 

v(x  -  0.05)  -  0.669  -  0.005  •••  , 

whereas  the  Liouville-Neumann  series  gives 

^(x  -  0.95)  -  1  -  0.212  +  0.064  -  0.024  +  0.010  -  •  •  • 

ifiix  -  0.05)  -  1  -  0.500  +  0.234  -  0.107  +  0.048  -  •  •  • 

This  paper  is  based  in  part  upon  work  sponsored  by  the  Atomic  Energy 
Ccmunission  under  CkHitract  No.  AT-30-1-GEN-368. 
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STREAM  FUNCTIONS  FOR  THREE-DIMENSIONAL  FLOWS 
Bt  J.  H.  Giise 


It  is  well  known  that  i^ane  or  axisynunetric  steady,  non-viscous,  adiabatic 
flows  with  vorticity  can  be  described  completely  by  means  ol  a  sine^e  stream 
fimction.  The  fact  that  steady  three-dimensional  flows  with  vmtidty  can  be 
described  by  means  of  two  stream  functions  has  received  less  attention,  perhaps 
because  the  formidable  appearance  of  the  system  <d  partial  differential  equatimis 
for  these  fimctions  makes  their  usefulness  doubtful.  In  this  note  it  is  shown 
that  these  general  stream  functi(Hi8  have  properties  analogous  to  those  of  the 
familiar  special  cases,  and  that  they  can  be  used  to  verify  a  variatimuU  principle 
for  three-dimensional  flows. 

Steady  adiabatic  flow  of  a  perfect  fluid  is  governed  by  the  system  [7]* 

(1)  u  X  (V  X  u)  -  -§(c*  -  M*) V  log/ 

(2)  V.(/tt)-0 

(3)  P-/p^  log/ -  5/c, 

(4)  U-V/-0 

(5)  W  +  yp/(y  -  l)p  -  ie\  u-  Vc  -  0 

where  u  is  the  velocity,  p  the  pressure,  p  the  density,  S  the  specific  entropy, 
7  »  e,/c, ,  and  e,  and  c,  are  the  specific  heats  of  the  fluid  at  constant  pressure 
and  volume,  respectively.  The  dependent  variables  u,  p,  p,  and  /  can  alwa3rB  be 
redefined  [3]  so  that 

(6)  c  -  1 

It  will  be  assumed  hereafter  that  this  simplification  has  been  made.  Now  (3) 
and  (5)  are  equivalent  to 

P  -  -  Dr^'d  -  I*’)!’'”-” 

f  -  -  tiT’’"” 

By  (4)  and  (7),  (2)  implies 

(8)  V-(l  -  -  0 

an  equation  previously  obtained  by  Crocco  [2]. 

By  (2)  and  (8)  pu  and  (1  —  are  solenoidal  vectors.  Hence  they  can 

be  represented  as  vector  products  of  two  gradients  [6].  In  particular,  we  may 
write 

(9)  pu  =  X  V^j 
for  some  two  functions  and  .  Since 

(10)  u-V^-0,  X-1,2 

*  Bracketed  ntunbers  designate  references  listed  at  the  end. 
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u  is  tangent  to  the  two  families  of  surfaces  ^  «  constant.  Hence  these  are 
stream  surfaces, '  i.e.  no  fluid  crosses  them,  and  the  interaectum  of  two  surfaces 
rf^i  B  constant  and  constant  is  a  streamline. 

If  we  choose  =  —z  and  diffi/dz  =  0,  then  ^  —  ^(x,  y)  reduces  to  the  stream 
function  for  plane  flow  parallel  to  the  xy-plane.  Likewise,  if  we  choose  » 
— arctan  y/z  and  x),  where  r*  =*  x*  +  y*,  then  ^  is  the  stream  function 

for  flow  axisymmetric  about  the  z-axis.  For  these  special  cases  the  mass  m  of 
fluid  that  crosses  per  second  the  region  cut  out  of  any  surface  by  a  stream  tube 
bounded  by  the  surface  “  o,  *  b,  ■=  c,  «  d  (where  |  6  —  o  |  ^  2t 
in  the  axi8}unmetric  case)  is 

(11)  m  —  (6  —  o  (•Id  —  cl 

This  can  be  generahsed  as  follows.  Let  r  —  (x,  y,  z)  denote  the  coordinate  vector. 
In  the  region  occupied  by  the  fluid  let  r  *<■  r(a,  ff)  be  parametric  equations  of  a 
surface  Z  other  than  a  stream  surface.  Then  n  «>  dr/da  X  dr/d/3  is  a  vector 
normal  to  2,  and  do  ^  |  n  |  da  d/3  is  the  surface  element  of  Z.  On  Z  let  £  be  a 
finite  region  bounded  by  a  simply  closed  curve  K  defined  by  a  a(<),  /3  «  /3(e). 
Assume  that  and  are  defined  everywhere  in  R.  Then  the  mass  m{R)  of 
fluid  crossing  R  per  second  is 


m{.R)  (pu-n/|  n  |)d<r 

(12)  -  ^  (dr/da  X  dr/dff)  da  d0 

*  I  Ifs  ^ 


In  the  fi^t-plane  let  C  be  the  closed  curve  ^x(r(a(e),  ${«)),  the  image  of  K. 
Assume  that  the  map  of  K  onto  C  is  biunique.  Then  C  is  also  simply  closed  and 
bounds  a  finite  region  Q,  the  image  of  R.  Now  (12)  becomes 


(13) 


m(ft) 


jj  d4>\  cbf't 


i.e.  m{R)  is  the  area  of  Q.  In  the  special  case  in  which  Q  is  bounded  by 
=  h,  =  c,  ^1  »  d  (13)  reduces  to  (11). 

By  another  choice  of  fx  we  may  write 

(14)  (1  -  =  V^,  X 


o, 


For  these  fimctions  (10)  still  holds,  so  ^x  ~  constant  are  still  stream  surfaces. 
In  the  plane  and  axisymmetric  cases  these  stream  funcitons  are  of  the  type 
introduced  by  Crocco  [2].  Now  assume  that  u  is  non-null  and  u*  ^  1.  Then  by 
(14)  and  are  independent,  while  by  (4)  and  (10) 


(15) 


/  “  /(^i  f  h) 
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Lin  and  Rubinov  [4,  5]  have  shown  that  the  variational  equaticms  for 

(16)  I  w,  ptt*)(2iry)*  dy  dx 

are  the  equations  for  plane  (e  »  0)  or  axisymmetric  (c  =>  1)  flows  by  using  the 
t3q>e  of  that  corresponds  to  (14)  when  is  given  one  of  the  special  forms 
mentioned  above.  This  result  can  easily  be  extended  to  three-dimensional  flows. 
The  method  used  here  to  verify  the  variational  principle  differs  somewhat  frmn 
that  of  Bateman  [1],  who  employed  another,  more  general  representation  for 
the  velocity,  suitable  for  non-steady  flow,  and  had  more  dependent  variables 
'  in  the  integrand  of  his  variational  integral.  Let 

(17)  F  -  27[2y/(7  -  l)r’-»(p -1- pu*) 

By  (7)  and  (17) 

(18)  F(rP,  V^)  -  -  1)  (1  -  2y(l  - 

where  by  (14)  u*  is  defined  implicitly  by 

(19)  (1  -  “  (V^i  X 

(in  fact,  assuming  (V^^-i  X  V^)*  <  [2/(7  +  1)]*'‘'^“(7  —  l)/(7  +  1),  (19) 
has  in  the  interval  (0,  1)  two  roots,  one  sub-,  the  other  supersonic).  The  first 
variations  of 

(20)  m  -  fJl  FU>,  V^)  dv  . 

where  F  is  a  finite  three-dimensional  region  with  boundary  Z,  are 

(21)  «x/(^)  -  fff^  (dF/drh  -  V  dF/dV^)«^  llj.  ^ 

where  dv  and  da  are  the  elements  of  volume  and  surface  of  V  and  Z,  and  n 
is  the  outwardly  directed  unit  vector  normal  to  Z.  The  corresponding  Euler 
equations  are 

(22)  V-dF/dV^  -  dF/d^  -  0 
By  (18),  (19),  and  (14) 

(23)  dF/dVix  -  (-l)^r*'‘’"”u  X  V^+i 
where  X  -f  1  is  to  be  reduced  mod  2.  Hence  (22)  becomes 

(24)  (-1)"‘"‘V^-(V  Xu)  -  -i7~‘(l  -  ti*)'''‘’^'’dlog//d^+, 
which  implies 

(25)  (V^i  X  V^,)  X  (V  X  u)  -  -i7"‘(l  -  log/ 

By  (14),  (25)  implies  (1).  Since  (14)  and  (7)  have  been  used  to  define  u,  p,  and  p, 
and  since  /  has  been  assumed  to  be  of  the  form  (15),  it  suffices  to  remark  that 
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these  imply  (3),  (4),  (5),  and  (8).  By  (21)  natural  boundary  conditions  for 
are  such  that 

(26)  jj  {dF/dV^x)-Dl^xd<T  -  0 

II'  the  values  of  u  and  /  have  been  prescribed  on  a  two-dimensional  region  2' 
of  2  which  is  not  a  stream  surface,  suitable  boundary  values  of  ^x  in  2'  can 
be  found  as  described  below.  Then  in  2'  we  may  assume  *=  0  for  X  *  1,  2. 

If>  2  ccmtains  a  two-dimensional  region  2"  which  is  a  stream  surface,  then 
the  boundary  values  of  the  ^  can  always  be  adjusted  so  that  one  or  the  other, 
e.g.  ^ ,  is  constant  on  2".  On  Z"  then  =«  0,  so  that  (u  •  V^j  X  n)^i  »  0, 

while  (u*  V^i  X  n)4^*  «=  0  for  arbitrary  since  V^i  X  n  =  0.  Hence  by  (23) 
the  surface  integrals  (26)  will  vanish  on  2"  as  well  as  on  2'. 

From  (1),  (14),  and  (19),  after  considerable  computation,  we  obtain  for  ^ 
the  system  of  partial  differential  equations 

[u.(VV^)-u-l-  -  w‘)5:.(5  log//d^,.)V^„.  V^(l  -  JIf*)  (1  - 

(27) 

+  (u  X  V^,)-(VVfi)  -  (u  X  V^,)-(VV^,)].V^  =  0 

where  the  Mach  number  M  is  defined  by  3f*  =  2u*/(y  —  1)  (1  —  t**).  Since 
for'inviscid  flow  vorticity  is  generated  when  initially  irrotational  flow  passes 
through  a  curved  shock  wave  (disregarding  certain  developable  shock  wave 
shapes),  this  suggests  the  problem,  to  determine  the  flow  behind  a  given  shock 
surface,  assuming  the  flow  ahead  of  the  shock  to  be  known.  This  leads,  in  turn, 
to  the  more  general  initial  value  problem,  to  determine  a  flow  such  that  on  a  , 
given  initial  surface  2  (not  a  stream  surface)  defined  by  parametric  equations  t 
T  =  ro(a,  /3)  the  functions  u  and  f  assume  prescribed  values  u(ro(a,  0))  =•  Uo(a,  )8) 
and  /(ro(o,  /3))  =  /o(o,  /3).  If  an  attempt  were  made  to  solve  this  problem  by 
means  of  the  system  (27),  initial  values  \^x(ro(a,  j8))  =  ^xo(a,  $)  would  be  required. 
These  can  be  found  as  follows.  First  form  the  strip  conditions 

■  d\ho/da  =  (Vtpx)o'9To/da 

(28) 

d^xo/dP  =  (V^x)o-aro/a/3 
and  also  insist  that  (10)  Iiold  on  2  so  that 

(29)  (V^)o-uo  =  0 
Then 

(30)  (V^)o(aro/aa  X  3ro/d/3-Uo)  - 

(a^/da)  {dTo/dff  X  Uo)  -  (dfxo/d/3)  (dTo/da  X  Uo) 

If  we  also  demand  that  (14)  hold  on  2,  then  by  (30)  and  (14) 

(31)  3(^10 ,  ^»)/a(a,  iS)  =  (1  -  u2)‘'‘^‘’(ar,/aa  x  aro/a/3-uo) 

Hence,  if  the  family  of  curves  =  constant  is  chosen  arbitrarily  on  2,  the 
family  =  constant  must  be  chosen  to  satisfy  (31).  Invert  \l/xo  =  \^(«>  0) 
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to  obtain  a  =  0(^10 ,  1^10),  =  j8(^io ,  ^jo).  Substitute  these  in  /o(a,  /3)  to  obtain 

/o(o,  0)  •«  f(4>K  f  4'n).  The  function  so  defined  is  to  be  used  in  (1),  (7), 

(15),  (18),  (27),  etc. 

The  question  arises,  whether  the  values  of  both  of  ^  can  be  preserved  across  a 
shock.  Suppose  they  can.  The  fact  that  the  value  of  pu-n  is  preserved,  where  n 
is  a  unit  vector  normal  to  the  shock,  together  with  (7)  and  (31)  would  then 
imply  that  the  value  of  /  is  preserved.  In  general,  this  is  false.  Thus  we  cannot, 
in  general,  preserve  the  values  of  both  of  the  stream  functions  in  (14),  though 
we  can  preserve  those  of  ^1  alone.  Similar  reasoning,  using  an  analog  to  (31) 
with  po  substituted  for  (1  —  shows  that  the  values  of  both  of  the  stream 

functions  in  (9)  can  be  preserved  at  a  shock  wave.  Of  course,  this  is  an  obvious 
consequence  of  the  relation  between  these  functions  and  the  rate  of  mass  flow. 
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NOTE  ON  LEVINSON’S  EXISTENCE  THEOREM  FOR  FORCED 
PERIODIC  SOLUTIONS  OF  A  SECOND  ORDER 
DIFFERENTIAL  EQUATION 

By  C.  E.  Langenhop 

In  his  paper  “On  the  Existence  of  Periodic  Solutions  for  Seccmd  Order  Differ¬ 
ential  Equations  with  a  Forcing  Term”/  Levinson  proves  the  existence  of  a 
periodic  solution  for  the  equation 

(1.0)  i  -f-  /(x,  ±)x  +  g{x)  -  e(0, 

w  the  equivalent  system 

(1.0’)  i  =  p,  p  «=  p)p  —  g{x)  -f  e{t). 

His  assumptions  concerning  g(x)  are  essentially 

(1.1)  lim  I  glx)  I  =  xg{x)  >  0  when  |  x  |  >  a, 

|s|-« 

and 

(1.2)  lim  p(x)/G(x)  =  0,  Gix)  =»  f  git)dt. 

The  proof  of  the  existence  of  a  periodic  solution  of  (1.0)  of  period  L  makes 
use  of  the  fact  that  for  large  |  x  |  and  |  p  |  a  ph)rsical  system  governed  by  this 
equation  with  the  conditions  Levinson  makes  on  gix),f(x)  and  e(()  would  dissipate 
energy  and  |  x  |  and  |  v  |  would  tend  to  become  smaller.  Intuitively  then  the 
oondition  (1.2)  seems  unnecessary,  for  if,  say,  g{x)  »  xe“  this  condition  is 
violated,  although  such  a  g{x)  represents  an  even  stronger  restoring  force  than, 
for  example,  g(x)  x.  The  purpose  of  this  note  is  to  show  how  at  one  place 
Levinson’s  proof  may  be  altered  so  as  to  prove  the  theorem  with  (1.2)  replaced  by . 

(1.2')  lim  sup  j^(x)/x  *  00. 

The  conditions  (1.2)  amd  (1.2')  cover  all  possibilities  for  a  function  gix) 

satisfying  (1.1).  Suppose  lim  sup  gix)/x  ^  oo .  Then  there  exists  an  iV  >  0  and 

*-••0 

X  >  0  such  that  gix)  <  Nx  when  x  >  X. 

Now  by  L’Hospital’s  rule 

lim  Nx/Gix)  “  lim  N /gix)  =  0, 

and  since  for  x  >  X  0  <  gix)/Gix)  <  Nx/Gix)  such  a  gix)  would  satisfy  (1.2). 
Although  the  main  part  of  the  proof  using  either  (1.2)  or  (1.2')  is  the  same, 
there  seems  to  be  no  uniform  way  of  treating  all  gix)  satisf}ring  (1.1). 

Levinson  constructs  a  simple  closed  curve  C  in  the  (x,  p)  plane  which  he 

‘  N.  Levinson,  this  journal,  Vol.  22  (1943),  p.  41. 
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denotes  by  PiPt  •  •  •  PviPv%Pi  .*  If  we  replace  (1^)  by  then  we  alter  his 
construction  by  taking,  instead  of  a  horisontal  line  for  PJPt ,  the  arc  of  the 
solution  of  the  system 

(1.3)  X  =  V,  V  =  —mo  —  g{x)  —  E 
or  what  is  the  same,  the  solution  of 

(1.4)  ^  -  h(x,v) 

ax  V 


v»-(3tx)i-£,y>:io 

:  •VV.V.ir.cl 


Fiatraa  1 


which  proceeds  to  the  left  from  Pi  and  cuts  the  line  x  a.  See  Fig.  1.  (We 
prove  later  that  this  arc  does  indeed  cut  this  line.)  If  this  point  of  intersecticm 
with  X  —  a  is  denoted  by  P| ,  then  the  remainder  of  the  curve  C  is  as  prescribed 
in  Levinson’s  paper.  \ 

We  must  now  show:  1.  that  the  aolutions  of  (1.0')  cut  the  new  arc  PJPt  in  the 
decired  direction,  2.  that  os  Xi  — ♦  « ,  t>i  — »  —  «  (so  that  Pr  can  be  taken  sufficiently 
far  to  the  left  as  is  required  in  another  part  of  Levinson’s  proof)  and  3.  that  for  Xi 
sufficiently  large  Wu  —  Ui  <  0.  These  we  proceed  to  establish. 

I  I  '  \ 

*  See  Levinson’s  paper  for  the  details  of  this  construction  and  for  the  definitions  of  any 
symbols  not  herein  defined. 
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1.  At  points  o(  the  arc  PiPt  of  Fig.  1  we  have  for  the  solutions  of  (1.0') 

i  _  —fix,  v)v  -  g(x)  +  e(t)  ^  -mv  -  gjx)  —  E 

XV  V 

the  slope  oi  PiPi .  Thus  since  i  ~  v  <  0  on  this  arc,  the  soluticms  of  (1.0')  do  cut 
P4Pi  so  as  to  go  from  the  exterior  of  C  to  the  interior  as  t  increases.  _ 

2.  Here  it  suffices  to  show  that  P|  —►  —  «  as  X4  — »  «  since  Z4  — ►  *  as  Xi  — ►  <» . 

We  prove  that  if  lim  sup  g(x)/x  —  « ,  then  as  X4  — >  « . 

The  line  of  slope  — m  through  (a,  &»)  has  the  equation 

V  —  —mix  —  o)  +  . 

Let  P4  be  the  first  point  of  intersection  to  the  right  of  x  —  a  of  this  line  with 
the  curve  v  »  —igix)  +  E)/m.  Thus  X4  is  the  smallest  root  which  is  greater 
than  a  oi  the  equaticm 

(1J5)  gix)  —  m*x  +  E  m*a  —  —  . 

If  B  —  max  (jfix)  —  m*x  -f  B  -f  in*a)  >  0,  then  for  vi  <  —B/m  it  is  clear 

that  X4  >  c.  That  (1.5)  has  a  root  greater  than  a  for  |  Vt  |  large  is  also  clear 
since  lim  sup  (g(x)  —  m*x)  «  <» .  Henceforth  it  will  be  understood  that  P4  is  a 

pcwt  (XI  V  »  —  igix)  +  E)/m  such  as  P4 ,  i.e.  a  first  intersecti(xi  to  the  right  of 
X  »  a  of  a  line  through  (a,  Pf)  with  slope  — m  for  some  vt  <  0.*  From  the  above 
analysis  we  see  however  that  X4  can  be  chosen  as  large  as  we  please  and  P|  — »  —  « 
as  X4  — ► 

We  now  show  that  vt  <  v$  from  which  2  follows  immediately.  Note  that  on  the 
segment  P4P$  hix,  v)  >  —m,  while  <xi  the  horisontal  line  through  P4  A(x,  v)  <  0 
to  the  left  oi  P4  (the  curve  p  —  —  (gix)  4-  E)/m  lies  above  this  part  <rf  the  line 
by  (xir  choice  oi  P4).  Thus  the  arc  PiPt ,  being  a  solution  of  (1.4),  must  lie 
between  the  horiscmtal  line  and  the  line  PtPt .  In  this  angle  to  the  right  of 
X  ^  awe  have  —  p^Pi<0so  clearly  P4P1  does  indeed  cut  x  »  a  and  then 
so  that  Pi  ^  Pt .  ' 

S.  Finally  we  show  that  for  Xi  large  enough  un  —  ut  <  0.  The  differences 
Ur  —  Ur-i ,  r  ^  6  are  the  same  as  in  Levinson’s  paper.  Now,  however,  by  (1.4) 

11*  —  ii4  —  J  pdp  +  gix)  dx  ^  j  iE  +  mv)  dx  <  iE  +  mv%)ixi  —  a) 

if  on  PiPt  we  alwa3r8  have  p  ^  Pt .  This  is  certainly  the  case  since  PiPt  lies  below 

*  Levinson  tacitly  makes  a  similar  assumption  concerning  the  horisontal  segment  through 
P4  for  if  this  line  were  to  cut  the  curve  r  —  (g(x)  +  E)/m  at  some  x  such  that  a  <  x  <  Xt  , 
then  it  would  not  be  true  that  i  of  (1.0')  >  0  at  all  points  of  the  line  to  the  left  of  P4  * 
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the  line  PJ*[  which  in  turn  lies  below  the  curve  v  “ 

PiPi  do/dx  =*  h{x,  v)  ^  0.  We  have  then 

Mu  —  Ml  »=  (Mr  —  M,^i)  » 

^  (P  +  mvi)  (Xi  -  a  -  8aM/m)  +  32o*Jlf*  +  4a*Jlf  +  2a*  -f  SaME/m 

from  which  it  is  clear,  since  Vi— »— w  a8X4— »  that  for  large  enough  X4  we 
have  Mu  —  Wi  <  0. 

Iowa  Stats  Ck>LLBOB 
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THE  INTEGRAL  y*  exp  (-y*  +  ix/y)  dy 

By.  U.  E.  Kruse  and  N.  F.  Ramsey 

1.  Introduction.  In  various  problems  of  theoretical  physics  there  arise  definite 
integral  functions  which  can  be  ^reduced  to  one  of  th^  following  forms: 

/(z)  »  /  exp  i—y*)y*  coa  (x/y)  dy,  (1) 

K{x)  »  f  exp  (— y*)y*  sin  (x/y)  dy,  (2) 

Jo 

or 

I{x)  +  iK(x)  ~  y*  exp  (— y*  +  ix/y)  dy.  (3) 

In  particular  the  average  over  the  neutron  beam  velocity  distribution  of  a 
trigonometric  function  of  the  time  a  neutron  spends  in  a  region  of  space  reduces 
to  an  expression  of  the  above  type.*’*  Similarly  expressions  of  the  above  type 
arise  in  the  theory  of  the  molecular  beam  magnetic  resonance  method  The 
above  expressions  are  not  reducible  to  any  of  the  standard  tabulated  definite 
integrals  because  of  the  occurrence  of  the  y  both  as  y*  and  as  1/y  in  the  argument 
of  the  exponential.  Likewise  because  of  the  oscillatory  character  of  the  integrand 
for  large  z  and  small  y,  numerical  integration  is  difficult.  Although  a  convergent 
series  expansion  of  the  integrals  is  possible  for  z  <  3  and  an  as3m(iptotic  series 
can  be  obtained  for  larger  values  of  z,  the  asymptotic  series  is  sufficiently  awk¬ 
ward  for  numerical  calculation  that  there  is  need  of  a  direct  tabulation  of  the 
functions  /(z)  and  K(z). 

• 

2.  Series  Expansions.  Zahn*  and  Laporte^  have  discussed  a  function 

^i(x)  -  exp  (-y  -  x/y/y)ydy  (4) 

which  is  related  to  the  above  functions  by  the  equations 

I(x)  -  1/2  Re  {<^(tz)}  K(x)  -  -1/2  lm{0i(tz)}.  (5) 

For  values  of  z  <  3  Zahn  has  developed  a  convergent  series  which  in  the  present 
case  becomes 

i(x)  -  -  X*  log  X  di-  x-]  (e) 

» C.  T.  Zahn,  Phys.  Rev.  6S,  67  (1937). 

»  O.  Laporte,  Phya.  Rev.  62  ,  72  (1937). 

*  I.  I.  Rabi,  Phys.  Rev.  81,  625  (1937). 

« H.  C.  Torrey,  Phys.  Rev.  59,  293  (1941). 

*  N.  F.  Ramsey,  Phys.  Rev.  78,  695  (1950). 
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K(x)  -  +  (t/2)x*Z:-o  |9*«x*“] 


(7) 


*  u 


where  numerical  values  for  a,  and  are  given  in  Table  1. 

Because  of  the  slow  convergence  of  the  above  series  for  larger  values  of  x, 
it  is  more  convenient  to  use  an  asymptotic  expansion  due  to  Laporte’ 

^(x)  -  2(t/3)‘'*(x/2)  exp  -[(3/2)(x/2)*'*]  E,^o  A:,(2/x)«'«' 

where  the  summation  is  continued  as  long  as  the  terms  decrease.  The  Kp  are 
evaluated  most  conveniently  with  a  recursion  formula  where  it  is  known  that 

TABLE  1 


ao 

- 

1.000000000 

<*1 

» 

.886226926 

at 

- 

-.500000000 

at 

- 

-.295408975 

at 

- 

. 101459153 

at 

- 

-2.95408975 

X 

10-* 

at 

- 

5.78937917 

X 

10-* 

at 

- 

4.68903135 

X 

10-« 

at 

- 

6.4534565 

X 

10-‘ 

at 

« 

-2.6050174 

X 

10-* 

ait 

> 

2.7371871 

X 

10-’ 

an 

- 

-6.7662790 

X 

10-* 

ait 

5.7046675 

X 

10-w 

au 

- 

9.6385741 

X 

10-‘* 

^0 

- 

.0833333 

- 

2.7777778 

X 

10- » 

9* 

- 

2.48015873 

X 

ia-» 

9t 

- 

9.18577307 

X 

10-* 

9t 

- 

1.73972975 

X 

10- 

9it 

- 

1.91179093 

X 

10-“ 

Ko  "  1.  The  formula  given  by  Torrey*  contains  a  misprint  and  should  read: 

36p  K,  -  (-12p*+  12p+  35)Kp.i  -(1/6)  (5  +  2p)  (4  -  2p)  (3  -  2p)  K,., . 

Using  this  formula  the  following  values  are  obtained  in  agreement  with  those  of 
Torrey: 

Ko  -  1,  Ki^  .972222,  K,  =  .148534, 

Kt  -  -.017879,  Ki  =  .004594,  /f,  -  -.000762. 

Kt  is  already  larger  and  is  found  to  be  —.001264.  In  this  way,  /(x)  and  K(x) 
are  most  easily  computed  by  use  of 

7(x)  (t/3)‘'*(x/2)  exp  [(-3/2)  (x/2)*'*]  (A  ain  6  +  B  coe  9) 

.  K(x)  ~  -(t/3)‘'*(x/2)  exp  [(-3/2)  (x/2)‘'*]  (A  cob  9  -  B  ain  9) 
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where  6  —  3\/S/2  (x/2)*'* 

A  -/Co  -  JC,(2/z)*+  (1/2)  [Kxi2/xf*-  K,{2/x)*'*  -  /C4(2/x)‘'*  + /C,(2/x)‘"*], 
B  -  (V3/2)[Ki(2/xf  +  Kt(2/xf*  -  K,(2/xf*  -  /C,(2/x)‘®'*] 
if  terms  only  up  to  Kt  are  included. 


TABLE  2 


M 

/(*) 

K(») 

s 

/(*) 

K(») 

0 

0 

6.4 

-.0493 

-.1535 

.1 

.49751 

.04417 

6.6 

-.0307 

-.1515 

.2 

.49019 

.06754 

6.8 

-  .0132 

-.1476 

.3 

.47832 

.12944 

7.0 

-.14211 

.4 

.46229 

.16933 

7.2 

.01749 

-.13518 

.6 

.41950 

.24139 

7.4 

.03061 

-.12709 

.8 

.36543 

.30136 

7.6 

.04220 

-.11805 

1.0 

.34805 

7.8 

.05224 

-.10630 

1.2 

.23746 

.38122 

8.0 

.06078 

1.4 

.16972 

.40127 

8.5 

.07562 

-.07131 

1.6 

.10288 

.40910 

9.0 

.08221 

-.04496 

1.8 

.03892 

.40502 

9.5 

.06191 

-.02062 

.39314 

10.0 

.07626 

2.2 

-.0746 

.3722 

10.5 

.06684 

.01654 

2.4 

-.1221 

.3448 

11.0 

.05507 

.02889 

2.6 

-.1629 

.3122 

11.5 

.04224 

.03707 

2.8 

-.1966 

.2759 

12.0 

.02937 

.04146 

3.0 

.2371 

12.5 

.01727 

.04250 

3.2 

-.2432 

.1971 

13.0 

.04109 

3.4 

-.2565 

.1569 

13.5 

.03758 

3.6 

-.2639 

.1173 

14.0 

-.00982 

.03268 

3.8 

-.2657 

.0792 

14.5 

-.01517 

.02696 

4.0 

-.2626 

.0430 

15.0 

-.01872 

4.2 

-.2552 

.0094 

15.5 

.01487 

4.4 

-.2441 

-.0214 

16.0 

-.02118 

4.6 

-.2299 

-.0490 

16.5 

-.02057 

4.8 

-.2132 

-.0734 

17.0 

-.01906 

5.0 

-.1945 

-.0944 

17.5 

-.01691 

5.2 

-.1745 

-.1120 

18.0 

-.01435 

-.00650 

5.4 

-.1536 

-.1263 

18.5 

-.01159 

-.00844 

5.6 

-.1322 

-r.l374 

19.0 

-.00879 

5.8 

-.1106 

-.1455 

19.5 

-.01020 

6.0 

6.2 

-.0896 

-.0691 

-.1507 

-.1533 

20.0 

-.01021 

In  giving  values  for  the  asymptotic  series  we  have  assumed  that  the  remainder 
is  of  the  order  of  the  last  term  used.  Actually  this  appears  to  be  a  reasonable 
assumption  since  the  value  for  7(2)  calculated  from  the  asymptotic  series  differs 
(mly  by  .00005  fr<nn  7(2)  as  calculated  from  the  c(»ivergent  series.  Both  series 
were  computed  in  the  r^on  2  ^  x  ^  3  and  continued  to  give  good  agreement. 
For  large  x,  the  asymptotic  series  will  approach  the  int^^  more  closely.  In 
this  r^on  the  limit  on  accuracy  was  in  the  computati(Hi. 
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3.  Numerical  Results.  A  table  of  the  fimctions  /(x)  and  K{x)  is  given  in 
Table  2. 

The  authors  wish  to  tiiAnk  Mr.  V.  E.  Culler  for  his  assistance  in  the  numerical 
calculations. 

Habvabd  Univxbsitt 
Cambbidoc,  Mabsachusbttb 

(Received  Ootober  22,  1960) 


A  NEW  FORMULA  FOR  REPEATED  MECHANICAL  QUADRATURES 

By  Zden£k  Kopal,  Piebre  Carrub,  and  Katherine  E.  Kavanaoh 

The  aim  of  the  present  note  is  to  prove  the  existence  of  a  quadrature  formula 
of  the  form 

/i  {/  ^  S  H>"V(ay)  (1) 

by  means  of  which  the  definite  integral  on  the  left-hand  side  can  be  evaluated 
exactly — without  remainder  term — as  a  weighted  mean  of  n  —  1  particular 
values  of  ^(x),  provided  that  the  degree  of  this  function  does  not  exceed  2n  —  1. 
In  order  to  attain  this  accuracy,  the  abscissae  ay  and  the  corresponding  weights 
Hy”^  must  be  determined  in  accordance  with  certain  algebraic  equations,  which 
will  be  given  below  and  solved  numerically  for  n  =*  2,  3,  4,  5,  and  7. 

In  order  to  prove  (1),  consider  the  Hermite  interpolation  formula* 

/(x)  -  t  Mx)/(ay)  +  t  KyW/W  +  /<-’({)  (2) 

y_i  y_x  (2n)  I 

of  n-th  degree,  where  (  is  a  number  intermediate  between  ai  and  a. ,  and  where 
we  have  abbreviated 

kiix)  »  {1  -  (x  -  ai)[pn{ai)/Pn{(h)]]  (3) 

Ky(x)  -=  (x  -  Oy){ly(x)}*  (4),  fy(x)  -  (x  -^)p\'(Oy)  ’ 

and 

p,(x)  -  (x  -  ai)  (x  -  oj)  •  •  •  (x  -  an)  (6) 

respectively. 

Integrating  both  sides  of  (2)  between  finite  Umits  (which,  without  loss  of 
generality,  can  be  normalized  to  ±1)  we  obtain 

jf ^  fix)  dx  -  g  jjf '  hjix)  dx|  /(oy)  +  g  I ^(x)  dx|  f'ia/)  -b  R,  (7) 

where 

R  -  [l/(2n)ll  £  |p.(*)lV“”({)  dx. 

If  we  now  specify  n  arbitrary  abscissae  ay  by  imposing  that 

^y(x)  dx  —  0  for  £  —  1,  2,  3,  •  •  •  ,  n, 

*  Cf.,  Szego,  Orthogonal  PolynomiaU,  New  York,  1939,  pp.  323  f. 
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equation  (7)  reduces  to  the  well-known  Gauss  quadrature  formula,*  with  (8) 
rendering  pn{x)  orthogonal  polynomials  which  (in  the  case  of  unit  weight  function 
and  limits  ±1)  reduce  to  the  polynomial  solutions  of  Legendre’s  equation  for 
integral  values  of  n.  The  respective  quadrature  formula  will  evidently  permit 
us  to  evaluate  exactly  the  definite  integral  on  the  left-hand  side  of  (7)  as  a 
summation  of  n  terms  on  the  right-hand  side  provided  that  the  d^ree  of  /(z)  is 
not  in  excess  of  2n  —  1. 

Suppose  now,  for  the  sake  of  argument,  that  we  wish  to  derive  from  (7)  an 
alternative  quadrature  formula  by  imposing  that 

hj{x)  dx  -  0  for  j  —  1,  2, 3,  •  •  •  ,  n,  (9) 

in  place  of  (8).  If  so,  the  summation  on  the  right-hand  side  of  (7)  will  likewise 
reduce  to  n  terms;  but  the  abscissae  aj  defined  as  roots  of  a  simultaneous  s}rstem 
dt  n  non-linear  equatimis  of  the  form  (9)  prove  to  be  complex.  This  fact  could 
have  been  anticipated;  for  their  reality  would  imply  that  the  value  of  the  definite 
integral  of  a  function  could  be  expressed  as  a  summation  of  discrete  values  of 
its  derivatives  alone — an  obviously  impossible  task. 

Suppose,  however,  that  in  order  to  obviate  this  difficulty  we  propose  to  define 
our  set  of  the  n  abscissae  ay  by  4  conditions  requiring  that 

Ky(x)  dx  =0  for  j  «  1,  (10) 

and 

Ay(x)  dx  —  0  for  J  —  2, 3, 4,  •  •  •  ,  n.  (11) 

If  so,  equation  (7)  could  be  written  as 

fix)  dx  -  /(ai)  +  ZU  H\^Yiai)  +  «,  (12) 

where 

Hi"’  -£  Ai(x)dx,  (13) 

while,  for  J  >  1, 

Hf  -  £  Uz)  dx.  (14) 

Equation  (12),  without  remainder  term,  should  be  exact  for  all  functions 
fix)  of  degree  not  in  excess  of  2n  —  1.  In  particular,  its  application  to/(x)  s  1 
discloses  that 

-  2,  (15) 

*  Cf.,  Fort,  Finitt  Difference*,  Oxford,  1948,  pp.  110-111. 
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which  permits  us  to  rewrite  (12)  as 

/I  {/(x)  -  /(ai)}  dx  -  'EU  +  R.  (16) 

In  order  to  express  this  result  in  a  more  symmetrical  form,  let  us  introduce  a 
new  function  ^(x),  defined  by  the  relation 

fix)  -  /(oi)  -  f  ^(x)  dx.  (17) 

Joj 

If  we  insert  (17)  in  (16)  this  latter  equation  reduces  readily  to  (1) — quod  erat 
demonstrandum . 

In  order  that  a  quadrature  formula  of  the  form  (1)  should  exist,  the  reality 
of  all  roots  ay  of  our  non-linear  system  (lO)-(ll)  for  any  given  value  of  n  is  a 
necessary  prerequisite.  A  general  proof  of  the  nature  of  such  roots  for  unrestricted 
n  is,  however,  beycmd  the  scope  of  the  present  note.  With  regard  to  the  first 
root  Cl ,  it  is  easy  to  prove  that  its  value  is  necessarily  interior  to  dbl.  Equation 
(10)  discloses  that 

Oi  “  x{ii(x)}*  dx !  {li(x)}*  dx,  (18) 

which  renders  Oi  the  centroid  of  a  mass-distribution  of  a  positive  function  within 
X  *  =t  1 ;  and  if  the  ay’s  for  j  ^  \  are  real,  ai  will  be  necessarily  so.  Moreover,  if  n 
is  an  odd  integer,  ai  =  0  represents  one  of  the  admissible  roots. 

In  order  to  investigate  the  nature  of  the  roots  of  the  simultaneous  system 
represented  by  equations  (10)  and  (11)  in  particular  cases,  we  have  evaluated 
such  roots  for  n  =  2,  3,  4,  5,  and  7  by  numerical  processes.  We  found  that  not 
only  are  the  roots  real,  but  that  there  exists  even  a  multiplicity  of  real  solutions 
in  each  case  considered  to  a  sufficient  detail.  Their  numerical  values  will  be 
given  below;  and  once  they  have  been  determined,  the  weights  can  be 
evaluated  by  straightforward  quadratures.  In  order  to  reduce  this  task  to  a 
convenient  form,  consider  the  function  0(x)  k  ly(x),  defined  by  (5)  so  that 
Zy(ai)  »  0  for  i  ^  j,  while  ly(ay)  **  1.  An  application  of  our  quadrature  formula 
(1)  to  this  function  inunediately  yields 

-  £  |£  hix)  dx|  dx  (19) 

for  y  »  2,  3,  •  •  •  n.  Moreover,  since  Zy(x)  is  a  polynomial  of  (n  —  1)  degree  and 
our  quadrature  formula  is  of  the  degree  of  precision  2n  —  1,  the  remainder 
term  in  (1)  will  also  drop  out  for/(x)  *  {Z/(x)}*,  leaving  us  with 

dx|  dx  (20) 

as  an  alternate  expression  for  the  desired  weight  coefficients.  Unlike  the  classical 
Gauss  case,  however,  the  positivity  of  the  function  behind  the  second  integral 
sign  does  not  entitle  us  to  conclude  that  the  weights  of  the  quadrature  formula 
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(1)  are  all  positive.  In  point  of  fact,  negative  weight  coefficients  arise  already  in 
connection  with  n  »  2,  as  can  be  seen  in  the  following  tabulation: 


n  —  F 

at 

- 

d:. 3933198 

Ht 

- 

2 

at 

- 

T. 2270833 

Ht 

- 

T.  7866396 

n  —  S 

ai 

0 

Ht 

2 

at 

- 

.5477225 

Ht 

- 

.3042903 

at 

-.5477225 

or 

Ht 

-.3042903 

at 

- 

5889711 

Ht 

2 

at 

- 

±.2250452 

Ht 

- 

7.8445196 

at 

“ 

:F.  5293628 

Ht 

- 

7.3334225 

n  -  4 

at 

±.2556542 

Ht 

±2 

at 

- 

:F.  14211735 

Ht 

- 

7.50874580 

at 

- 

±.70293590 

Ht 

- 

±.13810482 

at 

- 

T.  70090019 

Ht 

- 

7.14066743 

n  —  5 

at 

0 

Ht 

2 

at 

- 

±.372146 

Ht 

- 

±.299869 

at 

- 

±.792006 

Ht 

<■ 

±.0695342 

at 

- 

792006 

Ht 

- 

7.0695342 

at 

- 

372146 

Ht 

- 

7.299869 

n  -  7 

at 

0 

Ht 

2 

at 

- 

.282090 

Ht 

- 

.262524 

at 

> 

.626860 

Ht 

>■ 

.115852 

at 

- 

.882531 

Ht 

- 

.022651 

at 

- 

T-.  882531 

Ht 

- 

-.022651 

at 

- 

-.626860 

Ht 

- 

-.115852 

aj 

- 

-.282090 

Ht 

- 

-.262524 

The  fact  that,  for 

even 

values  of  n. 

Ui  assumes 

a 

certain  irrational  value 

renders  our  quadrature  formula  (1)  a  rather  special  case.  For  odd  values  of  n 
however,  Oi  =  0  represents  always  an  admissible  solution;  and  repeated  definite 
integrals  of  the  form  corresponding  to  Oi  *  0  are  frequently  encountered  in 
applied  mathematics,  usually  as  a  result  of  partial  integration.  It  is  to  the 
evaluation  of  such  integrals  that  the  quadrature  formula  (1)  should  be  primarily 
applicable. 

In  order  to  illustrate  the  use  of  the  preceding  quadrature  formula  on  a  practical 
case,  consider  the  differential  equation 


1  +  3x  +  2x» 

(1  +  x*)VnK^ 


VT+~x*  — 


x«(l  +  x) 
l+x* 


sin 


Vl  +  X*,  (21) 


subject  to  the  boundary  conditions 

y'iO)  =  0,  yi-l)  =  1, 

and  let  it  be  required  to  evaluate  i/(l).  The  closed  solution  of  the  foregoing 
boundary-value  problem  can  be  found  to  be 

,  y(x)  -  (1  -I-  x)  {sin  Vl  +  x*  -  sin  (1)}  -|-  1, 


(22) 
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which  yields 

,  y(l)  -  2{8in  V2  -  sin  (1)}  +  1  -  1.2025899, 

correctly  to  seven  decimal  places.  If,  however,  we  wish  to  forego  a  formal  integra¬ 
tion  of  (21)  and  to  evaluate  y(l)  approximately  by  the  quadrature  formula  (1) 
developed  in  this  paper,  we  set 

y(x)  -  a  y'  dxdx 

and,  using  five  points,  we  find  that 

y.(l)  -  Z5-ifyiV(fly)  -  1.291922, 

which  is  in  error  by  .000668  or  approximately  .07%.  An  application  of  the 
seven-point  formula  leads,  moreover,  to 

yrCl)  «  1.292575, 

which  errs  by  defect  of  (mly  .000015  or  .002%  of  the  true  value. 

Depabtment  op  Electrical  Enginebbino, 

Massachcsetts  Institute  of  Technoloot 


(Received  May  4,  1960) 


THE  TRANSFER  FUNCTION  OF  AN  R-C  LADDER  NETWORK* 
By  Aaron  Fialkow  and  Irving  Gerst 

Introduction.  In  the  last  few  decades  there  has  arisen  an  extensive  literature 
concerned  with  the  characterization  and  synthesis  of  various  network  func¬ 
tions.  However,  with  few  exceptions,  these  results  make  free  use  of  ideal  trans¬ 
formers  and'  coupled  coils,  and  the  question  of  what  can  or  cannot  be  achieved 
without  such  elements  is  at  present  not  clearly  understood.  Also,  there  is  little 
information  on  the  effect  of  requiring  the  existence  of  a  common  ground  ter¬ 
minal — the  so-called  unbalanced  networks.  Both  of  these  problems,  aside  from 
their  intrinsic  interest,  bear  on  the  engineering  design  of  practical  networks. 

The  present  paper  throws  some  light  on  the  above  questions,  in  so  far  as  the 
transfer  function  of  a  four-terminal  network  is  concerned,  in  that  we  discuss 
networks  with  two  kinds  of  elements,  mutual  inductance  being  excluded;  and 
in  that  most  of  our  results  concern  certain  unbalanced  networks  of  common 
occurrence.  We  may  confine  our  discussion  of  the  transfer  function  to  the  R-C 
case  since  the  R-L  and  L-C  cases  follow  easily  from  this.  One  method  of  char¬ 
acterizing  a  rational  network  function  such  as  the  transfer  function  of  a  four- 
terminal  network,  which  we  write  in  the  form  A(p)  «  KU{p  -1-  6i)/U{p  -|-  7,), 
is  to  give  (a)  the  location  of  the  poles  (b)  the  location  of  the  zeros  relative  to  the 
poles  (c)  the  range  of  the  multiplicative  constant  K  as  a  function  of  the  zeros  and 
poles.  It  was  our  aim  to  consider  only  networks  for  which  we  could  obtain  precise 
results  concerning  all  three  of  these  properties  or  any  equivalent  properties. 
Thus  far  we  have  succeeded  in  doing  this  completely  for  the  L-network  and  the 
symmetrical  lattice,  and  almost  completely  for  the  general  ladder  network.  This 
is  the  reason  for  the  choice  of  these  particular  structures  in  our  discussion. 
The  determination  of  (c)  is  one  of  the  novel  results  of  the  paper.  For  each  of  the 
structures  considered,  a  design  procedure  follows  from  the  proof  of  realizability. 
While  this  may  be  no  simpler  than  cut-and-try  methods,  it  has  an  advantage 
over  them  in  that  one  knows  in  advance  whether  the  synthesis  will  succeed  and 
thereafter  there  are  no  wasted  steps. 

We  will  now  give  a  brief  informal  description  of  the  results  of  our  investigation. 
Detailed  and  precise  definitions  and  statements  of  theorems  are  given  in  the 
text.  Certain  necessary  properties  of  the  transfer  fimction  of  the  most  general 
four  terminal  R-C  passive  network  are  well  known.  Thus  the  transfer  function 
must  be  a  rational  function  with  real  coefficients ‘which  is  regular  at  mfinity. 
All  of  its  poles  must  be  simple  and  negative  real.  The  latter  property  is  (a)  and 
holds  for  all  the  networks  under  consideration.  There  remains  the  description 
of  (6)  and  (c). 

Let  us  start  with  the  L-network.  Here  the  must  be  real  and  non-negative 

*  The  principal  results  of  this  paper  were  first  given  in  two  memoranda  at  the  Control 
Instrument  Company,  dated  November  20,  1946  and  December  9,  1948,  respectively.  The 
paper  was  presented  to  the  American  Mathematical  Society,  February  28,  1948.  (Cf.  Bul¬ 
letin  of  the  American  Mathematical  Society,  Vol.  54  (1948)  p.  470.) 
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and  obey  certain  order  relations  with  respect  to  the  yy  which  are  analogous  to  the 
order  relations  for  the  impedance  function  of  a  two-terminal  R-C  network. 
In  the  latter  case  the  sequence  of  Si  and  yj  arranged  in  ascending  order  of  magni¬ 
tude  consists  of  (7,  3)  pairs  with  possibly  an  unpaired  7  termination.  The  cor¬ 
responding  sequence  for  the  L-network  transfer  function  consists  of  (7,  3)  and 
(3, 7)  pairs  with  possibly  an  unpaired  7  termination  (Thm.  1).  For  a  given  set  of 
Si  and  7y  satisfying  these  requirements,  the  range  of  /C  is  an  interval  starting 
from  zero  and  going  up  to  a  value  Ko ,  beyond  which  the  equation  n(p  +  7y)  — 
KU{p  -h  3,)  =  0  for  the  first  time  fails  to  have  all  its  roots  real  and  non-positive. 
It  follows  from  this  that  Ko  is  determined  as  the  smallest  of  (at  most)  three 
values  each  of  which  may  be  described  in  terms  of  the  3,  and  7y  (Thm.  2). 

In  the  case  of  the  symmetrical  R-C  lattice  network  there  is  no  restriction  on 
the  Si  other  than  that  they  be  roots  of  a  real  {polynomial.  The  range  of  /C  is  the 
interval  —Ko<K<Ko,  where  Kt  is  characterized  exactly  as  in  the  L-network 
case. 

Coming  now  to  the  R-C  ladder  network,  we  first  consider  networks  having  a 
fixed  number  of  stages.  The  3*  of  such  a  network,  besides  being  real  and  non¬ 
negative,  must  have  certain  order  relations  with  res{)ect  to  the  7y .  To  describe 
these,  let  us  again  consider  the  sequence  of  3,-  and  7y  of  an  L-network  or  1-stage 
ladder  network.  If  we  select  any  3  in  this  sequence  and  “look  back”  toward  the 
beginning  of  the  sequence,  we  will  “see”  either  the  same  number  of  3’«  as  7’* 
or  one  more  7  than  3.  Also  the  total  number  of  7y  is  at  least  equal  to  the  total 
number  of  3{  and  cannot  exceed  this  latter  number  by  more  than  one.  Similarly, 
the  sequence  of  3,  and  7y  of  an  «-stage  ladder  network  may  be  characterized  thus: 
If  we  select  any  3  in  this  sequence  and  “look  back,”  we  will  “see”  up  to  («  —  1) 
more  3’«  than  y*8  or  up  to  «  more  y’s  than  3’«.  The  total  number  of  7’s  is  at  least 
equal  to  the  total  number  of  3’8  and  does  not  exceed  this  latter  number  by  more 
than  a  (Thm.  3).  Except  for  the  case  s  »  1,  the  range  of  X  is  as  yet  undetermined 
for  an  s-stage  ladder  network.  If,  however,  we  consider  only  those  networks  for 
which  the  zeros  and  {>oles  of  the  com{>onent‘  L-network  transfer  functions 
A  y(p),  (j  «  1,  2,  •  •  •  ,  «)  are  preassigned,  then  we  find  that  0  <  X  <  Xo  where 
Xo  is  the  product  of  the  maximum  K’a  associated  with  each  Ay(p)(Thm.  4). 

If  we  place  no  restriction  U{)on  the  number  of  stages  of  the  ladder  then  the 
order  relation  conditi<m  disapppears  and  the  only  requirement  on  the  3,-  is  that 
they  be  real  and  non-negative.  As  for  the  range  of  X  in  this  case,  we  have  thus 
far  been  able  to  determine  that  0  <  X  <  Xo  where  Xo  is  one  of  several  quantities 
which  deipend  on  the  3<  and*  7y .  However,  we  cannot  at  present  determine  in 
every  case  which  one  of  these  quantities  is  actually  Xo . 

I.  THE  L-netr'ork  1.  The  zeros  and  poles  of  the  transfer  function.  Consider 
the  L-network  shown  in  Figure  1.  Here  Zg  and  Zo  are  arbitary  im{)edances 
consisting  of  resistance  and  capacitance  only.  As  is  well  known,*  Z.  and  2b  are 

*  This  term  is  defined  in  (4. 

*  For  example  see  E.  A.  Guillemin,  "Communication  Nelworka"  (1935),  Vol.  2,  pp.  211- 
213. 
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rational  functions  having  the  form 


(1.1) 

(1.2) 


y  ^  (p  -t-  at)(p  +  ap  •  •  ‘ 

*  (p  +  ai)  (p  +  ai)  •  •  • 

V  _  -v  (P  +  ^*)(P  +  184)  •  •  • 

(p  +  /Si)(p  + A)--- 


where  p  is  the  complex  frequency  and  where  the  following  relations  are  satisfied 


t 


(1.3)  0  <  ij,  0<X,  0  <  ai  <  a,  <  a,  <  ...  ,  0  <  A  <  /3,  <  ft  <  ••*. 

The  a  and  /3  sequences  each  terminate  in  a  member  whoee  subscript  may  be  either 
odd  or  even. 


0 - WSAA/WW" - 

>  Z  • 

< 

< 

> 

0 

Fiqurb  1 


The  transfer  function,  Aip),  of  a  four-terminal  network  is  defined  by  A(p)  — 
et/ci ,  where  eo  and  e,-  are  the  output  and  input  voltages  respectively.  In  the  case 
of  the  L-network,  we  readily  find  that 


(1.4) 


A(p)  -  Z6/(Z.  +  Zs). 


From  equation  (1.4)  it  immediately  follows  that  the  poles  and  zeros  of  A(p) 
are  all  real  and  non-positive.  For  Za  +  ^»  is  again  an  R-C  impedance  and  hence 
expressible  in  the  form 


Za  +  Zb 


(p  +  X»)(p  +  X4)  -  •  • 

(p  +  xi)(p  +  x»)--*  ’ 


with 


0  <  T,  0  <  XI  <  X*  <  XI  <  •  •  • . 
From  (1.1),  (1.2)  and  (1.4)  we  find  that 


n  4rTi'>  s _ x(p  -f  ft)(p  -h  ft)  •  •  •  {p  +  ai)(p  +  at)  •  •  • _ 

’j(P  +  ft)(p  +  ft)  •  •  •  (p  "f  a*)(p  +  <*4) 

-f-  X(p  +  ft)(p  4-  ft)  •  •  •  (p  +  oi)(p  4"  ati)  *  •  • 

*  The  case  where  i|  >■  0  or  X  »  0  yields  the  trivial  impedance  functions  Z.  0  or  Z»  —  0 
respectively. 
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For  brevity  we  call  an  a  whose  subscript  is  odd  or  even  an  odd  a  or  even  a 
respectively,  and  use  similar  language  relative  to  the  /9’s.  Arrange  the  even  /3’s 
and  odd  a’s  in  a  single  sequence  according  to  ascending  magnitude  and  designate 
them  by  5i ,  Si,  •  •  •  ,  S^r ,  Similarly  designate  by  fi ,  fi ,  •  •  •  the  odd  /3’s  and 
even  a’s  arranged  in  a  single  sequence  according  to  ascending  magnitude.* 
Then  (1.5)  may  be  written  as 


(1.6) 


A  ip) 


X  nti  ip  +  ii) 

V  nf_i  ip  +  r*)  nil  ip  +  s.) 


From  the  definition  of  the  S’s  and  f ’s  it  follows  that  either  P  =  iV’ or  P=»iV±  1. 

In  what  follows  we  derive  certain  order  relations  concerning  the  zeros  and 
poles  of  the  transfer  function  A  ip).  In  this  connection  as  well  as  for  later  ap-  • 
plication,  it  is  useful  to  first  investigate  the  order  relations  of  the  S’s  and  f’s. 
To  this  end,  arrange  the  S’s  and  f ’s  in  a  single  sequence  2  according  to  ascending 
magnitude.  For  simplicity  we  first  consider  the  case  in  which  no  S  is  equal  to  a 
{■.  About  2  we  now  prove  the  following  result. 

Lemma  1.  The  S  of  maximum  subscript  preceding  f*(A:  »  1,  2  •  •  •  ,  P)  tn  2 
is  either^  St-i  or  S*  .  The  f  of  maximum  subscript  preceding  Sj(i  —  1,  2,  •  ■ '  ,  N) 
is  either  f  j_i  or  ii . 

Suppose  first  that  is  an  odd  /9.  Then  if  the  greatest  a  preceding  ft  in  2  is  an 
odd  a,  there  will  be  as  many  S’s  as  f ’s  up  to  and  including  •  Hence  S*  will  be 
the  S  of  maximum  subscript  preceding  .  If  the  greatest  a  preceding  is  an 
even  a,  there  will  be  one  more  f  than  S  up  to  and  including  ft  •  Then  St-i  will 
be  the  S  of  maximum  subscript  preceding  ft . 

On  the  other  hand,  let  ft  be  an  even  a.  Then  consider  the  /3  of  maximum  sub¬ 
script  which  precedes  it  in  2.  By  proceeding  as  above,  we  find  that  according  as 
this  maximum  subscript  is  odd  or  even,  the  S  of  maximum  subscript  preceding 
ft  is  St-i  or  St  respectively.  This  completes  the  proof  of  the  first  part  of  Lemma  1. 
The  second  sentence  of  the  lemma  is  proved  in  precisely  the  same  manner 
after  interchanging  the  roles  of  S  and  f  and  of  a  and  /3. 

Lemma  1  is  equivalent  to  the  following  Lemma  which  clearly  exhibits  the 
structure  of  the  sequence  2. 

Lemma  2.  If  the  sequence  2  is  voritienoi ,  <rj ,  •  •  •  ,  SF+it ,  theneach  pair  (a»t_i ,  ou) 
consists  of  a  i  and  f  whicH  may  appear  in  either  order.  If  P  +  N  is  odd  then  op+h 
is  unpaired  and  may  be  either  a  5  or  a  I. 

If  P  +  N  <2,  the  result  is  trivial.  If  P  A  >  2,  suppose  that  the  theorem  is 
false.  Then  the  first  pair  ivth-i ,  <ru)  not  satisfying  the  theorem  is  either  (f*  ,  It+i) 
or  (Si ,  Si+i).  In  the  first  case,  the  S  of  maximum  subscript  preceding  both  f* 
and  ft+i  is  S*  by  the  first  part  of  Lemma  1.  But  by  hypothesis  there  are  exactly 
k  —  I  pairs  preceding  f*  each  containing  one  S.  Hence  the  S  of  maximum  sub- 

*  It  is  possible  for  at  most  two  successive  S’s  to  be  equal,  as  when  an  odd  a  equals  an 
even  0.  In  this  case  it  is  immaterial  in  what  order  the  a  and  0  are  arranged  before  desig¬ 
nation  as  S’s  with  successive  subscripts.  Similar  remarks  apply  to  the  f’s. 

'  If  Jb  ■■  1  this  statment  is  to  be  interpreted  as  meaning  that  either  no  S  or  S|  precedes 

.  Similar  remarks  apply  when  t  —  1. 
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script  preceding  is  5^-1 .  This  contradiction  eliminates  the  first  possibility. 
The  second  possibility  may  be  eliminated  by  using  the  second  part  of  Lemma  1 
in  a  similar  manner.  This  completes  the  proof  of  Lemma  2. 

We  now  consider  the  case  in  which  some  5’s  and  f’s  are  equal.  This  may  be 
regarded  as  a  limiting  case  of  that  already  discussed.  It  is  obtained  by  letting 
some  of  the  j’s  and  f’s  of  the  sequence  2  approach  each  other.  It  can  be  shown 
that  a  particular  i  and  {"  may  become  equal  only  if  they  belong  to  the  same  pair 

(fftt-i  >  <ri*). 

Form  a  new  sequence  2'  by  deleting  all  such  equal  5’s  and  f’s  from  2.  This 
will  have  the  effect  of  removing  the  pair  ,  <ru)  if  cj*-!  =  o-j*  .  It  is  clear 
from  this  discussion  that  the  sequence  2'  has  the  same  structural  properties,  de¬ 
scribed  by  Lemma  2,  as  the  sequence  2. 

Leinma  2  may  be  interpreted  as  describing  the  order  relations  of  the  zeros  and 
poles  of  the  quotient  of  two  arbitrary  R-C  impedances  Zi,  and  Z,  .  For  it  follows 
from  (1.1)  and  (1.2)  and  the  definitions  of  the  5’s  and  ^'’s  that  the  quotient 
Zt/Za  may  be  written  as 

(1.7)  Z*/Za  =  (x/i,)[nt,(p  +  5.)/nf_i(p  -f  ft)]. 

Here  it  is  assumed  that  equal  5’s  and  f’s  have  been  deleted  so  that  the  5’s  and 
f’s  of  (1.7)  belong  to  the  sequence  2'.  Consequently  the  zeros  and  poles  of  the 
ratio  of  two  arbitrary  R-C  impedances  obey  the  order  relations  stated  in  Lemma  2. 

We  now  return  to  a  consideration  of  the  zeros  and  poles  of  A(p).  Since  (1.4) 
shows  that  A  (p)  is  the  ratio  of  two  R-C  impedances,  some  information  concern¬ 
ing  its  zeros  and  poles  is  given  in  the  preceding  paragraph.  However,  the  special 
form  of  Aip)  imposes  additional  restrictions  on  its  zeros  and  poles  which  w'e  now' 
discuss. 

In  the  transfer  function  defined  by  equation  (1.6),  the  numerator  and  de¬ 
nominator  will  have  a  common  factor  if  and  only  if  a  5  and  a  f  are  equal.  After 
dividing  numerator  and  denominator  by  all  common  factors,  suppose,  for 
simplicity,  that  i4(p)  is  again  written  as  (1.6).  We  note  that  the  5’s  and  f’s 
which  now  occur  in  (1.6)  are  the  members  of  the  sequence  2',  and  that  P  and 
N  now  denote  the  number  of  f’s  and  5’s  respectively  in  2'.  (But  again  P  ^  N 
or  P  *  JV  ±  1). 

The  zeros  of  the  transfer  function  are  —  5i ,  —  5i ,  •  •  •  ,  —  5#  .  It  follows  from 
the  definition  of  the  5’s  that  zeros  of  multiplicity  at  most  two  may  occur  except 
that  p  —  0  may  be  only  a  simple  zero.  The  poles  of  Aip)  are  the  zeros  of  the 
algebraic  equation 

(1.8)  /(p)  -  0 
where 

(1.9)  /(p)  -  gip)  +  h{p),  . 

gip)  -  i,n;.i(p  -1-  f*),  h(p)  -  xnr-i(p  +  5.). 

According  to  Lemma  2  and  the  italicized  statement  which  follows  it,  the  h-th 
pair  of  2'  is  either  (5tf*)  or  (fA5*). 


AARON  nALKOW  AND  IRVING  QERST 


In  the  first  case,' 


In  the  second  case, 


sgn /(-«*)  =  8gn^(-3*) 
sgn/(-f*)  “  sgn^C-fO 

8gn/(-f*)  -  8gnA(-fik) 


(-1)* 


8gn/(-5*)  -  sgag{-ik)  -  (-1)*. 

In  either  case,  there  is  at  least  one  root  of  (1.8)  between  —4*  and  —  f*  .  If  P  +  iV 
is  odd  there  is  an  unpaired  final  term  in  Z'  which  may  be  either  Sr+s  or 
In  the  first  case, 

8gn/(  — 4^+j(r)  “  8gn  Jf(  — 4^+Ar)  “  (—1)^'*’^  ‘ 

8gn/(-oo)  -  sgn  A(-oo)  - 

In  the  second  case, 

8gn/(-f,+jv)  -  8gnA(-f,+^f)  - 
8gn/(-oo)  -  8gny(-oo)  -  (-1)^'^^ 

In  these  cases,  there  is  at  least  one  root  of  (1.8)  between  —Sp+k  and  —  <»  or 
—ir+M  and  —  00  respectively. 

Since  the  degree  of  /(p)  is  equal  to  Max  (P,  N),  we  see  that  (1.8)  will  have 
exactly  (me  root  in  each  of  the  indicated  intervals  and  that  in  this  way,  we  get  all 
the  roots  of  (1.8).  Consequently  all  the  poles  of  A{p)  are  negative  real  and 
simple.  Let  us  denote  these  poles  by  —71 ,  —7* ,  •  •  •  ,  — 7jf  where  M  —  Max 
(P,  AT),  and  0<7i<7j<  •••  <  yjn  .  Arrange  the  4’s  and  7’s  in  a  single  se¬ 
quence  S:«i  ,  Sm+m  according  to  ascending  magnitude.  The  preceding 

remarks  prove  the  following  theorem  concerning  the  structure  of  S. 

Theorem  1.  Each  pair  (etn-i ,  «»)  of  &  consiste  of  a  6  and  a  7  which  may  appear 
in  either  order.  If  M  +  N  is  odd  a  final  unpaired  term  of  S  will  be  present,  in 
which  case  Sm+m  ~  Yjk  • 

This  theorem  establishes  the  order  relations  of  the  poles  and  zeros  of  A(p). 
Thus,  for  example,  the  setjuence  iSi:4i ,  71 , 7* ,  4j ,  4j ,  71 , 74  may  possibly  be  the 
sequence  S  associated  with  a  transfer  function  A(p)  of  an  L-network,  whereas 
the  sequence  Sj:4i ,  71 , 7* ,  7i ,  4j ,  74 , 4i  is  impossible  for  such  a  structure. 

We  note  that  Theorem  1  concerning  the  4, 7  sequence  S  is  similar  to  Lemma  2 
concerning  the  4,  (  sequence  Z'.  In  fact,  it  is  evident  from  the  proof  of  Theorem 
1  that  we  may  combine  both  theorems  into  the  following  statement  whose 
meaning  will  be  clear  from  what  has  preceded.  The  sequence  formed  by  arranging 
the  4’«,  7’*  and  in  ascending  order  may  be  considered  as  a  succession  of  triplets 
(4, 7,  f)  or  (1, 7,  4)  except  that  possibly  either  one  of  the  terminations  (4,  7)  or  (f ,  7) 
may  occur. 


*  If  a  is  real  and  r^O,  sgn  a  —  a/|  a  |. 
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2.  The  realizability  theorem.  According  to  the  results  of  §1,  the  transfer  func¬ 
tion  of  an  R-C  L-network  is  necessarily  of  the  form 

(2.1)  A{p)  =  A:[nti(p  +  «0/ni-i(p  +  7,)] 

where  the  yy  are  distinct  positive  niunbers  and  the  5<  are  non -negative  real 
numbers no  4<  equals  a  7y ,  and  the  7,  and  together  obey  the  order  relations 
of  Theorem  1.  Here  /C  isa  positive  constant  and  M  ^  N  or  M  “iV-f  1.  For 
brevity  we  shall  refer  to  a  function  defined  by  (2.1)  and  having  all  the  proper¬ 
ties  enumerated  above  as  a  function  of  type  L.  We  shall  now  show  that  for  a 
suitable  range  of  values  of  K  the  converse  is  also  true.  More  precisely,  the  follow¬ 
ing  theorem  is  proved: 

Theorem  2.  The  necessary  and  sufficient  condition  that  a  rum-constant^  furution 
A  ip)  of  type  L  be  the  transfer  furudion  of  a  passive  L-nctxwrk  containing  resistance 
and  capacitance  only  is  that  0  <  K  <  Ko ,  where  Ko  is  the  least  of  the  three  quan¬ 
tities  Kd  ,  nj^i7y/n<Li5,'  ,\if  M  =  W  and  of  the  first  two  quantities  if  M  =  N 
Here  Kdisthe  least  positive  root  (if  it  exists)  of  the  equation  in  K  obtained  by  equating 
the  discriminant  of  (x  4-  7y)  —  /Cn^Li  (x  -H  5,)  =  0,  to  zero. 

We  require  three  preliminary  lemmas. 

Lemma  3.  Let  5i(i  =  1,2,  •  ••  ,  N)  and  =  1,  2,  •  •  •  ,  P)  6c  distinct  rum¬ 
negative  real  numbers  which  when  arranged  in  ascending  order  form  a  sequence 
2  which  obeys  the  order  relations  of  Lemma  2.  Then  except  for  arbitrary  multi¬ 
plicative  factors  ri  and  X,  there  exist  exactly^'^  distinct  impedance  pairs  Z« 

and  Zb  as  defined  by  (1.1),  (1.2)  ond  (1.3)  whose  sequence  2  coincides  with  the 
given  sequence  2. 

The  proof  is  by  induction.  We  recall  that  the  j’s  must  be  assigned  as  odd  a’s 
or  even  )8’s  and  the  f ’s  as  even  o’s  or  odd  /3’s.  If  2  is  4i  or  the  result  is  evident. 
Otherwise  if  (3i ,  fi)  is  the  first  pair“  of  2,  we  may  make  the  following  identifica¬ 
tions:  5i  “  ai ,  =  oj  or  4i  —  tti ,  fi  *  /9i .  Similarly,  if  (fi ,  40  is  the  first  pair 

there  are  again  two  possible  identifications.  Suppose  that  the  4’8  and  C’b  of  the 
first  k  jjairs  in  2  have  been  identified  as‘*  ai  ,  «» ,  •  •  •  ,  a,- ;  ,  ft  ,  •  •  •  ,  ft- . 

Then  i  -h  J  =  2k.  If  there  is  a  (A:  -|-  l)-th  pair  in  2  the  identification  may  be 
continued  in  two  ways.  We  illustrate  for  the  case  in  which  i  is  even  and 
(4*+i ,  f*+i)  is  the  next  pair.  Take  a,+i  “  4*+i ,  a,-+j  =«  f*+i  ;  or  a,-+i  =  4*+i , 
/3y+i  “  f*+i .  The  latter  is  possible  since  j  is  also  even.  The  other  cases  are  treated 
similarly.  If  2  terminates  in  a  4  or  a  ^  after  the  A;-th  pair,  the  same  procedure 

’  Throughout  the  paper,  when  such  sequences  of  numbers  occur,  it  is  to  be  understood 
that  the  indices  have  been  assigned  so  that  when  the  numbers  have  been  arranged  according 
to  their  subscripts,  their  absolute  values  form  an  increasing  monotonic  sequence. 

'  If  A(p)  is  a  constant  K,  then  it  readily  follows  that  an  L-network  realising  A(p)  exists 
if  and  only  if  0  ^  A  <  1.  The  equality  signs  obtain  only  when  either  Z,  or  Zb  is  a  xero 
impedance  function. 

*  If  <1  —  0  the  quantity  IIy,/Ilii  is  to  be  interpreted  as  <>o . 

Here  the  bracket  indicates  the  greatest  integer  symbol. 

“  This  and  subsequent  pairs  are  those  referred  to  in  Lemma  2. 

If  no  a's  have  appeared  thus  far,  take  t  ~  0  in  what  follows.  A  similar  remark  applies 
to  the  and  j. 
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shows  there  is  just  one  way  of  completing  the  identification.  Consequently,  in 
all,  the  number  of  distinct  determinations  of  sets  a,- ,  /3y  (each  leading  to  a  dis¬ 
tinct  pair  Z,  and  Zi,)  will  be  2*,  where  R  is  the  number  of  pairs  occurring  in  S. 
The  latter  number  is  clearly  [(JV  -|-  P)/2].  This  completes  the  proof  of  Lemma  3. 

The  modifications  which  must  be  made  in  Lemma  3  when  equal  6’s  or  equal 
f ’s  are  allowed  in  2  are  considered  next.  Suppose  5*  *  6k+i .  Then  if  5*  =  a, , 
i*+i  *  Pi ,  (t  odd,  j  even)  is  one  identification  of  these  5’s,  the  identification 
Sk  Pi ,  Sk+i  >=  a<  is  another  permissible  cme  which,  however,  leads  to  the  same 
a,  P  sets  as  the  first.  Thus  the  number  of  distinct  impedances  Z.  and  Zi,  is  halved. 
The  same  will  apply  for  each  equal  pair  of  S’s  or  j'’s.  Summing  up  we  have  the 
Lemma  4.  If  the  hypothesis  of  Lemma  3  is  modified  so  that  2  contains  k  pairs  of 
equal  i’«  and  p  pairs  of  equal  f’s,  then  the  number  of  distinct  impedance  pairs 
Z,,Zt  is  given  by 

In  any  case,  there  will  be  at  least  one  pair  of  impedances  Za ,  Zt,  corresponding 
to  £. 

Just  this  last  fact  follows  immediately  by  taking 

Za  =  1j(p  +  fj)(p  +  fO  •  •  ‘/{p  +  il)(p  +  i|)  •  •  •  , 

Zb  “  X(p  +  ij)(p  +  ^4)  • '  ’/(p  +  fx)(p  +  fa)  •  •  •• 

The  complete  results  of  Lemmas  3  and  4  are  required  in  connection  with  the 
more  general  synthesis  procedure  of  the  next  section. 

Lemma  5.  Let  F(p,  K)  —  n>li  (p  -f  yy)  —  (p  +  5<)  where  yy ,  i,-  are 

any  complex  numbers  and  yii^Si.IfKi^Kt  are  any  two  complex  numbers,  then 
the  equations  F{p,  Ki)  =  0  and  F(p,  Kt)  *  0  cannot  have  a  common  root. 

For  if  p  “  —  f  were  such  a  root,  then  subtraction  of  the  equations  would 
yield  (Ki  —  iiCi)n4Li(— f  +  ii)  «  0.  Consequently  f  =  i,  for  some  i  and  using 
F(— f,  Ki)  “  0  we  would  find  iy  —  yy  for  some  j,  contrary  to  hypothesis.  Since 
the  roots  of  an  algebraic  equation  are  continuous  functions  of  the  coefficients, 
this  result  implies  that  if,  as  K  ranges  over  a  real  interval,  the  roots  of  F(p,  K)  = 
0  are  real,  then  these  roots  are  strictly  monotonic  functions  of  K. 

We  return  now  to  the  proof  of  Theorem  2,  considering  first  the  sufficiency  erf 
the  conditirais.  In  order  to  exhibit  two  impedance  functions  Z. ,  Z5  which  lead 
to  the  given  transfer  function  i4(p),  it  suffices  to  show  that  for  each  K  of  the 
interval  0  <  /C  ^  Ko  w«f  have  identically 

(2.2)  njLrip  +  yi)  -  Kntxip  + «.)  =  Ki„/\)nLiip  +  fO, 

where  the  f*  ^  6,  are  non-negative  real  numbers,  which  together  with  the  5, 
form  a  sequence  obeying  the  order  relations  of  Lemma  2,  and  n  >  0>  ^  >  0. 
For  then  by  Lemma  4,  a  Z.  and  Z»  having  multiplicative  factors  ri  and  X  re¬ 
spectively  exist  whose  sequence  2  coincides  with  the  sequence  of  i’s  and  f’s. 
Consequently  using  (2.2)  in  (1.6)  which  is  the  expression  for  the  transfer  func¬ 
tion  corresponding  to  Z*  and  Zb  we  find  that  (2.1)  results. 

Again  denoting  the  left-member  of  (2.2)  by  F(p,  K),  the  f*  are  the  negatives 
of  the  roots  of  F(p,  K)  =  0.  The  roots  of  the  equation  F{p,  0)  =  0  are  the 
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— »  0  “  li  2,  •  •  •  ,  M).  Since  A(p)  is  of  type  L,  the  7,-  themselves  have  the 
properties  required  by  the  f*  in  (2.2).  It  follows  from  the  continuity  of  the  roots 
of  an  algebraic  equation,  in  this  case  considered  as  functions  of  K,  that  for  K 
sufficiently  small  and  positive  say  0  <  K  <  K»  <  \  the  f*  will  be  close  to  the 
7y .  Consequently  for  these  values  of  K,  the  f*  will  be  distinct  positive  numbers 
different  from  the  and  together  with  these  forming  a  sequence  obeying  the 
order  relations  of  Lemma  2.  Also  by  comparing  coefficients  of  the  highest 
powers  of  p  in  both  members  of  (2.2)  we  find  since  K,  <  \  that  ij/X  =  1/iC  or 
\/K  —  \  according  as  M  =  A  +  1  or  Af  *  iV.  Thus,  »//X  will  be  positive  and 
hence  1;  and  X  may  both  be  chosen  as  positive  numbers.  In  (2.2),  by  transposing 
the  second  product  on  the  left,  the  right  member  takes  the  same  form  as  /(p) 
in  (1.9).  Hence  the  location  of  the  7,-  is  determined  from  that  of  the  i’s  and 
f’s  as  in  the  proof  of  Theorem  1  and  the  italicized  statement  following  that 
theorem  holds  for  the  present  (f,  7,  5)  sequence.  However  here  only  the  termina¬ 
tion  (f,  7)  is  possible  since  we  have  the  same  number  of  f ’s  as  7*8.  Furthermore 

in  view  of  Lemma  5,  the  ft  will  vary  in  a  monotonic  manner  from  their  initial 

values  yj  &s  K  varies  from  0  to  .  . 

Now  let  K  increase  positively,  starting  from  K, .  Then  the  f*  will  vary  con¬ 
tinuously  with  K.  No  ft  can  become  equal  to  a  S,  or  a  7,  as  (2.2)  would  then 
imply  that  a  and  7,  were  equal.  Hence  as  long  as  the  ft  remain  non-negative 
real  numbers  they  will  maintain  their  relative  order  with  respect  to  the  5,  and 
7i .  In  order  for  the  ft  to  lose  their  non-negative  real  character  one  of  the  follow¬ 
ing  must  occur: 

(a)  a  ft  becomes  zero. 

(b)  a  ft  becomes  infinite. 

(c)  Two  of  the  ft  become  eq'ual. 

At  least  one  of  (a),  (b),  (c)  will  occur  for  some  finite  K.  Otherwise  the  initial 
order  relation  of  the  (f,  7,  5)  sequence  for  small  K  w’ould  be  maintained  for  ar¬ 
bitrary  large  values  of  K.  But  as  K  —*  « ,  (2.2)  shows  that  the  ft  will  approach 
the  5<  if  A/  =*  N;  and  if  A/  =  iV  -|-  1  all  but  one  ft  will  approach  the  i,-  the  re¬ 
maining  ft  becoming  infinite.  A  consideration  of  the  termination  of  the  (f,  7,  5) 
sequence  in  each  case  shows  that  this  is  impossible  if  the  ft  remain  non-negative 
real.  Let  Ko  denote  the  smallest  positive  value  of  K  for  which  at  least  one  of 

(a) ,  (b),  (c)  obtains.  Then  evidently  for  0  <  K  <  Ko  the  ft  (if  (b)  occurs,  the 
remaining  ft)  will  be  non-negative  and  have  the  required  order  relations  writh 
respect  to  the  6,- . 

Case  (a)  will  occur  if  5i  ^  0  and  K  =  n,*  i7y/nf_i6,- .  For  small  K,  the  (f,  7,  5) 
sequence  is  either  (fi ,  71)  or  has  an  initial  triple  of  the  form  (fi ,  71  ,  ii).  Case 

(b)  can  occur  only  when  lx)th  M  =  N  and  K  =  1.  For  small  K  the  (f,  7,  5) 
sequence  terminates  in  the  triple  {bs  ,  “Tn  ,  ftr).  Case  (c)  will  occur  for  values 
of  K  which  make  the  discriminant  of  F(p,  /f)  =  0  vanish.  For  small  K  the 
(f,  7,  5)  sequence  contains  at  least  two  successive  triplets  of  the  form  (i,  ,.7< ,  6,), 
(fi+i ,  7.+, ,  5,+i)  or  it  terminates  in  {bn-i ,  7v-i ,  f^-i),  iXn  ,  "iii).  The  value  of 
Ko  given  in  the  statement  of  Theorem  2  follows  from  these  results. 
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There  remains  the  verification  of  the  fact  that  i;  and  X  may  be  chosen  as  posi¬ 
tive  numbers  for  0  <  iiC  <  iiCo .  By  equating  coefficients  of  the  highest  powers 
of  p  in  (2.2),  we  find 

VX  =  1/^^,  M  =  AT  -I-  1 

(2.3)  i>/X  -  (1  -  K)/K,  M  ~N,K<1 

yx  -  sr-i(7<  -  Si),  M  -  AT,  K  =  1. 

The  ratio  jjA  which  is  determined  by  either  of  the  first  two  equations  is  clearly 
positive.  To  establish  the  sign  of  the  expression  2<li(7<  —  Si)  which  occurs  in 
the  third  equation,  consider  the  coefficient  of  p“~‘  in  both  members  of  (2.2) 
when  K  <  1.  In  this  way,  using  the  second  equation  of  (2.3),  we  obtain  the 
equation 

itUiyi  -  KSi)  -  (1  - 

from  which  it  follows  that  2<Li(7<  ~  Si)  »  limjc-,i  2ili(7i  —  KSi)  >  0.  If  the 
equality  sign  were  to  hold,  then  the  coefficients  of  p“  and  p^“‘  of  F(p,  K) 
would  be  zero  for  X  =  1.  Reference  to  (2.2)  shows  that  at  least  two  f’s  have 
become  infinite  for  X  =  1  which  is  impossible  in  view  of  the  order  relations  of 
the  (f,  7,  S)  sequence.  Therefore,  in  every  instance,  ij  and  X  may  both  be  chosen 
as  positive  numbers.  This  completes  the  proof  of  the  sufficiency  statement  in 
Theorem  2. 

We  now  consider  the  necessity  of  the  condition  stated  in  the  theorem.  If  Z, 
and  Zb  realizing  Aip)  are  given,  then  a  comparison  of  (1.6)  and  (2.1)  shows  that 
(2.2)  must  hold.  Furthermore,  the  order  relations  stated  after  Theorem  1  for 
the  (f»  7f  S)  sequence  are  obeyed.  Here  the  ,  f*  refer  to  the  sequence  2'  as¬ 
sociated  with  Z.  and  Z» .  Now  as  X  varies  from  0  to  Xo ,  the  roots  f*  of  F(p,  X)  * 
0  will  completely  cover  one  of  the  closed  intervals;  [0,  71]  for  Case  (a),  [7^,  «] 
for  Case  (b)  or  [7^ ,  7y+i]  for  at  least  one  j(l  <  j  <  M)  in  Case  (c).  Hence,  by 
Lemma  5,  for  no  value  of  X  >  Xo  can  a  root  of  F(p,  X)  =  0  belong  to  one  of 
the  covered  intervals.  Therefore,  if  X  >  Xo  it  is  impossible  for  the  relation  (2.2) 
to  hold  with  the  proper  order  relations  for  the  (f ,  7,  S)  sequence.  This  completes 
the  proof  of  Theorem  2.  ^ 

By  applying  a  similar  method  in  the  case  of  an  R-C  symmetric  lattice,  we 
arrive  at  the  following  result:  Necessary  and  sufficient  conditions  for  the  rational 
function 

A(p)  -  xnti(p  +  Si)/nf.bip  +  7/) 

to  he  the  transfer  function  of  a  symmetric  lattice  are 

(t)  The  7y  are  distinct  positive  numbers. 

(ii)  The  i,  are  any  real  numbers  or  occur  in  conjugate  complex  pairs. 

(Hi)  N  <  M. 

(iv)  X  is  real  and  such  that  0  <  |  X  ]  <  Xo  where  Kois  the  smallest  of  the  three 
quantities  |  Xj  |  ,  n,^i  7y/n^Li  \  Si  \  ,  I  if  N  ^  M  and  of  the  first  two  quantities  if 
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N  <  M.  Here  Kiiethe  real  root  of  smaUeet  absolute  value  (if  it  exists)  of  the  equa¬ 
tion  in  K  obtained  by  equating  the  discriminant  of 

HyliCx  +  7>)  -  KUtiix  +  Si)  -  0, 

to  zero. 

To  conclude  this  section  we  will  sketch  an  alternative  method  for  obtaining 
the  maximum  allowable  value  of  K  for  the  L-network  which  is  more  in  line 
with  standard  network-theory  practice.’* 

In  the  notation  of  Guillemin/*  if  Zu  and  Zn  denote  open-circuit  driving  point 
and  transfer  impedances  respectively  of  a  four-terminal  network,  we  have 

A(p)  —  Zii/Zii . 

Given  the  L-function 

A(p)  -  /cntiCp  +  Si)/ujLi(p  -f  7y), 

we  will  determine  for  what  values  of  K  functions  Zu  and  Zu  exist  so  as  to  be 
open-circuit  driving  point  and  transfer  impedances  respectively  of  an  L-network. 
For  this  type  of  network  we  readily  find  from  Figure  1  that 

Zn  *  Z» ,  Zu  =  Z«  -|-  Zfc . 

Hence  both  Zu  and  Zn  are  R-C  impedance  functions.  Since  an  R-C  impedance 
has  a  positive  residue  at  a  pole,  it  follows  that  every  pole  of  Zn  must  be  a  pole 
of  Zu  ,  and  that  the  residues  at  the  poles  of  Zn  cannot  exceed  the  residues  at 
the  corresponding  poles  of  Zu .  This  latter  condition  is  simply  the  residue  re¬ 
quirement  for  a  four-terminal  network  as  applied  to  the  L-network.“  We  note 
that  the  functions  Z.  and  Z»  are  immediately  determinable  once  Zu  and  Zu 
are  known  and  hence  the  corresponding  network  can  be  synthesized. 

We  may  write 

Zn  ■*  /iCtn(p  -f-  Si)/ (p  -|-  Ok),  Kt>0 

Zu  =■  /Cin(p  -f-  yi)/(p  +  Ok),  Ki  >  0, 

where  K  —  Kt/Ki  and  where  in  order  to  get  R-C  impedances  the  «■*  must  be 
distinct,  non-negative  numbers  such  that 

0  ^  ffi  ^  ^  ffj  ^  3j  •  •  •  , 

0  <  (Ti  <  7i  <  (Tj  <  7j  •  •  •  . 

Thus  the  must  lie  in  the  intervals 

0  <  ffi  <  Min  («i ,  7i), 

Max  (6i ,  7i)  <  ffj  <  Min  (St ,  7j), 

“  We  are  indebted  to  Prof.  R.  M.  Footer  of  the  Polytechnic  Institute  of  Brooklyn  for 
reading  the  manuscript  and  suggesting  this  approach. 

E.  A.  Guillemin,  loc.  cit.,  p.  132-136. 

E.  A.  Guillemin,  loc.  cit.,  p.  217. 
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where  the  equality  sign  may  hold  only  between  a  o  and  a  S.  These  intervals  for 
9i  correspond  to  the  exterior  of  the  intervals  determined  by  the  aero-pole  pairs 
of  A  (p)  except  possibly  for  the  last  pair.  For  definiteness  consider  the  case  where 
N  M  and  we  have  N  <r’s.  The  other  possibilities  may  be  treated  in  a  similar 
manner.  For  any  choice  of  the  <rt  in  the  above  intervals,  Zji  and  Zn  will  be  R-C 
impedance  functions.  Writing  these  functions  in  their  canonical  partial  fraction 
expansion  form,  we  have 

Zji  “  /Cj{l  -b  S[i4(/(p  -|-  a<)lj 
^11  “  f^i{l  +  S(B</(p  -|-  <r<)]} 

where  At  >  0  and  >  0.  ^ 

Since  Z,( « )  >  0, 

Ki  >  Kt, 

From  the  residue  condition  there  results 

BiKi  >  AiKj. 

With  the  notation  /(p)  -  n(p  +  y/),  gip)  -  n(p  +  a*),  h{p)  -  n(p  -|-  a<), 
the  Ai  and  Bi  are  given  by 

Ai  «  hi-Oi)/g'i—ffi),  Bi  -  ff,), 

and  hence  the  inequalities  may  be  rewritten  as 

K<1,  K<f{-ai)/h(-iri). 

As  ffi  ranges  over  the  closed  interval  Max  (a<_i ,  7»_i)  <  <  Min  ({< ,  yt), 

let  m<  denote  the  maximum  of  f(—<ri)/h{—<ri)  in  this  interval,  allowing  «  as 
a  possible  value  of  m{ .  Then  the  maximum  value  K*  of  K  leading  to  functions 
Zii  and  Zn  for  this  case  is  given  by 

0 

K*  -  Min  [1,  mi ,  m, ,  •  •  •  ,  m< ,  •  •  •  mj»]. 

If  AT  —  M  we  may  also  have  AT  -f  1  (r’s  and  for  this  case  we  find, 

K*  -  Min  [mi ,  mj ,  •  •  •  ,  m< ,  •  •  •  ,  m# ,  mw+i], 

where  mn+i  is  determined  tor  the  interval  Max  (i#  ,  yjt)  <  <rw+i .  If  ilf  ■»  AT  -J-  1 
we  can  have  only  N  +  1  a’a  and  then 

K*  *«  Min  [mi ,  mj ,  •  •  •  ,  m< ,  •  •  •  ,  mAr+i] 

where  m^r+i  is  determined  for  the  interval  Max  (Sat  ,  yx)  <  ok+i  <  yu  ■ 

The  actual  analytical  evaluation  of  the  nti  which  appear  in  these  formulas 
leads  to  a  consideration  of  the  roots  of  the  discriminant  equation  and,  in  certain 
circumstances,  of  the  ratio  Ilyj/USi  and  1  .  However,  the  result  thus  obtained 
is  not  identical  with  that  stated  in  Theorem  2  and,  indeed,  is  considerably  weaker. 
What  is  lacking  in  the  present  derivation  of  the  formulas  for  K*  and  is  needed 
to  bridge  the  gap  between  the  two  results  are  the  continuity  properties  of  the 
roots  of  an  algebraic  equation. 
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3*  The  sjmthesis  procedure.  We  now  consider  the  question  of  synthesizing 
an  L-network  from  a  preassigned  transfer  fimction  A{j>)  of  type  L.  We  shall 
suppose  that  A{p)  is  given  by  (2.1)  where  the  y’s  and  5’s  are  known  quantities 
but  where  X  is  as  yet  undetermined.  Then  the  results  of  §2  yield  the  following 
algorithm  for  performing  the  required  synthesis: 

(a)  Determine  /Co  as  the  smallest  of  the  three  quantities 

(3.1)  /C^  ,  njlx7y/nti«. ,  1 

if  A/  ■=  iV  and  of  the  first  two  quantities  if  Af  =*  iV  +.  1. 

We  recall  that  Kd  was  defined  as  the  least  positive  root  of  the  equation  in 
K  obtained  by  setting  the  discriminant*'  of 

(3.2)  njl,(x  +  y,)  -  KUtiix  +  «<)  -  0 

equal  to  zero.  In  view  of  the  difficulty  of  calculating  Kd  and  in  order  to  avoid 
unnecessary  computation  some  remarks  relative  to  the  determination  of  Ko 
are  in  order.  Let  S,  as  before,  denote  the  sequence  of  7> ,  j.-  arranged  in  order  of 
increasing  numerical  magnitude.  For  certain  sequences  S  the  following  rules 
which  follow  readily  from  the  proof  of  Theorem  2  simplify  the  determination 
of /Co: 

(i)  If  no  7’s  occur  successively  in  S,  Kd  need  not  be  calculated. 

(ii)  If  S  begins  with  a  S,  n/Li7y/nf_iji  may  be  omitted  from  consideration. 

(iii)  If  S  terminates  in  a  S,  the  number  1  may  be  omitted  in  (3.1). 

(iv)  If  S  begins  with  a  S  and  terminates  in  either  a  j  or  two  consecutive  7’s 
then  Ko  =  Kd . 

For  sequences  S  to  which  hone  of  the  above  rules  apply  it  can  be  shown  by 
examples  that  any  one  of  the  three  quantities  in  (3.1)  may  actually  be  equal 
to  Ko  • 

(b)  Choose  a  value  of  K  such  that  0  <  K  <  Ko . 

(c)  For  this  value  of  /C,  solve  (3.2)  and  denote  its  roots  by  —  fi ,  —  fj , 
•  •  •  —  fe  ,  where  P  =  Af  or  P  =  A/  —  1.  The  f*  will  all  be  real  and  non-negative, 
and  may  include  double  roots.  In  solving  (3.2)  it  is  of  aid  to  first  locate  the  Ct 
by  noting  that  the  (f ,  7, 5)  sequence  must  divide  into  triplets  (f ,  7,  5)  or  (6, 7,  f) 
except  for  possible  terminations  (5,  7)  and  (f,  7). 

(d)  The  a’s  and  /3’s  which  describe  the  zeros  and  poles  of  Z,  and  Zo  may  now 
be  determined  as  follows:  Arrange  all  the  j’s  and  C’s  in  a  single  sequence  Z' 
according  to  ascending  numerical  order.  Beginning  with  the  smallest  quantity 
in  this  sequence  and  proceeding  to  each  successive  quantity  in  turn  each  6  and  f 
will  now  be  identified  as  an  a  or  /8  according  to  the  following  rules: 

(i)  If  2'  is  let  ai  =  61  ;  if  2'  is  let  =“  fi  •  Otherwise  the  sequence  2' 
of  5’s  and  d’s  may  begin  as  either  ii ,  or  ,  ii.  In  the  first  case  identify  5i  as 
ai  and  fi  as  either  at  or  di  •  In  the  second  case,  identify  as  and  5i  as  either 
ai  or  . 

*•  For  the  expression  of  the  discriminant  of  an  algebraic  equation  in  terms  of  its  coeffi¬ 
cients  see  e.g.,L.  E.  Dickson,  “Elementary  Theory  of  Equations”  (1922),  pp.  146,  152. 
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(ii)  The  procees  of  identification  may  be  continued  as  follows:  Suppose  at 
some  stage  a  certain  number  of  j’s  and  f’s  of  S'  have  been  identified  as'^:  ai , 
at,  •  •  •  ,  a»_i  ;  ft  ,  ft  ,  •  •  •  ,  0J-1  in  some  order.  Then  if  the  next  quantity  in  the 
sequence  2'  is  a  2  it  may  be  identified  as  either  a,  if  t  is  odd,  or  /3/  if  j  is  even. 
If  the  next  quantity  in  the  sequence  2'  is  a  1*  however,  it  may  be  identified  as 
either  at  if  t  is  even,  or  if  j  is  odd. 

In  making  these  identifications,  the  decision  as  to  whether  to  identify  a  given 
quantity  in  the  sequence  as  a,  or  /3j  (when  both  identifications  are  possible)  is 
entirely  arbitrary.  As  showm  in  Lemmas  3  and  4,  there  will  be  in  all 
ways  of  determining  the  a’s  and  /3’s. 

Since  no  5  is  equal  to  a  in  S'  the  foregoing  process  will  yield  a  Z.  and  Z^ 
which  have  no  zeros  or  poles  in  common.  To  get  the  most  general  a  and  0 
sequences  associated  with  A(p),  any  number  of  distinct  pairs  S,  =  ,  where  the 

ii ,  ft  are  non-negative  and  different  from  the  Si  and  ft  may  be  added  to  form  a 
new  sequence  2.  The  identification  procedure  is  then  applied  to  2.  However, 
since  the  resulting  Z.  and  Zt  will  be  of  greater  complexity  (higher  degree)  than 
the  Za  and  Zt 'arising  from  2',  we  shall  restrict  ourselves  only  to  this  latter  case 
for  the  present.** 

(e)  The  quantities  n  and  X  which  fix  the  impedance  levels  of  Za  and  Zt  may 
be  determined  from  (2.3).  It  is  clear  that  (2.3)  only  fixes  the  ratio  ij/X  of  the 
impedance  levels.  Thus  the  value  of  either  t/  or  X,  but  not  both,  may  be  chosen 
arbitrarily. 

(f)  By  the  preceding  steps,  Za  and  Zt  have  been  determined  as  rational 
expressions  of  the  form  (1.1),  (1.2)  for  which  (1.3)  holds.  The  network  synthesis 
of  these  im[>edances  is  carried  through  according  to  the  classical  methods  of 
Foster  or  Cauer.**  If  desirable  the  resulting  canonical  impedances  may  then  be 
transformed  into  any  equivalent  impedances  in  the  customary  manner  using 
matrix  algebra.** 

The  preceding  synthesis  procedure  may  be  modified  to  accomodate  any  given 
resistive  source  and  load.  In  the  general  case,  this  may  require  a  finite  reduction 
in  the  value  of  the  maximum  realizable  K.  However,  if  the  source  is  zero  or  the 
load  is  infinite,  all  K  except  possibly  Ko  may  be  realized. 

The  least  number  of  elements  required  for  the  realization  of  A(p)  as  an  L- 
network  is  easily  given,  f'or  it  is  known  that  the  least  number  of  elements  by 
which  an  R-C  impedance  may  be  realized  is  one  more  than  the  total  number  of 
its  internal  zeros  and  poles.  By  an  internal  zero  or  pole  is  meant  one  not  equal 
to  zero  or  infinity.  Now  the  finite  zeros  and  poles  of  Za  and  Z^  in  their  totality 
coincide  with  the  S's  and  f’s.  Hence  we  require  N'  +  P'  2  elements  to  realize 

”  If  no  a’s  have  been  identified,  apply  rule  (ii),  using  ai  for  at  .  Similarly  if  no  d's  have 
been  identified,  apply  rule  (ii)  using  for  dy  > 

But  note  that  the  addition  of  the  pair  (0, 0)  when  possible  will  not  increase  the  number 
of  elements  required  for  the  realisation  of  A{p)  as  will  be  seen  later. 

**  For  example,  see  £.  A.  Guillemin,  loc.  cit.,  p.  211-213. 

**  E.  A.  Guillemin,  loc.  cit.,  p.  229-254. 
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A(p),  where  N'  and  P'  denote  the  number  of  non-sero  5*8  and  f's  associated 
with  A(p). 

This  number  may  also  be  expressed  in  terms  of  the  number  of  seros  and  poles 
of  A(p).  We  have  P'  =  P  or  P'  =  P  —  1.  The  latter  case  obtains  when  f i  *=  0 
and  this  will  occur  if  and  Mily  if  X  =»  j/U^Si .  If  we  let  K'  denote  the 
D.C.  response  i4(0)  then  from  (2.1), 

I 

(3.3)  X'  -  xntia,/n,^7y . 


Hence  =*  0  if  and  only  if  X'  =  1.  Also  P  =  M  or  M  —  1  depending  on  whether 
X  ^  1  or  X  1.  Consequently  the  least  number  of  elements  is  given  by 


N'  +  M  +  2 
iV'  +  iW  +  1 
iST'  +  Af 


if  X'  <  1,  X  1 

[  X'  -  1,  X  1 

I  X'  <  1,  X  -  1 
if  X'  -  1,  X  -  1. 


We  now  illustrate  the  synthesis  method  just  explained  by  an  example.  The 
successive  steps  are  lettered  to  correspond  with  those  of  the  algorithm.  Example: 


A{p)  -  X(p  +  5)(p  +  6)/(p  +  l)(p  +  50). 


(a)  For  this  function,  5i  “  5,  5i  ■=  6,  71  “  1,  7j  =■  50,  so  that  the  sequence 
S  is  7i ,  Ji ,  ij ,  7j  .  By  (t)  Kd  need  not  be  calculated.  Hence 

Xo  -  Min  [1, 1  X  50/5  X  6]  -  1. 

t  (b)  Any  value  of  X  such  that  0  <  X  <  1  will  yield  a  realizable  function 
A(p).  Let  us  choose  X  *  1. 

(c)  Then  equation  (3.2)  becomes 

(x  +  l)(x  +  50)  -  (x  +  5)(x  +  6)  =  0. 


Solving,  we  find  fi  =  0.5. 

(d)  Hence  the  sequence  S'  is:  fi  =»  0.5,  ii  *  5,  —  6.  Identification  of  the 

members  of  S'  according  to  rules  (i)  and  (n)  leads  to  the  sets 

(1)  ai  —  5;  ft  “  0.5,  ft  “  6; 

(2)  ai  *  6;  ft  =“  0.5,  ft  =»  5. 

The  number  of  sets  is  in  accord  with  the  formula  for  here  AT  =«  2, 

p  .  1,  *  -  0,  p  -  0. 

(e)  According  to  (2.3),  (3/  =  AT  =  2,  X  *=  1). 

n/X  -  (1  +  50)  -  (5  +  6)  -  40 


so  that  =  40  X. 
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(f)  We  have  now  determined  the  following  expressions  for  Z.  and  Z»,  in 
which  the  multiplicative  factors  are  all  expressed  in  terms  of  X. 

(1)  Z.  -  40X/P  +  5),  Z»  -  X(p  +  6)/(p  +  .5) 

(2)  Z,  -  40X/(p  +  6),  Z»  -  X(p  +  5)/(p  +  .5). 

The  figure  illustrates  the  Foster  realisation  of  the  first  of  these. 


Figure  2 


II.  THE  LADDER  NETWORK.*^  4.  The  zeros  and  poles  of  A{p).  Consider  the 
8-stage  ladder  network  shown  in  Figure  3. 


The  numbered  terminal  pairs  in  Figure  3  divide  the  network  into  stages. 
Thus  we  shall  call  the  section  between  terminal  pairs  0  and  1  the  first  stage, 
between  1  and  2  the  second  stage,  etc.  Here  the  Zy.  and  Z>»,  {j  —  1,  2,  *  ■  *,  s) 
are  arbitrary  R-C  impedances  which  may  be  written  in  the  form 

„  _  Pi  ip  +  a>t)  (p  -b  gyd  •  •  • 


The  ny ,  Xy ,  ay*  and  dy*  satisfy  relations  of  the  type  (1.3). 

**  The  results  on  the  ladder  network  are  obtained  essentially  by  means  of  an  induction 
starting  with  the  L-network.  We  will  therefore  in  Part  II  limit  ourselves  to  outlining  the 
principal  arguments  rather  than  giving  detailed  proofs. 
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By  definition  we  have  A(p)  »  e^/ei ,  or  writing  e<  —  e, , 

(4.2)  A(p)  -  (eo/ei)(ei/«j)  •••  («_*/e_i)(e_i/«<), 

where  ey  represents  the  voltage  across  the  j-th  pair  of  terminals  in  Figure  3. 
Referring  to  the  same  figure,  we  see  that  ej-i/ej ,  0  =*  1|  2,  •  •  •  ,  s)  may  be  in¬ 
terpreted  as  the  transfer  function  of  an  L-network  whose  series  arm  is  Zy.  and 
whose  shunt  arm  consists  of  Zy»  in  parallel  with  the  (j  —  l)-stage  ladder  net¬ 
work  having  the  terminal  pairs  0,  1,  •  •  •  ,  j  —  1.  Let  us  denote  this  L-network 
by  Ly ,  its  shunt  arm  by  Zy» ,  and  its  transfer  fimction  by  Ay(p),  whence 
'4^y(p)  **  •  It  is  also  convenient  to  denote  the  driving  {X)int  impedance 

seen  at  the  j-th  terminal  pair  by  Zya  so  that 

(4.3)  z;.  -  Zy. -I- z;» ,  0'»  1,2,  •••  ,«). 

If  we  replace  the  ey_i/ey  in  (4.2)  by  their  equivalent  transfer  functions,  we 
obtain 

(4.4)  ^(p)  -  Ai(p)'A,(p)  •  •  •  i4.(p). 

We  shall  refer  to  the  Ay(p),  (j  —  1,  2,  •  •  •  ,  s)  in  (4.4)  as  the  component  transfer 
functions  of  A(p)  and  of  the  «-stage  ladder  network.  For  induction  proofs,  it  is 
useful  to  note  that  n7_i.4y(p)  where  1  <  m  <  «  represents  the  transfer  function 
of  the  ladder  network  consisting  of  the  first  m-stages  in  Figure  3.  Since  each 
Ay(p),  (j  »  1,  2,  ••*,«)  is  the  transfer  function  of  the  L-network  Ly ,  it  imme¬ 
diately  follows  from  (4.4)  and  the  results  of  Part  I  that  the  poles  of  A(p)  are 
negative  while  its  seros  are  nop-positive  real  numbers.  However,  as  in  the  case 
of  the  L-network,  the  poles  and  zeros  of  A(p)  must  also  obey  certain  order 
relations  which  we  now  proceed  to  obtain. 

By  an  easy  induction  we  can  show  that 

(4.5)  Zy«  “  N i/Dj ,  (y  ■«  1, 2,  •  •  •  ,  s), 

where  iSTy  and  Dj  are  polynomials  in  p  which  are  to  be  calculated  recursively 
by  means  of 


(4.6) 


(viP}Ti  +  \jQjRi)N j-i  -H  itjKjPjRiDi-i 
QfTjNj-i  -f-  \jQjRjDj-i 


O'  -  1,  2,  •  •  •  ,  s), 


if  we  define  No  ^  1,  Do  ■■  0.  This  result  is  now  used  to  obtain  a  more  explicit 
expression  for  A(p). 

The  L-network  Lj  has  Zy,  as  its  series  arm  and  Zyo  as  its  shunt  arm,  whence 
by  (1.4)  and  (4.3)  we  have 

(4.7)  ^y(p)  -  Z'io/iZi,  -H  Z;0  -  Z'iofZ-,. 

Now  since  Zy»  consists  of  Zy»  in  parallel  with  Z(y_i)«  we  have 


(4.8)  ’  Zyo  *  Z(y_i)«Zy»/(Z(y_i)a  -|-  Zy»)  *  XyQyiJyiVy-i/Dy  , 


66 


AARON  FIALKOW  AND  IRVING  GERST 


where  we  have  used  (4.5)  and  (4.6)  in  getting  the  last  fraction.  Substitution  of 

(4.8)  in  (4.7)  and  use  of  (4.5)  then  gives  us  the  following  expression  for  A  j(p) 
as  the  quotient  of  two  polynomials: 

(4.9)  Ai(j>)  »  XiQiRiN j^N > ,  -  1,  2,  •  •  •  , «). 

Equation  (4.4)  now  becomes 


(4.10) 


A(p) 


Qi  Ri  ^  QtRi  Ni 

AT,  ■  AT,  ' 


Qt  R,  Nt-i 


or 


(4.11)  .4(p)  -  (1/Ar,)nux.<?^<. 

For  simplicity  we  will  suppose  that  numerator  and  denominator  in  (4.9) 
have  no  common  factor  so  that  the  zeros  and  poles  of  Aj(p)  are  the  zeros  of 
QiRjNf-i  and  Nj  respectively.  The  general  case  follows  from  this  by  a  limiting 
process,  as  in  §1  of  Part  I,  and  this  does  not  affect  the  results.  Since  the  poles 
of  A(p)  are  the  poles  of  the  L-network  transfer  function  A,(p)  they  are  all 
distinct.  Let  us  designate  them  by  —71  ,  —7*  ,  •  •  •  ,  — 7j#  where  0  <  71  < 
7j  <  •  •  •  <7i# .  Also  denote  the  zeros  of  A(p)  by  — ii ,  — ij ,  •  •  •  ,  —6tr  where 
0  <  5i  <  8j  <  •  •  •  <  .  We  require  the  following  further  notation: 

(i)  The  sequence  of  6’s  and  7*s  arranged  in  order  of  ascending  order  of  magni¬ 
tude  will  be  denoted  by  S*  ; 

(ii)  The  sequence  of  zeros  and  poles  of  Ay(p)  with  their  signs  changed  and 
arranged  in  ascending  order  of  magnitude  will  be  denoted  by  <S/(y  *  1, 2,  •  •  • ,  s)  ;** 

(iii)  Let  {  denote  any  term  in  the  sequence  S* .  Then  the  excess  E(()  is  de¬ 
fined  as  the  integer  which  equals  the  number  of  poles  up  to  and  including  ( 
minus  the  number  of  zeros  up  to  and  including  {  in  S?  .  Similarly,  E(St)  is 
defined  as  the  algebraic  difference  between  the  number  of  poles  in  ST  and  the 
number  of  zeros  in  S*  . 

With  regard  to  the  Sj ,  (j  =  1,  2,  •  •  •  ,  s),  we  note  the  following  two  prop¬ 
erties:  (a)  Each  Sj  has  the  structure  indicated  in  Theorem  1  for  S.  We  shall 
refer  to  an  5/  having  this  property  as  an  L-sequence.  (b)  By  (4.9)  the  poles  in 
Sj,  (I  <  j  <  s)  coincide  with  a  subset  of  the  zeros  in  S>+i .  Whenever  we  shall 
refer  in  the  sequel  to  sequences  SjiJ  =  1,  2,  •  •  •  ,  «),  it  is  to  be  understood  that 
the  Sj  have  properties  (a)  and  (b). 

Equation  (4.10)  exhibits  the  process  by  which  one  arrives  at  the  sequence 
S*  when  the  sequences  Sj ,  (J  =  1,  2,  •  •  •  ,  s)  are  given.  Write  down  the  se¬ 
quence  Si .  Insert  the  terms  of  iSs  into  Si  in  their  correct  position  according  to 
numerical  magnitude.  If  a  number  of  zeros  of  St  coincide  with  a  number  of 
zeros  of  «Si  we  make  the  convention  of  arranging  these  in  any  order  which  main¬ 
tains  the  original  orders  in  Si  and  St .  Whenever  a  zero  of  St  coincides  with  a 
pole  of  5i  delete  both  terms.  In  this  way  all  the  poles  of  Si  will  disappear.  Now 

**  For  convenience,  yre  shall  refer  to  the  terms  of  S*  and  S/  as  the  zeros  and  poles  of 
these  sequences  although  the  negatives  of  these  terms  are  the  actual  zeros  and  poles  of  the 
corresponding  transfer  functions  A(p)  and  Aj(p). 
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insert  the  terms  of  /Si  into  the  sequence  resulting  from  the  preceding  step  and 
repeat  the  procedure  of  deleting  equal  zeros  and  poles,  etc.  Finally  we  get  S*  . 
A  numerical  example  of  this  process  will  be  found  in  §6. 

We  shall  speak  of  S*  as  the  product  of  the  sequences  Sj,  0  ==  1»  2,  •  •  •  , ») 
meaning  thereby  that  the  above  algorithm  has  been  performed  with  the  Sj  to 
obtain  S*  .  We  write 

(4.12)  -S.*  = -SiX -SiX  •••  X /S.. 

The  /Sy  in  (4.12)  will  be  referred  to  as  the  components  of  S*  . 

By  means  of  the  algorithm  just  described  and  using  an  induction  on  the 
number  of  stages  a,  we  can  prove  the  following  theorem  which  describes  the 
order  relations  of  the  poles  and  zeros  of  an  a-stage  ladder. 

Theorem  3.  The  sequence  S*  has  the  following  properties: 

0  <  EiS*)  <  s , 

-8<E(Si)<s-l,  (t-  1,2,  •••  ,iNr), 

-(«-!)<  Eiyj)  <  a,  0'  -  1,  2,  •  •  •  ,  M). 

We  omit  the  details  of  the  proof  which  is  straightforward. 

Let  a  sequence  S*  consist  of  positive,  distinct  “poles” yj,  (j  =  1,  2,  •  •  •  ,  Af) 
and  non-negative  “zeros”  5, ,  (t  =  1,  2,  •  •  •  ,  AT)  arranged  in  ascending  order 
of  magnitude  with  no  6,  =  7, .  Let  Theorem  3  hold  for  S*  .  For  simplicity  we 
shall  refer  to  a  sequence  S*  having  these  properties  as  an  s-stage  ladder  sequence. 
It  follows  that  a  1-stage  ladder  sequence  is  an  L-sequence.  This  nomenclature 
is  justified  by  the  results  of*§§4,  5. 

6.  The  Realizability  Theorem.  We  consider  now  the  sufficiency  of  the  con¬ 
ditions  in  Theorem  3;  namely  the  question  of  the  existence  of  an  a-stage  ladder 
network,  the  zeros  and  poles  of  whose  transfer  function  correspond  to  the  zeros 
and  poles  of  a  given  a-stage  ladder  sequence  S*  .  The  answer  is  affirmative; 
in  fact,  there  are  many  such  networks. 

To  show  this  we  first  prove  that  any  a-stage  ladder  sequence  S*  may  de¬ 
composed  into  a  product  (4.12)  of  a  components  Sj,  (J  =  1,  2,  •••  ,  a).  We 
omit  the  rather  lengthy  proof  which  again  depends  on  an  induction.  In  practice 
one  can  easily  determine  many  such  decompositions  by  trial.  Now  consider 
the  function 

(5.1)  A{p)  -  KuU{p  +  h)/uUi.P  +  7y) , 

where  K  >  0  and  the  i,  and  7,  form  an  a-stage  ladder  sequence  S*  .  Let  S*  »» 
Si  X  /Sj  X  •  •  •  X  S,  be  one  decomposition  of  S*  into  L-network  sequences 
Sj .  Corresponding  to  each  sequence  Sj  form  the  rational  fimction  Ay(p)  whose 
zeros  and  poles  correspond  to  the  zeros  and  poles  of  Sy  and  whose  constant 
multiplicative  factor  will  be  denoted  by  Ky.  Thus  A(p)  >=  ny»iAy(p)  if  /C  = 
n;.iKy. 

Then  we  can  show  that  for  a  suitable  choice  of  the  K y  there  exists  an  a-stage 
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ladder  network  having  A  (p)  as  its  transfer  function  and  the  A>(p)  as  its  com¬ 
ponent  transfer  functions.  In  fact  we  can  completely  determine  the  range  of 
values  of  the  Kj  (and  consequently  of  K)  for  which  such  a  network  is  possible. 
Evidently,  since  the  Ay(p)  are  to  represent  transfer  functions  of  L-networks, 
we  must  hare  0  <  iCy  <  /Coy ,  where  /Coy  is  a  number  determined  from  the  se¬ 
quence  <Sy  in  the  same  manner  that  /Co  is  determined  from  S  in  Theorem  2. 
But  this  necessary  condition  turns  out  to  be  sufficient  as  well,  for  with  what 
precedes  to  be  understood,  we  may  state 

Theorem  4.  The  necessary  and  sufficient  condition  that  a  function  A(p)  of  the 
form  (5.1)  he  the  transfer  function  of  an  s-stage  ladder  network  having  the  Ay(p), 
(j  “  1,  2,  •  •  •  ,  s)  os  component  transfer  functions  for  some  choice  of  the 
1.  2,  •••,«)  is  that  0  <  K  <  ny_i/Coy . 

In  the  next  section  we  will,  by  means  of  an  example,  indicate  the  lines  along 
which  a  proof  of  this  theorem  may  be  made. 

In  Theorem  4  we  have  determined  the  maximum  realizable  K  for  a  pre¬ 
assigned,  fixed  decomposition  of  S*  into  s  components  Sj .  One  might  next 
ask  for  the  maximum  realizable  /C  if  we  allow  all  possible  decompositions  of 
S*  into  exactly  s  components  Sj .  Except  for  the  case  of  the  L-network,  («  =  1), 
which  was  treated  in  Part  I,  this  problem  is  unsolved  as  far  as  we  know.  The 
next  step  would  be  to  remove  the  restriction  on  the  number  of  components  Sj 
corresponding  to  the  fact  that  if  s  has  the  smallest  value  possible  for  the  given 
sequence  of  6i  andyj  then  S*  is  also  an  5?+,.(w  *  1,  2,  •  •  •)•  This  is  equivalent 
to  asking  for  the  conditions  under  which  (5.1)  is  realizable  as  the  transfer  func¬ 
tion  of  a  ladder  network  of  any  number  of  stages.  There  is  now  no  restriction 
on  the  6i  and  7y  other  than  that  the  Yy  be  distinct  and  positive  and  that  the  Si 
be  non-negative.  As  for  the  maximum  realizable  K,  we  have  obtained  a  number 
of  results  concerning  this  question  of  which  one  is  stated  below.  The  proof  as 
well  as  a  more  complete  treatment  of  the  whole  problem  must  be  deferred. 

Consider  the  transfer  function  A(p)  given  by  (5.1)  and  let  8*  denote  the  se¬ 
quence  of  Si  and  7y .  By  selecting  zeros  and  poles  from  8*  form  a  set  of  L-se- 
quences  Sj  such  that  every  zero  and  pole  of  8*  is  in  one  of  the  Sj .  Let  Roj  be 
the  Wximum  K  associated  with  the  L-sequence  5y  and  write  h  —  IlRoj .  In 
the  same  way  for  each  one  of  the  finite  number  of  decompositions  of  <S*  into 
(Sy  we  have  an  L.  Now  denote  by  Ro  the  least  upper  bound  of  the  values  of  K 
in  A  (p)  corresponding  to  the  possible  decompositions  of  5*.  Then  we  have 

Theorem:  Ro  is  one  of  the  three  quantities 

Max  li ,  nJl,7y/nLi«. ,  1 

if  N  =  M  and  is  one  of  the  first  two  quantities  if  N  <  M. 

This  theorem  together  with  some  elementary  considerations  serves  to  deter¬ 
mine  i?o  in  a  wide  class  of  cases. 

6.  An  illustrative  example.  The  following  example  will  illustrate  the  method 
of  synthesizing  a  ladder  network  from  a  given  transfer  function  A(p)  of  the 
form  (5.1).  By  generalizing  the  aqi^ment  and  by  giving  a  detailed  treatment 
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of  the  various  cases  which  may  arise,  this  procedure  may  be  converted  into  a 
proof  of  Theorem  4.  . 

Let 

,  ^  (P  +  24)(p  +  30)(p  +  40) 

^  (p  +  2)(p  +  9)(p  -I-  22)  • 

Then  for  the  sequence  S?  we  have 

c*.  ^ 

• •  2  9  22  24  30  40" 

Since  |  £/({)  |  <  3  for  {  any  5  or  7  of  S?  ,  is  at  least  a  3-stage  ladder  network 
sequence.  Let  us  choose  s  3  and  consider  the  following  decomposition  of 
5?  «  Si  X  Sj  X  S|  where” 


S,: 


S,: 


7*1  «ii 

2  4 


4n  7«  7m 
8  9  22 


^M 

30 


Si; 


7*1  in  7m 
4  6  8 

7ii 

6 


24 


<11 

40' 


The  corresponding  component  transfer  functions  are 


*4,(p)  *  Kt 


(p  +  4)(p  +  8)(p  -H  30) 


Atip)  =  K, 


(p-f-2)(p-|-9)(p-|-22)’ 
(p  -b  6)(p  -h  24) 


(p  -I-  4)(p  -H  8)  ’ 


Ai(p) 


(p  +  40) 


For  each  of  these  a  Koj  is  determined  following  the  procedure  given  in  section 
3.  Since  Si  and  Sj  do  not  contain  consecutive  7’s  we  have 


K 


01  * 


As  for  Si  it  terminates  with  a  6  so  that 


Ao. 


Min 


2  X  9  X  22 
4  X  8  X  30 


33 

80 


The  value  of  Kd  need  not  be  calculated  in  this  case.  For  with  the  value  Ki  = 
33/80  in  equation  (3.2),  the  roots  of  the  latter  are  readily  located  and  found  to 
have  the  correct  order  relations  with  respect  to  the  Stj .  Hence  Kn  ~  33/80. 

For  simplicity,  let  =  Koi  in  each  case  so  that  K  =  TlKj  =  11/800.  Then 
solving  (3.2)  with  K  “  Koj,  0  *  L  2,  3)  respectively  we  obtain 


fii  *=0,  fa  “  10.08,-  fa  *“  16.60; 

fu  “0,  fa  “  6.857 ;  fu  ■■  0. 

**  The  double  subscript  notation  here  and  elsewhere  in  this  section  is  self-explanatory. 
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Theee  combined  with  the  6jk  give  the  following  set  of  sequences  Zy  : 

2}  ;  (0,  i),  (g,  10.08),  (16.60,  30); 

:  (0,  6),  (6.857,  24);  2(  :  (0,  40). 

In  view  of  (4.7),  we  could  now  proceed  to  obtain  the  aeros  and  poles  of  Zy* 
and  Zy»  from  the  2y  by  the  identification  procedure  of  §3,  but  we  would  then 
find  that  it  is  not  possible  to  determine  impedances  Zyt  such  that  Z^+iyk  is  a 
parallel  combination  of  Zy»  and  Zy.  »  Zy«  +  Zy^ .  However,  it  can  be  shown 
that  by  modifying  the  sequences  Zy  and  by  properly  identif>wg  their  terms, 
we  can  always  obtain  Zy.  and  Zyk  which  lead  to  impedances  Zy»  .  The  principal 
modification  is  indicated  in  our  example.*^ 

In  the  sequences  Zy  above  we  have  indicated  f,  S  pairs  by  parentheses,  and 
we  have  marked  with  bars  those  5’s  which  coincide  with  poles  of  the  preceding 
S  sequence.  The  presence  of  successive  barred  seros  in  a  Zy  requires  the  insertion 
of  a  pair  (j,  f),  with  6  ^  between  these  seros.  We  have  such  a  pair  in  Z|  where 
6ai  “  1,  5*1  *  S.  Let  us  choose  the  new  pair  as  (6,  6).  Then  the  modified  Zy 
which  we  denote  by  Zy  are 


2, :  (0,  4),  (6,  6),  (8, 10.08),  (16.60, 30); 

2,:  (0,6),  (6.857, 24);  2*:  (0,40). 

Using  the  method  of  §3  and  the  notation  Zy*  —  Xy(p  +  /3^)  •••/(?  +  0ji)  •  •  • 
we  get  as  one  identification  of  the  Zy  the  following: 

/3*i  »  0,  /3it  =  4,  a»i  “  6,  0u  “  6,  0u  “  8,  a**  *»  10.08,  du  “  16.60,  0$t  30; 

«  0,  -  6,  /3u  -  6.857,  /3u  ~  24;  /3n  -  0,  /s't,  -  40. 

The  choice  of  this  particular  identification  enables  us  to  go  through  with  the 
rest  of  the  syntheses  procedure.  Rules  can  be  given,  which  in  each  case  permit 
us  to  make  an  acceptable  identification. 

From  equation  (2.3)  we  find 

m/xi  »=  (l/K,)  -  1  -  «  -  1  -  H; 

ihAi  “  (1/^*)  —  1=*  I  —  }; 

„/x;  -  (l/K^)  -  1  «  _  1  =  jf. 

We  can  now  write  down  Zy, ,  Zy*  and  also  Zy,  —  Zn/Ajip).  The  latter  is  re¬ 
quired  only  for  j  *  1,  2.  Expressing  the  multiplicative  constants  in  terms  of 
the  Xy ,  we  have 

Zia  *= 


(p  +  40) 

^  P 
20X;  (p  4-  6) 

3p 

47X;(p  -h  10.08) 
33(p  -I-  6)  ’ 


x'  (P  +6)(p  +  24) 

*  p(p  +  6.857)' 

9x;(p  -i-  4)(p  4-  8) 

2p(p  4*  6.857) 
x;(p  -i-  4)Cp  +  8)(p  -H  30) 
p(p  4-  6)(p  +  16.60) 


**  The  only  other  modification  required,  concerns  the  insertion  of  the  pair  (0,  0)  into 
x’j  under  certain  conditions. 
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Take  Zi*  »  Z'u  and  determine  Y ,  (J  ^  2, 3)  from  the  equation 

where  Yji,  and  are  the  reciprocals  of  Z'n  and  Z(^i)«  respectively.  After 

expansion  of  the  admittances  on  the  right  into  their  canimical  forms  and  con- 
solidatiim  of  terms,  there  results 

r  0476  Z  1  p  .9524  p 


Fiqure  4 


Elach  of  the  brackets  on  the  right  in  these  equations  must  be  non-negative  if 
Y jh,  (j  “  2, 3)  is  to  be  an  R-C  admittance  function.  Hence 

X(  >  3.15Xj 

and 

\i  >  Max  [.3249,  .6551]  X  xj  =  .655ixj . 

Let  us  choose  the  equality  sign  in  each  of  these,  since  this  will  eliminate  a 
term  in  each  of  0  2, 3)  and  hence  yield  the  simplest  networks.  Then  we  get 

1  r.0986p  .5622p~|  1.454p 

Lp  +  8  p  +  3oJ’  \Up  +  24)  • 

E'inally  getting  Foster  realisations  of  Zu  ,  Zu,,  Zu,  Y»,  Zu  ,  Y»  and  expressing 
all  element  values  in  terms  of  X*  we  arrive  at  the  following  network  as  a  realiza¬ 
tion  of  A  (p) : 

7.  The  R-L  and  L-C  cases.”  Let  A  (p)  denote  the  transfer  function  of  a  four 
terminal  R-L  network.  If  each  inductance  L  of  the  network  is  replaced  by  a 
condenser  C  with  C  II L  while  each  resistor  remains  unchanged,  we  obtain 

In  this  section  we  allow  the  use  of  self -inductance  only. 


I  i 
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a  corresponding  R-C  network.  Let  B{p)  denote  the  transfer  function  of  this 
network.  Since  the  impedance  Lp  of  an  inductance  has  been  changed  to  the 
impedance  \/Cp  —  L/p  of  a  condenser,  it  is  evident  that  B{p)  *  A{\/p)  or 
A{p)  ~  B(l/p). 

For  the  case  of  an  R-€  ladder  network,  the  substitution  of  1/p  for  p  in  the 
transfer  function  leads  to  a  function  of  the  same  type.  Hence  Theorems  1  and 
2  hold  for  an  R-L  ladder  network.  It  is  also  readily  seen  by  the  use  of  this  same 
transformation  that  Theorems  3  and  4  are  valid  for  the  R-L  case. 

The  L-C  case  is  treated  similarly.  To  each  four  terminal  L-C  network  having 
transfer  function  A  (p)  there  corresponds  an  R-C  network  with  transfer  function 
B{p)  obtained  by  replacing  each  inductance  L  by  a  resistance  R  with  R  ^  L. 
It  is  known  that  any  L-C  impedance  is  the  product  of  p  by  a  rational  function 
of  various  Li  4*  llC,p'.  The  corresponding  R-C  impedance  would  be  the  same 
rational  function  of  L,  +  l/C^p.  Since  the  transfer  function  of  a  network  is 
homogeneous  of  degree  zero  when  express  in  terms  of  impedances  related  to 
the  network,  it  follows  that  A(p)  ■■  B(p*). 

For  the  case  of  a  ladder  network,  the  replacement  of  p  by  p*  in  the  R-C  trans¬ 
fer  function  enables  one  immediately  to  write  down  the  results  for  the  L-C  case 
corresponding  to  Theorems  1,  2,  3  and  4. 

Here,  however,  we  merely  note  the  following  (i)  Poles  and  zeros  of  the  transfer 
function  now  occur  in  conjugate  pure  imaginary  pairs  and  the  order  relations 
hold  for  the  absolute  values  of  the  poles  and  zeros,  (ii)  In  the  synthesis  of  an 
Lf-C  ladder  network  from  a  given  transfer  function  A{p)  *  B{p*)  we  work  with 
B{p)  as  in  the  R-C  case  to  obtain  an  R-C  network  realization.  Then  each  resis¬ 
tance  is  changed  to  an  inductance  L  with  L  ^  R. 
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TIME-DEPENDENT  HEAVISIDE  OPERATORS 
By  Lotfi  a.  Zadeh 

1.  Introduction.  The  present  paper  is  devoted  to  a  brief  and  formal  dis¬ 
cussion  of  some  of  the  basic  properties  of  so-called  time-dependent  Heaviside 
operators.  The  results  presented  here  stem  largely  from  our  earlier  work  on 
linear  varying-parameter  systems.* 

The  concept  of  a  time-dependent  Heaviside  operator  H(p;t)  is  essentially  a 
generalization  of  that  of  a  conventional  Heaviside  operator  H{p).  Thus,  H{p) 
operates  on  a  function  u{t)  (u(t)  =  0  for  t  <  0)  in  accordance  with  the  relation 

v(t)  -  H(p)u(t)  -  £-^{H(s)U(s)}  (1) 

where  s  is  a  complex  parameter  «  —  <r  -H  jw,  U(s)  is  the  Laplace  transform  of 
u(t),  and  £~*  represents  the  inverse  Laplace  transformation.  In  a  similar  man¬ 
ner,  the  result  of  operation  with  a  time-dependent  operator  H{p‘,  t)  on  u(0  is 
given  by  the  relation 

vit)  »  H(p;t)uit)  =  (2) 

where  the  symbols  have  the  same  meaning  as  in  (1),  and  the  variable  t  in  His;  0 
should  be  regarded  as  a  constant  parameter.  This  means  that  in  operating  on 
a  function  u(t),  H(p;  t)  should  be  treated  as  if  it  were  an  ordinary  Heaviside 
operator  involving  t  as  a  parameter.  For  example,  assume 

H(p;t)  =  l/(p  4-1  +  0 

and  u(0  “  1(0  (unit-step  function).  For  this  case  f7(s)  l/«,  and  hence 

i>(0  -£-*{ !/«(«+ 1 +  0).  (3) 

Treating  t  in  this  expression  as  a  constant  and  using  a  table  of  Laplace  trans¬ 
forms,  we  find 

r(0  -  [1/(1  +  01(1  -  t  ^  0.  (4) 

It  will  be  noted  that  when  H{p’,  0  is  a  pol}momial  in  p,  p  plays  the  role  of 
d/dt,  that  is,  H{p\  t)  reduces  to  a  differential  operator.  When  H{p',  t)  is  analytic 
in  the  neighborhood  of  p  —  0,  it  may  be  expressed  as  a  power  series  in  p  and 
hence  is  equivalent  to  a  differential  operator  of  infinite  order.  Operators  of  this 
type  have  been  extensively  investigated  by  Davis.* 

In  the  sequel  there  will  be  occasions  when  H(p;  t)  will  be  referred  to  as  a 
bilaieral  time-dependent  Heaviside  operator,  or  simply  a  bilateral  operator. 
In  such  cases  u{t)  0  for  <  <  0  and  the  quantity  C/(«)  in  (2)  should  be  inter¬ 
preted  as  the  bilateral  Laplace  transform  of  ti(f). 

*  In  particular,  Proc.  I.  R.  E.,  38,  pp.  291-299  (1950);  and  Jour.  App.  Phys.,  81, 1171-1177 
(1050). 

*  H.  T.  Davis,  The  Theory  of  Linear  Operators  (from  the  Standpoint  of  Differential  Equa¬ 
tions  of  Infinite  Order),  Principia  Press,  1936. 
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2.  System  Function.  In  this  section  we  shall  establish  a  basic  connection 
between  the  so-called  system  function^  of  a  linear  varying-parameter  system  and 
the  concept  of  a  time-dependent  Heaviside  operator. 

Let  AT  be  a  linear  varying-parameter  system,  that  is,  a  linear  system  in  which 
one  or  more  parameter-values  are  specified  functions  of  time.  Let  u(t)  be  the 
input  to  N  and  let  pCO  be  the  corresponding  output,  i.e.,  the  response  of  N  to 
The  system  is  assumed  to  be  at  rest  (but  not  necessarily  fixed)  prior  to  the 
application  of  the  input. 

The  system  function  of  is  defined  by  the  relation 

H(jw,  t)  =  v(t)/u(t)  I  «(0  =«  e**',  (5) 

which  means  that  H(jw;  represents  the  response  of  AT  to  c***. 

The  fundamental  property  of  the  system  function  may  be  stated  as  follows. 
Theorem  1 ;  If  H(juf;  t)  is  the  system  function  of  a  linear  system  N,  then  the 
response  of  N  to  an  input  u(t)  is 

v(t)  *  H{p\t)u{t)  (6) 

where  v(t)  is  the  response  to  u(t),  and  H(p;  t)  should  be  treated  as  a  time-dependent 
Heaviside  operator. 

This  property  of  the  system  function  is  a  natural  consequence  of:  (a)  the 
additive  property  of  linear  systems;  (b)  the  resolution  of  u{t)  in  terms  of  coni- 
ponents  of  the  form  e**U{s)ds  through  the  use  of  Laplace  transformation;  and 
(c)  the  definition  of  the  system  function  to  the  effect  that  H(Jw;  is  the 
response  to  e**‘  or,  equivalently,  H(«;  t)e**  is  the  response  to  e*‘. 

The  stated  theorem  can  readily  be  proved  by  starting  with  a  specific  descrip¬ 
tion  of  N  and  then  making  use  of  the  definition  of  the  system  function.  A  con¬ 
venient  starting  point  is  provided  by  the  basic  relation 

v(t)~  rW(t,r)u(t-T)dT  (7) 

Jo 

where  W(t,  r)  represents  the  so-called  impulsive  response  of  N,  i.e.,  the  response 
of  iV  at  the  time  <  to  a  unit  impulse  applied  at  the  time  t  —  t.  W{t,  r)  is  essen¬ 
tially  an  integral  operator  relating  v(l)  to  u(t). 

Setting  u(t)  •*  e*‘  and  v(t)  ->  H(s;  t)e‘*  in  equation  (7),  we  obtain 

H{s\t)e»*  ^  f  dr  (8) 

Jo 

His;  0  -  j[  Wit,  T)e""  dr.  (9) 

From  this  it  follows  that  His;  t)  and  Wit,  r)  constitute  a  Laplace  transform  pair 
involving  t  as  a  parameter,  i.e., 

.  His;t)  •  £{Wit,T)}  (10^ 


and 


Wit,T)  ~  £-^lHis;t)}. 


(11) 
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Next,  expressing  u(t)  in  terms  of  its  Laplace  transform  Uis), 

•  u«)  =  1/2tj  /  UW'cUt,  (12) 

•'«— >«0 

and  substituting  this  in  (7),  we  get 

vit)  -  l/2Tj  /  drWit,  t)  /  Via)  da  (13) 

Jq  J  «— 

which  upon  inversion  of  the  order  of  integration  becomes 

/.c+im  .m 

vit)  -  l/2Tj  /  dae‘Uia)  /  r)  e""dT.  (14) 

Making  use  of  (9),  (14)  reduces  to 

vit)  =  1/2t>  /  /f(«;  0  C/(«)  e“  da  (15) 

or 

vit)  -  £rHHia-,t)Uia)l  (16) 

In  view  of  the  definition  of  //(p;  t)  (cf.  (2)),  (16)  may  equivalently  be  written 

vit)  ^  Hip;t)uit)  (17) 

which  thus  formally  establishes  the  theorem. 

'  3.  Product  Relation.  In  the  case  of  conventional  Heaviside  operators  the 

*  product  relation  may  be  written  as 

H,ip)\Hiip)uit)]  m  Htip)uit)  (18) 

where  the  operator  Htip)  is  equal  to  the  algebraic  product  of  Htip)  and  Hiip), 
i.e. 

H^ip)  -  H,(p)H,(p).  (19) 

In  the  case  of  time-dependent  operators,'  the  product  relation  assumes  the 
following  form 

H,(p;  0{Hi(p;  0^(0}  -  H^ip;  t)uit)  (20) 

where  H%ip;  t) — the  product  of  Hiip;  0  and  Hiip;  t) — is  given  by  the  opera¬ 
tional  relation 

Hiia;t)~Hiip-\-a;t)Hxia;t)  (21) 

in  which  a  plays  the  role  of  a  parameter,  Hiia;  t)  is  the  operand,  and  Hiip  +  »>  0 
should  be  treated  as  a  bilateral  time-dependent  operator.  This  relation  may 
readily  be  deduced  from  (20)  by  substituting  e*'  for  uit).  Equation  (21)  reduces 
to  the  algebraic  relation  (19)  when  Hiip;  0  and  Hiip;  0  are  independent  of  t. 
It  will  be  convenient  to  express  (21)  in  a  symbolic  form 

Hi  •  Hi*  Hi. 


(22) 
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The  operation  *  is  distributive,  associative  and,  in  general,  non-conunutative. 
Thus, 

Ha  •  +  H,)  ^  Ha*Hi-{-  Ha*Hc  (23) 

Ha  *  (Hu  *  He)  *  (Ha  *  Hu)  *  He  ,  (24) 

and  generally  Ha*  Hu  ^  Hu*  Ha  . 

The  inverse  of  an  operator  H(p\  t),  or  simply  H,  is  denoted  by  H~^(p]  t),  or 
simply  H~^e  and  is  defined  by  the  relations 

^  =  if-*  =  1  (25) 

or  more  explicitly 

H(v  +  »;  Oif-‘(«;  t)  -  if-*(p  +  s;  t)H(9‘,  t)  -  1.  (26) 

In  the  preceding  section  it  was  shown  that  the  relation 

!;(<)  -  W(t,  T)u(t  -  t)  dr  (27) 

may  equivalently  be  written  in  the  form 

v(t)  -  H(p;t)u(t),  (28) 

and  that  W(i,  r)  and  if(8;  t)  constitute  a  Laplace  transform  pair  involving  t 
as  a  parameter.  It  can  readily  be  verified  that  if  Ht  ^  Ht*  Hi,  then  the  cor¬ 
responding  integral  operators  Wt,  Wt,  and  Wi  are  related  to  each  other  by 

Wu(t,  r)  -  ^  Wu(t,  r>)Wi(t  -  r',  T  -  t')  dr'  (29) 

which  is  equivalent  to  Volterra’s  rule  of  composition.* 

4.  Differential  Equations.  A  particular  and  especially  important  case  is  one 
where  v(t)  and  tt(0  are  related  to  each  other  by  a  differential  equation  of  the 
form 

L(r,t)v(t)  -  K(pM)u(t)  (30) 

where  L(p;  t)  and  K(jt\ i)  are  polynomials  in  p,  i.e.  differential  operators.  Physi¬ 
cally,  this  case  arises  whenever  the  linear  system  of  which  u(t)  and  v(t)  are 
respectively  the  input  and  the  output,  is  of  the  “lumped-constant”  type. 
Equation  (30)  may  equivalently  be  written 

v(t)  -  H(pit)u(t)  (31) 

where  H  »  L-*  *  K.  From  this  it  follows  that  H  satisfies  the  differential  equation 

L*H  •K  (32) 

or  more  explicitly 

L(p  +  sit)H(8it)  -  K(8;t).  (33) 

*  V.  Volterra,  Theory  of  Functionals,  Blackie  A  Son,  Ltd.,  London,  1930. 
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As  was  mentioned  above,  equation  (30)  may  be  regarded  as  a  relation  between 
the  input  and  output  of  a  linear  “lumped-constant”  system.  The  system  function 
H{8;  t)  of  this  system  is  the  steady-state  solution  of  (33).  In  many  practical 
cases,  and  particularly  in  the  case  of  slowly-varying  systems,  a  convenient  ap¬ 
proximate  method  for  determining  the  response^  to  a  given  input  (i.e.  given 
u(0,  solving  (30)  for  v(0)  would  consist  in  deriving  an  approximate  expression 
for  H(s;  t)  from  (33),  and  then  using  (2)  in  conjunction  with  a  table  of  Laplace 
transforms  to  obtain  v(t). 

6.  Stochastic  Heaviside  Operators.  In  the  foregoing  discussion  we  were  con¬ 
cerned  with  operators  which  are  non-random  functions  of  time.  More  generally, 
however,  H(p',t)  may  be  a  random  function  of  time  involving  p  as  a  parameter. 
For  convenience  in  terminology,  operators  of  this  t3rpe  will  be  referred  to  as 
stochastic  Heaviside  operators,  or  simply,  stochastic  operators.  A  special  class  of 
stochastic  Heaviside  operators  is  one  in  which  H{p\  0  is  a  polynomial  in  p.  This 
class  of  operators  (stochastic  differential  operators)  has  been  extensively  investi¬ 
gated^  in  connection  with  stochastic  differential  equations. 

When  the  operator  H(p;  t)  or  the  operand  u{t),  or  both,  are  random  functions, 
it  is  expedient  to  express  the  rule  of  operation  with  H(p;  t)  on  u(t)  in  the  follow¬ 
ing  form 

v(t)  -  H(p;  t)u(t)  =«  f  H(Jwi  dU(jw)  (34) 

where  U(jw)  is  the  Fourier-Stieltjes  transform  of  u(t).  The  reason  for  using  the 
Stieltjes  integral  formulation  is  that  a  much  wider  class  of  stochastic  processes 
can  be  represented  in  the  Fourier-Stieltjes  form* 

u{t)  ~  [  e^*  dUUw)  (35) 

than  in  the  usual  Fourier  integral  form. 

Consider  a  stochastic  Heaviside  operator  H(p;  t)  which  is  stationary  in  the 
wide  sense*.  The  correlation  function  of  H(p;  t)  is  defined  as  the  time-average  of 
the  algebraic  product  H(p;t)H(—p’,t  +  t),  i.e. 

^'aip'tr)  =  H{p‘,t)H{—p;t  -f  t).  (36) 

Let  u(0  be  stationary  (wide  sense)  and  independent  of  H(p;  t).  Denote  the 
correlation  functions  of  u(t)  and  v(t)  by  \('»(t)  and  ^,(t),  respectively.  The  follow¬ 
ing  relation  bewteen  ^,(t),  ^»(t),  and  rf'aip',  r)  can  readily  be  established.^ 

*  The  case  where  the  system  is  not  initially  at  rest  is  treated  in  Initial  Conditions  in 
Linear  V arying-Parameter  Systems,  Jour.  .\pp.  Phys.,  22,  782-786  (1951). 

*  P.  Levy,  Processus  Stochastiques  et  Mouvement  Brownien,  Oauthier-Villars,  Paris, 
1948. 

*  J.  L.  Doob,  Time  Series  and  Harmonic  Analysis,  Proc.  Berkeley  Symposium  on  Math. 
Stat.  and  Probability,  303-343  (1949). 

’  A  proof  of  this  theorem  is  given  in  Correlation  Functions  and  Power  Spectra  in  Variable 
Networks,  Proc.  I.  R.  E.,  38.  1342-1345  (1949).  An  application  of  this  theorem  is  discussed 
in  Correlation  Functions  and  Spectra  of  Phase-  and  Delay-Modulated  Signals,  Proc.  I.  R.  E., 
39.  425-428  (1931). 
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Theorem  2:  // 

v(i)  =  II(p;  (37) 

where  H{p\t)  and  u(t)  are  stationary  (wide  sense)  and  statistically  independent 
of  each  other,  then  the  correlation  function  of  v(t)  is  related  to  that  of  u(t)  by  the 
operational  relation 

^.(t)  “  4'h(p",  (38) 

where  the  operator  ^a(p't  r)  is  the  correlation  function  of  H(p;  t). 

This  theorem  has  many  applications,  particularly  in  connection  with  the 
harmonic  analysis  of  stationary  stochastic  processes. 

Columbia  Univebsity 

(Received  October  12,  1950) 
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DRAG  OF  A  FINITE  WEDGE  AT  HIGH  SUBSONIC  SPEEDS* 

By  Julian  D.  Cole 

1.  Introduction.  In  this  paper  a  method  of  approximately  finding  the  pressure 
drag  of  a  finite  wedge  at  subsonic  free  stream  Mach  numbers  close  to  one  is 
discussed.  The  flow  about  the  wedge  profile  (Fig.  1)  is  investigated  by  means 
of  the  classical  methods  of  gas  dynamics  and  the  transonic  approximation  is 
used.  The  wedge  section  is  chosen  for  its  geometrical  simplicity  which  permits 
the  formulation  of  a  problem  with  known  boundaries  in  the  hodograph  plane. 
In  addition  important  points  about  the  pressure  distribution  on  the  wedge  are 
known  in  advance  since  the  flow  field  has  a  stagnation  point  at  the  nose  and  the 
sonic  velocity  is  reached  at  the  beginning  of  the  comer.  In  the  following  work 
the  attention  will  be  mainly  on  the  flow  between  the  nose  and  the  comer.  The 
author  wishes  to  thank  H.  W.  Liepmann  and  the  Transonic  Research  Group 
for  helpful  discussions  and  experimental  data  and  P.  A.  Lagerstrom  and  Th.  Wu 
for  useful  criticism. 

2.  Equations  of  Motion  in  Physical  Plane  and  Hodograph.  The  equations  of 
motion  apply  to  steady  isentropic  motion  in  a  perfect,  non-viscous  gas.  The 
main  additional  assumption  is  that  of  transonic  flow;  it  is  assumed  that  the 
flow  field  is  perturbed  about  uniform  flow  at  the  sonic  velocity: 

9i  “  a*  +  M, ,  g,  -  «*  (1) 

*  where: 

q\  “  velocity  in  a;-direction 
g*  —  velocity  in  y-direction 

o*  “  critical  velocity  at  which  sonic  speed  equals  flow  speed 

and  Ui ,  1/1  «  a*.  In  this  case  the  equation  of  continuity  can  be  approximated  by 

[(t  +  l)/o*]i/i  dui/dx  -  duxjdy  -  0  (2) 

and  the  condition  of  irrotationality  is 

du\Jdy  —  dut/dx  —  0  (3) 

The  derivation  of  these  equations  and  similarity  law's  derivable  from  them  for 
special  problems  are  discussed  in  Refs.  1,  2,  3,  and  4.  These  equations  are  dis¬ 
cussed  in  Refs.  3  and  4  and  it  is  shown  that  they  are  qualitatively  correct  and 
quantitatively  accurate  for  thin  bodies  in  an  appreciable  range  of  Mach  numbers 
close  to  one.  It  can  also  be  show-n  that  these  equations  are  approximately  valid 
even  if  shock  waves  are  present.  The  rotation  introduced  is  of  higher  order. 
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Within  the  approximation  the  Mach  number  M  is  given  by 

AT*  -  1  =  [(7  +  l)/a*]u,  (4) 

It  is  convenient  to  introduce  the  dimensionless  variables 

w  -  1(7  +  l)/a*]ui  -  -u>,  -  [(7  +  l)/a*]ut  (5) 

Then  Eqs.  (2)  and  (3)  give  the  following  equations  for  two  functions  u(x,  y), 
v{x,  y)  in  some  domain  of  the  (x,  y)  plane. 

Ml*.  —  “0  M,  —  i>,  “0  (6),  (7) 

The  system  { (6),  (7) }  is  non-linear  and  of  changing  type;  for  u  >  0,  supersonic, 
the  system  is  hyperbolic  and  for  u  <  0,  subsonic,  the  system  is  elliptic.  It  is  the 


Y 


Fig.  1.  Phyaical  Plane 


simplest  system  retaining'  these  essential  features.  The  non-linearity  prohibits  a 
direct  solution  of  (6)  and  (7)  and  it  becomes  necessary  to  study  the  problem 
in  the  hodograph. 

The  system  {(6),  (7)}  becomes  linear  in  the  hodograph.  A  simple  way  of 
transforming  {(6),  (7))  is  to  consider  the  spatial  coordinates  (x,  y)  as  functions 
of  the  velocity  components  as  x{u,  v),  y(u,  v).  The  transformation  is  given  in 
this  case  by 

dx/du  =  (l/J)dv/dy  dy/du  —{l/J)dv/dx  (8) 

dx/dv  “  —{l/J)du/dy  dy/dv  «  (l/J)du/dx 

where 

J  “  Jacobian  of  the  transformation  =  d{u,  v)/d{x,  y)  (9) 
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It  can  be  noted  that 

J  —  —  v,u,  «  uu\  —  vj  <  0  for  m  <  0 

so  that  the  mapping  to  the  hodograph  is  locally  order  reversing  in  the  subsonic 
region.  Under  the  transformation  {(6),  (7)}  become 

uy,  —  Xu  ~  0  X,  —  y,  -  0  (10),  (11) 

Eqs.'  (10)  and  (11)  form  the  linear  system  to  be  used  in  the  hodograph.  Replace¬ 
ment  of  u  by  —w,  and  elimination  of  x,  yields 

tvy„  +  y**  «  0  (12) 

This  is  the  equation  studied  by  Tricomi  in  Ref.  7.  Simple  solutions  of  Eq.  (12) 
obtained  by  separation  of  variables  are 

y  e=""’v^Ci/i(JXuj’'*)  (13) 

where  Ci/i  is  any  cylindrical  or  Bessel  function  of  1/3  order  (notation  of  Ref.  6). 
It  is  convenient  to  use 

z  -  (14) 

% 

in  future  work  so  that 

y  e=^V'*Ci/,(Xz)  (15) 

If  the  characteristics  of  system  (10),  (11)  in  the  hodograph  are  denoted  by 

Xiu,  v)  —  const.  (16) 

then  the  characteristic  condition  is 

uX*  -  X*.  -  0  (17) 

On  a  characteristic 

X,/Xu  -  -du/dv  -  =fcl/v^ 
or 

v  -  C  ±  ftt*'*  (18) 

where  C  is  a  constant. 

3.  Boundary  Conditions.  The  wedge  is  assumed  to  be  symmetrical  about  the 
x-axis,  and  to  have  the  semi-angle  S  (Fig.  1).  The  nose  is  at  the  origin  of  coor¬ 
dinates  and  the  wedge  has  unit  length.  There  is  a  uniform  subsonic  flow  at 
upstream  infinity  directed  along  the  x-axis.  This  set-up  yields  the  following 
boundary  conditions:  Uniform  flow  at  infinity: 

-  1  —  Ml  -  tci  -  (#xi)*^*  at  infinity  (19) 

Flow  tangent  to  the  body:  The  actual  condition  is  Ut/(a*  -|-  Ui)  —  tan  S  on  the 
body  surface  y  —  x  tan  S.  But  this  is  replaced  by  the  approximate  condition 

'  V  "  Vo  -‘(7  +  1)«  for  y  -  0,  0  <  x  <  1  (20) 


82 


JUUAN  D.  COLE 


In  addition  symmetry  demands 

»  —  0  at  y  “  0  for  a;  <  0,  x  >  1  (21) 

The  same  condition  (21)  applies  if  the  wedge  is  followed  by  infinite  straight 
sides  parallel  to  the  x-axis.  Thus,  the  problem  can  be  studied  in  the  upper  half 
plane  y  ^  0. 

It  can  also  be  proved  (Refs.  3  and  5)  that  sonic  velocity  must  be  reached 
at  the  beginning  of  the  comer  and  that  at  least  one  shock  wave  is  necessary  in 
turning  the  comer.  This  shock  wave  (or  waves)  is  demanded  by  the  boundary 
conditions.  Further,  in  the  neighborhood  of  the  nose,  the  actual  stagnation 
condition  is  approximated  by  the  stagnation  condition  of  the  linearized  theory. 

tc  — »  00  at  the  nose  x  —  0,  y  —  0  (22) 

This  familiar  result  of  thin  airfoil  theory  is  a  consequence  of  satisfying  the 
boundary  conditions  approximately. 

The  corresponding  boundary  conditions  and  the  boundary  value  problem 
in  the  hodograph  will  now  be  discussed.  The  hodograph  chosen  here  is  (u,  v). 
Consider  first  the  domain  into  which  the  flow  field  is  mapped  for  y  >  0  if  to  >  0. 
In  that  case  the  equation  for  v  is  eUiptic,  so  that 

0<i;<t^,  w>0  (23) 

since  v  attains  its  maximum  and  minimum  at  the  boundary.  The  sonic  line  is 
also  part  of  the  boundary  but  it  can  be  shown  (Refs.  3  and  5)  that  in  Fig.  1  v 
decreases  traveling  along  the  sonic  line  away  from  the  front  part  of  the  wedge. 
It  also  seems  plausible  that  this  behavior  persists  when  shock  waves  are  present 
so  that  Eq.  (23)  is  taken  to  hold  here.  In  addition  to  — »  «>  at  the  stagnation 
point  of  the  linearized  theory.  This  strip  (23)  defines  the  domain  for  y  >  0 
(Fig.  2).  Subsonic  points  of  the  physical  plane  must  appear  in  this  region.  The 
boundary  conditions  (20)  and  (21)  are  reproduced  in  the  hodograph,  as 

y  —  O  at  i>  —  0,  tc>0  (24) 

'  y*0  at  V  ""  Vo,  w  >  0  (25) 

The  linearized  stagnation  point  at  the  nose  means 

y  —  0,  X"0  as  w— (26) 

The  fact  that  sonic  velocity  is  attained  at  the  beginning  of  the  comer  in  the 
physical  plane  fixes  the  length  of  the  wedge  in  the  hodograph 

x—1  at  V  ">  Vo,  u>  —  0  (27) 

Further  it  is  assumed  that  in  turning  the  comer  the  flow  is  locally  Prandtl-Meyer. 
Thus  the  shoulder  point  maps  onto  a  characteristic  in  the  hodograph.  Hence: 

Vo  —  X  “  1,  y  -  0  (28) 

It  is  believed  that  the  supersonic  zone  is  closed  with  one  or  more  shocks  in  the 
physical  plane.  These  shocks  appear  as  gaps  in  the  Knes  y(u,  t;)  »  constant 
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of  the  hodograph  solution.  That  is,  at  the  end  of  a  certain  jump  of  (u,  v)  we 
must  have  the  same  value  of  (x,  y).  The  jumps  of  (w,  v)  are  given  by  the  appro¬ 
priate  form  of  the  shock  relation  in  the  hodograph  variables: 

'  V  -  Va  =  (u,  -  -t-  u)  (29) 

where  u, ,  Va  denote  the  conditions  ahead  of  the  shock  wave.  At  present  it  is 
believed  that  these  shock  waves  may  be  fitted  into  the  main,  or  subsonic  part 
of  the  solution,  although  possibly  not  uniquely.  The  exact  boundary  value 
problem  will  be  discussed  in  a  later  section. 

From  the  homogeneity  of  the  boundary  conditions  on  y(w,  v)  (24),  (25), 
(26)  and  (28)  it  seems  plausible  that  a  singularity  is  necessary  to  provide  a 


Iy-«)  1U..VJ 

Fig.  2.  Hodograph 

non-trivnal  solution  of  (12)  (as  in  the  elliptic  case).  Such  a  singularity  is  the 
free  stream  given  by  (19).  The  singularity  may  be  characterized  by  studjdng  the 
lines  y  «  constant  in  the  physical  and  hodc^raph  planes.  Consider  two  lines 
yi,  Vi  =  constant  yi  >  yt,  neither  of  which  passes  through  the  sonic  zone. 
Traveling  in  the  x  direction  from  (—  *)  to  (-f  <»)  on  j/i ,  the  flow  is  first  slowed 
down  by  the  effect  of  the  stagnation  point  and  next  speeded  up  due  to  the 
comer,  and  then  returns  to  the  free  stveam  condition.  On  yt  the  picture  is  the 
same  except  that  the  effects  of  the  stagnation  point  and  of  the  comer  are  each 
stronger.  1/2  thus  appears  outside  j/i  in  the  hodograph,  in  agreement  with  the 
order  reverting  property  of  the  mapping  described  before.  These  lines  and  the 
flow  direction  on  them  are  shown  in  Figs.  1  and  2.  A  line  yt  =»  constant  which 
passes  through  the  supersonic  zone  is  also  sketched.  From  the  behavior  of  y 
on  the  line  r  =  0,  namely 

z  z\,  y 
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and  from  the  behavior  of  the  lines  y  —  constant  near  z  »  zi ,  it  can  be  inferred 
that  locally  y  has  a  doublet  sing;ularity.  The  representation  of  the  free  stream 
as  a  doublet  singularity  can  also  easily  be  seen  if  the  corresponding  incompressible 
problem  is  solved  in  the  hodograph  plane.  It  is  clear  that  .the  doublet  singularity 
is  an  important  part  of  the  solution  to  the  problem  for  Elq.  (12)  defined  by 
boundary  conditions  (24)  through  (28).  The  problem  of  finding  this  doublet 
and  the  significance  of  the  solution  are  discussed  in  the  next  section. 


4.  Representation  of  die  Fundamental  Doublet.  The  doublet  singularity  at 
z  zi  is  considered  here  in  conjunction  with  boundary  condition  (25).  Both 
conditicms  (29)  and  (25)  can  be  satisfied  if  first  a  more  general  problem  is  con¬ 
sidered,  namely 

y  —  0  at  w  ■«  Vo  (25) 

V  "  /(«)  at  V  -  0  (.31) 

Using  solutions  of  the  type  given  in  (15),  a  solution  of  (12)  can  be  found  satisfying 
(25)  and  (31).  Consider 

y(z,  v)  -  z*'*  y_i/,(Xz)X  dX  dz'  (32) 


This  is  a  solution  of  (12)  sati8f3ring  (25)  and  at  v  «  0 

y{z,  0)  —  ****  d-i/i(Xz)X  dX  /(zO/-i/i(Xz')«'  dz' 
*■  3^'*f(,z)  where  /  is  continuous 


(33) 


by  the  Fourier-Bessel  integral  theorem  (Ref.  6).  If  /(z)  is  assumed  to  be  a  delta 
function  at  z  «  zi ,  we  have  a  possible  representation  of  the  doublet.  Let  the 
strength  of  the  delta  function  be  .4  so  that  • 


Then  (32)  yields 
y(2,  v) 


f{z)  «  Ai{z  —  zi) 

Az^^zi  — ■  d^-i/i(Xi)/-i/i(Xzi)X  dX 


(34) 

(35) 


It  can  actually  be  verified,  by  standard  methods,  that  a  fundamental  solution 
of  (12)  can  be  represented  by 

r/(z,  v;  zi)  —  J(i«ri)‘^  e~“*J -Utica) J-utiazi)  da  »  >  0  (36) 

and  the  doublet  by 

«“"V_i/i(az)d'_i/i(aZi)a  da  v  >  0  (37) 


Thus  (35)  can  be  interpreted  as  the  reflection  of  infinitely  many  doublets  located 
so  as  to  satisfy  y  »  0  at  r  »  Vo . 
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It  is  also  possible  to  form  fundamental  solutions  and  doublets  from  Jut  : 

T//  -  jf  «'*Vi/,(az)/i/,(aZx)  da  r  >  0  (38) 

Solutions  like  (38)  have  (F// ,  dF/x/dv)  *=  0  at  z  0  and  these  seem  less  interesting 
than  solutions  like  (36),  for  the  approximate  method  considered  here.  For  more 
general  applications  linear  combinations  of  Fx  and  Fxx  may  be  useful.  Similar 
solutions  have  been  given  by  Carrier  and  Ehlers,  Ref.  11,  and  Weinstein  Ref.  12.* 
Now  the  strength  A  of  the  doublet  (35)  can  be  adjusted  so  that  the  wedge 
has  unit  length.  It  is  also  possible  to  satisfy  the  conditions  at  the  stagnation 
point.  It  follows  directly  from  the  asymptotic  behavior  of  J^m  that  y(z,  v)  as 
given  by  (35)  approaches  zero  as  z  — »  <» .  That  is, 

JXZ)  ^  cos  (z  -  -  (39) 

The  x(z,  v)  corresponding  to  y(z,  »)  as  given  by  (35)  will  now  be  found.  From 
(11)  and  (14) 

(40) 

dv  dw  dz  \  2  /  dz 

Further: 

(d/dz)  {z*'V_i„(Xz)}  -  -Xz‘'Vvi(Xz)  (41) 

Hence 

0  -  (|)‘'M2i  2*^*  [  J-vtMJv,(.\z)\*  dX  (42) 

Integrating  (42)  with  respect  to  v  we  have 

*  -  *.(«)  -  f  X-w(Xj,)X„(U)X  <iX  (43) 


It  can  be  shown  that  Xi  must  be  constant  by  considering  Eq.  (10).  The  constants 
Xi ,  A  can  now  be  evaluated.  On  the  surface  of  the  wedge  p  —  r* 

x(z,  p«;zi)  —  Xi  —  (iY^AziZ***  csch  Xvo/-i/t(Xzi)Ji/t(Xz)X  dX  (44) 
As  z  — » 0 

x(0,  Po ;  zi)  -  Xi  hence  Xi  —  1.  (45) 


It  is  not  clear  from  (44)  that  x  is  finite  as  z  — »  « .  Another  representation  of  x  is 
needed  in  order  to  study  the  behavior  for  large  z.  A  useful  series  representation  of 
(44)  can  be  obtained  by  expanding  csch  Xpo  in  partial  fractions 


each  Xpo 


,  o  V  (— )'*Xpo 
Xp,■^  ^;^l(Xp,)*^-  (mw)* 


(46) 


*  Added  in  Pro<rf :  It  has  been  brought  to  the  author’s  attention  that  the  fundamental 
solution  (36)  of  the  differential  equation  (12)  has  previously  been  obtained  by  A. 
Weinstein  as  Equation  (24)  of  his  paper,  Di$eontinuotu  integralt  and  generalized  potential 
theory,  Trans.  Am.  Math.  Soc.,  68,  342,  March  1948. 


't 


I 

s 


'i; 


I 
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Substituting  (46)  in  (43)  we  have 

xiz,vo’,zi)  “  1  —  [  J-i/ii\zi)Jvt(.\z) 

4”) 

+  <=^}dx' 

(vo  4-  mVj 

Each  integral  in  (47)  can  be  evaluated  (Ref.  6,  p.  406)  and  (Ref.  6,  p.  430). 
We  have 


f"  1 

J t/ti\z)  dX  * 


f*  X* 

*/-i/i(X2i)dvi(^z)  dX 


—aIi/t{az)K-iniaZi)  Zi  >  z  >  0 
aKtit{az)I-\/tiaZi)  z  >  Zi  >  0 


The  notation  is  that  of  Ref.  6.  In  order  to  have  a  stagnation  point  at  the  nose 
a:  — »  0  as  z  — ♦  » ,  (cf.  Eq.  (26)).  But,  at  v  =  t>o 

X  .  1  -  2  t  (-)-  (’H^)  K„ 

t>0  —1  \  I’o  /  \  Vo  /  \  Vo  / 

-  (i)''Mx.x*'’rOT 

VoZ  Zi  ■ 


Xx(Z)^y^e-‘+  ...  (50)< 

so  that  as  z  — »  » ,  we  need 

ZrA  -  (i)‘'*z}'Vo  (51) 

Summarizing,  we  have  the  following  integral  representation  of  the  singular 
solution  from  (35)  and  (43) 

j/,(z,  r;  zi)  “  sh  ^  -i/«(Xzi)X  dX 


x.iz,  v;  zi)  »  1  -  z\'*z*'*vo  f 

Jo 


tit  r  ch  X(ro  —  v) 


yt/i(Xz)t/— i/t(Xzi)X  dX 


and  a  series  representation  of  x  on  the  surface  of  the  wedge 

z  >  Zi  >  0 

x.(z,  t;o;  zi)  -  ,  /  \  /  \  (53) 

zi  >  z  >  0 
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The  discontinuity  in  x  at  z  2i  is  only  apparent.  If  we  use 

I,iZ)K,+iiZ)  +  K,{Z)Ux{Z)  =  1/Z  (54) 

(Ref.  6,  p.  80)  and  interpret  the  series 

(-)“  =  —  i  (55) 

(53)  is  seen  to  be  continuous  at  z  =  zi . 

Now  the  solution  given  by  (52)  will  be  discussed.  This  solution  of  (12)  has  a 
doublet  singularity  representing  the  free  stream  at  z  —  zi ,  has  a  stagnation 
point  at  the  nose,  satisfies  the  condition  of  tangency  on  the  surface  of  the  wedge 
and  reaches  the  sonic  velocity  at  the  beginning  of  the  comer.  The  wedge  has 
unit  length.  However  it  does  not  satisfy  the  correct  boundary  conditions  in  the 
supersonic  regipn,  in  particular  the  flow  around  the  comer.  Other  non-singular 
solutions  of  (12)  will  have  to  be  added  to  (52)  in  order  to  satisfy  the  conditions 
in  the  supersonic  region  (u  >  0).  These  additional  solutions  must  satisfy  homo¬ 
geneous  conditions  in  the  subsonic  domain,  and  being  non-singular  are  likely 
to  be  of  small  magnitude.  In  a  sense,  they  represent  upstream  spreading  of 
small  disturbances  in  the  supersonic  region.  Thus,  in  the  subsonic  domain 
{w  >  0),  the  solution  represented  by  (52)  can  be  considered  the  main  part 
of  the  actual  solution. 

It  is  also  interesting  to  give  another  interpretation  of  (52)  by  seeing  exactly 
what  problem  it  does  solve.  (52)  is  the  unique  solution  to  a  problem  for  (12) 
in  the  subsonic  domain  to  >  0.  The  boundary  conditions  concerning  the  free 
stream,  stagnation  point  and  surface  of  the  wedge  are  of  course  the  same  as 
before.  In  addition  it  is  clear  from  (52)  that  on  the  sonic  line, 

x,(0,  w;  zi)  —  1  0  <  v  <  Vo  (56) 

This  result  follows  from  the  fact  that  solutions  like  F/  have  dyjdu  »  0  on  the 
sonic  line.  Thus  (52)  is  the  solution  to  a  problem  where  x  —  1  on  the  sonic  line. 
One  boundary  condition  is  given,  for  example  on  y,  all  around  the  elliptic  domain 
and  the  singularity  is  also  characterized.  The  solution  is  thus  imique.  Replacing 
the  sonic  line  by  x  »  1  should  be  a  good  approximation,  as  far  as  the  solution 
over  the  front  part  of  the  wedge  is  concerned.  For  low  subsonic  Mach  numbers 
the  supersonic  zone  is  actually  small  and  x  =  1  is  close  to  being  correct.  For 
large  Mach  numbers  x  «  1  differs  more  from  the  actual  sonic  line,  traveling 
away  from  the  wedge,  but  in  this  case  disturbances  or  errors  in  the  supersonic 
region  have  a  weaker  influence  upstream. 

The  considerations  above  indicate  that  (52)  should  be  good  for  finding  the 
drag  of  the  front  part  of  the  w'edge  and  this  is  carried  out  in  the  next  section. 

a 

6.  Drag  Coefficient  of  the  Wedge.  The  drag  coefficient  is  defined  here  in  a 
standard  way  as 

Co  “  -H  ui,)*  per  unit  width  (57) 

where 

D  =  total  drag  of  front  part  of  wedge  (upper  half) 
p,  =  density  at  upstream  infinity 


88 


JIJUAN  D.  COLE 


The  local  pressure  coefficient  is  also  defined  as 

C,  =  (p  -  p.)/ip*(a*  +  Ml.)’  (58) 

where 

p  *  local  pressure 

p»  —  pressure  at  upstream  infinity 

Thus  the  drag  coefficient  referred  to  the  free  stream  pressure  is  given  by 

Cd  ^  S  J  Cpdx  for  small  S  (59) 

This  drag  coefficient  applies  most  closely  to  the  case  where  the  wedge  is  followed 
by  an  infinite  straight  section.  In  other  cases  it  is  a  measure  of  the  nose  drag 
based  on  an  arbitrary  reference  level  of  pressure.  For  the  linearised  theory  the  . 
pressure  coefficient  (58)  can  be  approximated  by 


C,-  -2 


Ml  —  Ml, 


7+1 


-*/» 


-  z\'*\ 


(60) 


This  may  not  actually  be  the  best  definition  of  C,  to  use  for  practical  work,  but 
this  point  will  not  be  discussed  here  (see  Refs.  9  and  13).  Now  (59)  becomes 

Cd  -  -[2/(7  +  l)](l)*'*«{Ci  +  z\'*\  (61) 

where  ^ 

Cl  ^  z*'*  dx  -  J"  z*'*  idx/dz)  dz  (62) ' 

since  x  »  x{z)  on  the  surface  of  the  wedge.  Using  the  series  representation  of  x 
(53),  Cl  can  be  evaluated 

C.  -  2.1'*  t  (-)■  {^)  [ku.  {^)  f  i  {^)]  ^ 

Integration  by  parts  and  the  use  of  well-known  formulae  like 

^  [ff*^*/_i/i(<r)]  “  <r*^*/j/i(or) 
do 

^W‘*K.i,t{o)]  -  -o^'*KM 
do 


(63) 


(64) 


permits  the  integrals  in  (63)  to  be  evaluated  as 


(65) 
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Then  upon  using  (54)  and  (55)  we  obtain 


miez\ 


Thus,  the  drag  coefficient  as  given  by  (61),  becomes 


mrzx 


an  expression  for  the  drag  coefficient  of  the  upper  half  wedge  in  terms  of  the 
wedge  angle  8  and  the  free  stream  Mach  number  zi  ~  }(1  —  Ml,)*'*.  This  series 
gives  a  finite  value  of  drag  Ct  as  the  free  stream  Mach  number  approaches 
one  (zi  — »  0). 


where 


a  series  simply  related  to  the  Riemann  zeta  function  tabulated  in  Ref.  8,  p.  273. 
Guderley  and  Yoshihara  (Ref.  10)  have,  by  another  method,  computed  the 
'pressure  distribution  on  the  sui^ace  of  the  wedge.  A  numerical  integration  of 
their  C,  curve  (Ref.  9)  gives 

-  1.75  8*'*/(y  -I-  1)*'*  (70) 

while  an  evaluation  of  (69)  gives 

Ct  -  1.67  8*'*/(y  +  1)*'*  (71) 

There  is  thus  good  agreement.  As  an  example,  for  a  wedge  of  10°  semi-apex 
angle  5  =*  t/18 


The  series  (68)  converges  rapidly  if  TZi/(y  -H  1)^  is  at  all  large  because  of  the 
asymptotic  behavior  of  Ki/t  (see  Eq.  (50)).  For  small  values  of  the  argument  of 
Ki/t  it  is  more  convenient  to  use  a  Taylor  expansion  about  M„  »  1 


By  differentiating  (68)  and  passing  to  the  limit  Zi  —  0  we  obtain 
(dCo/dM„)*  -  (4/(y  +  l)ia 
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and  • 

i(fC^/dMl)*  =  [4/(7  +  m  (74) 

The  slope  of  the  drag  curve  at  M «  =  1  is  the  same  as  can  be  obtained  by  other 
c<msiderations  (e.g.  Ref.  9).  The  basic  idea  used  in  Ref.  9  for  the  derivation  of 
(73)  is  that  the  velocity  distribution  over  the  wedge  is  exactly  the  same  if  the 
free  stream  Mach  number  is  slightly  below  or  slightly  above  one.  When  the 


Fio.  3.  Drag  Coefficient  of  Upper  Half  Wedge  As  Function  of  Free  Stream  Mach  Number 


free  stream  Mach  number  is  slightly  greater  than  one  there  is  an  almost  normal 
shock  at  a  large  distance  in  front  of  the  wedge.  Behind  this  shock  the  flow  is 
again  subsonic  for  a  large  distance  on  both  sides  of  the  axis  of  S}anmetry.  The 
closer  the  Mach  number  is  to  oae,  the  more  nearly  do  the  flow  fields  coincide. 
When  considered  in  terms  of  local  Mach  number  these  facts  imply 

idM/dMJ*  -  0  (75) 

and  when  considered  in  terms  of  drag  coefficient  as  defined  here  they  give  the 
result  (73). 


•  10*  SEMI-ANQIX  WEDSE 
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Curves  of  Cd  versus  Af«  for  various  wedge  angles  have  been  computed  from 
(67)  and  (72)  and  these  are  plotted  in  Fig.  3.  Experimental  points  are  also  given. 
The  method  of  obtaining  these  points  is  explained  in  Ref.  9. 

6.  Exact  Boundary  Value  Problem.  In  this  section  some  remarks  will  be  made 
about  the  exact  boundary  value  problem.  This  problem  is  involved  mainly  with 
the  continuation  of  the  flow  into  the  supersonic  region  and  the  shock  waves 
which  occur.  Thus  it  is  not  of  too  much  interest  for  the  present  work  but  it 
becomes  important  when  the  flow  over  the  rear  half  of  a  body  is  desired. 

The  first  step  ih  continuing  the  flow  is  satisfaction  of  the  requirement  that  the 
flow  is  locally  Prandtl-Meyer.  This  boundary  condition,  discussed  before,  is 
Eq.  (28) 

on;  V  =  To  —  y(M,  v)  “  0  (28) 

Due  to  the  linearity  of  the  problem  in  the  hodograph,  correction  solutions  of 
(12)  can  be  added  to  y,  of  (52)  in  order  to  satisfy  (28).  These  correction  solutions 
are  required  to  be  non-singular  and  not  to  disturb  the  boundary  conditions 
in  the  subsonic  region.  It  is  possible  to  derive  relationship  between  y,  j/«  on  the 
sonic  line  to  insure  that  (28)  is  satisfied.  Darboux’  formula  (Ref.  7)  applies  to 
(12)  and  gives  the  solution  in  the  hyperbolic  region  in  terms  of  y,  y^  on  the  sonic 
line.  Thus,  within  the  domain  (rf  dependence  of  the  Prandtl-Meyer  flow,  i.e. 
between  the  sonic  line  and  the  last  characteristic  from  the  comer  to  the  sonic 
line  (see  Figs.  1  and  2)  Darboux’  formula  is  valid.  Applying  the  formula  to  a 
point  on  the  characteristic  (28)  and  using  the  boundary  condition  we  have 
\in  (*■ 

+  ^>(5) 

where  X  =  t«o  —  w,  /3  =  beta  function,  and 

1/(0,  t>)  -  /(X)  j/«(0,  v)  -  ^(X) 

It  can  be  verified  by  substitution  (cf.  Ref.  7)  that  a  solution  of  (76)  is 

-  "■  r  (x^>  **  pfl 

and  (77)  can  be  inverted  by  Abel’s  formula  as 

,(x)  -  sm  1 1;  jf  oTT^*  *■ 

(77)  and  (78)  are  the  required  relationships.  A  non-singular  solution  of  (12) 
must  be  added  to  (52)  to  satisfy  (77)  on  the  sonic  line.  When  this  is  done  the 
last  characteristic  from  the  comer  to  the  sonic  line  is  determined.  The  flow  can 
be  continued  across  the  last  characteristic  either  by  the  method  of  characteristics 
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or  by  solving  a  characteristic  initial  value  problem  for  Eq.  (12).  The  characteristic 
initial  value  problem  involves  the  value  of  y  on  the  last  characteristic  and  the 
condition  (28). 

Not  too  much  more  can  be  said  at  present  about  the  flow  pattern  except  that  a 
shock  wave  must  arise  starting  from  the  comer  (see  Refs.  2  and  3).  Preliminary 
investigations  indicate  that  either  strong  or  weak  shocks  may  occur.  The  weak 
shock  has  a  supersonic  velocity  following  it  and  is  followed  by  a  shock  normal 
at  the  surface  to  achieve  subsonic  velocity.  In  order  to  complete  the  turn  with 
an  oblique  shock  the  flow  necessarily  overexpands  locally.  In  any  case  the 
shock  pattern  must  fit  in,  as  described  before,  by  matching  the  value  of  {y,  x) 
of  the  solution  as  continued  in  the  supersonic  sone  to  the  value  of  (y,  x)  in  the 
subsonic  region,  in  one  or  two  steps.  The  appropriate  jump  or  jumps  of  (u,  v) 
must  satisfy  the  shock  polar  (29).  It  should  also  be  remarked  that  the  drag  as 
computed  from  the  entropy  changes  of  the  shocks  (see  Ref.  14)  should  agree 
with  the  pressure  drag  of  the  front  portion  of  the  wedge. 

7.  Conclusion.  In  this  paper  it  has  been  shown  how  some  importan  parts  of 
the  flow  field  about  a  finite  wedge  can  be  found.  It  was  also  shown  how  a  drag 
arises  from  the  completely  subsonic  portion  of  the  front  part  of  the  wedge  and  an 
explicit  expression  was  found  for  this  drag.  In  linearized  subsonic  flow  the  drag 
for  the  same  problem  is  zero.  The  drag  curve  predicted  from  the  transonic  theory 
has  the  right  general  form  and  slope  at  »  1  and  agrees  fairly  well  with  the 
few  experiments  which  have  been  performed.  This  type  of  a  drag  occurs  also  at 
supersonic  speeds  when  there  is  a  detached  shock  wave  ahead  of  the  wedge. 
This  flow  pattern  has  been  recently  computed  by  Vincent!  (Ref.  13)  using  the  * 
same  transonic  flow’  approximations  as  were  used  here.  The  drag,  as  computed 
from  two-dimensional  theoiy  is  of  the  nature  of  an  upper  bound  for  the  drag  of 
wings  of  finite  span  and  bodies.  It  should  be  noted  that  the  drag  coefficient 
predicted  for  the  lO®  wedge  was  quite  large.  Closing  the  body  at  the  rear  may 
reduce  this  drag  somewhat,  at  least  for  lower  Mach  numbers. 

A  short  discussion  of  the  exact  boundary  value  problem  was  also  given  and 
it  was  showm  how  shock  waves  can  be  regarded  as  fitting  themselves  into  a 
basically  subsonic  flow’  pattern  in  order  to  satisfy  the  boundary  conditions. 
For  the  future  work  itVill  be  interesting  to  carry  out  the  procedure  sketched 
for  the  exact  problem  and  to  treat  closed  bodies. 

Caufobnia  Institute  or  Technoloot 
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ON  THE  ROOTS  OF  ALGEBRAIC  EQUATIONS 
Bt  Yudell  L.  Lxtks  and  Dolores  Ufford 

1.  Introduction.  A  novel  method  for  determining  the  roots  of  polynomials 
has  been  devised  by  S.  N.  Lin'  [1],  [2].  He  defines  an  algorithm  which  gives  rise 
to  an  iterative  procedure  so  that  when  the  process  is  convergent  a  given  poly* 
nomial  can  be  factored  into  two  polynomials  of  lower  degree.  In  actual  practice, 
one  of  the  latter  polynomials  is  usually  linear  or  quadratic.  The  algorithm  is 
then  applied  to  the  other  polynomial  and  the  process  is  repeated  so  that  the 
given  polynomial  is  finally  factored  into  a  set  of  polynomials  whose  roots  can 
be  simply  determined.  Thus,  to  reduce  an  equation  of  degree  n  into  n  linear 
factors,  the  algorithm  is  applied  (n  —  1)  times;  and  to  reduce  an  equation  of 
degree  2n  into  n  quadratic  factors,  the  algorithm'  is  also  applied  (n  —  1)  times. 
It  is  the  purpose  of  this  paper  to  show  how  Lin’s  method  can  be  extended  so 
that  a  given  polynomial  can  be  completely  separated  into  any  number  of  sub¬ 
polynomials  at  the  same  time.  Thus,  if  an  equation  has  real  roots,  then  all  the 
roots  can  be  simultaneously  determined  with  little  additional  labor  over  that 
required  to  find  a  single  root  using  Lin’s  approach. 

2.  Lin’s  method.  To  describe  the  extension,  it  is  pertinent  that  Lin’s  algo¬ 
rithm  be  defined.  Let  the  given  algebraic  equation  of  degree  n 

EL)A*x*-0;  A, -1  (1) 

be  factored  into  two  polynomials  of  degree  m  and  n  —  m  as  follows: 

(S  o<xA  +  £  nx*  -  0;  -  o,.^  «  1  (2) 

\t-0  /  \  i-O  /  «-0 

where  the  elements  r,  define  the  remainder  terms.  For  a  given  set  of  &<’«,  the 
coefiicients  a,-  and  are  readily  determined  by  synthetic  division.  We  have. 


1  “ 

A,,_i  bw^—l 

(3) 

—  bwi-i  —  bmt-ldn-m-l 

(4) 

Ui»— 1— 1  “ 

S  ““  &*•— 4  “  l®i»— n*— S  “  &■»— jOfs— HI— Ij  6tC. 

(5) 

To  *  Ao  —  Oobo 

(6) 

Ti  “  Ai  —  flibo  “  (hbi 

(7) 

Tf  “  At  ~  Qtbo  ~  Oibi  “  Gobi 

(8) 

and,  in  general 

*■  Awt-l  —  Um-lbo  ~~  tim-ihi  —  •  •  •  —  Gibrn-i  ~  Oo&m-i 

*  Numbers  in  brackets  refer  to  bibliography  at  end  of  paper. 
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The  coefficients  a,  and  hi  are  evaluated  by  iteration.  To  do  this,  assume  an 
initial  set  of  values  for  the  elements  hi .  The  coefficients  a,-  are  then  computed 
from  (3),  (4),  (5),  etc.  If  the  set  6<  were  correctly  chosen,  the  remainder  terms 
Ti  would  vanish.  If  they  are  not  zero,  then  a  new  approximation  for  the  set  hi 
can  be  obtained  from  (6),  (7),  (8),  etc.,  by  using  the  just  computed  and  re¬ 
quiring  the  values  of  Vi  in  the  latter  equations  to  vanish.  The  set  hi  so  obtained 
is  then  employed  in  (3),  (4),  (5),  etc.,  to  obtain  a  second  approximation  for  the 
a,- ,  and  these  in  turn  are  employed  to  compute  a  new  approximation  for  the 
hi ,  etc.  If,  after  repeating  this  process  a  sufficient  number  of  times,  the  elements 
ai  and  hi  remain  unchanged  so  that  the  remainder  terms  u  approach  sero,  the 
procedure  converges  and  (1)  is  factored  into  two  polynomials  of  lesser  degree. 
If  one  of  these  polynomials  is  linear  or  quadratic,  the  root(s)  are  at  hand.  The 
other  polynomial  is  then  subjected  to  the  above  process,  and  in  this  manner 
(assuming  convergence)  all  the  roots  of  a  given  pol}momial  can  be  determined. 

3.  The  extension  of  Lin’s  method.  To  extend  Lin’s  method,  we  apply  his 
algorithm  to  one  of  the  two  polsmomials  which  are  factors  of  the  original  poly¬ 
nomial  (1).  This  gives  rise  to  a  set  of  equations  similar  to  (3)-(5),  etc.,  and 
(6)-(8),  etc.  If  we  require  all  remainder  terms  to  vanish,  and  eliminate  the  set 
of  coefficients  common  to  all  the  equations,  an  algorithm  is  defined  which  en¬ 
ables  one  to  factor  the  original  polynomial  into  three  polynomials  of  lesser 
degree. 

Suppose  then  that  Lin’s  algorithm  is  applied  to  the  polynomial 

.  (10) 

Let  this  polynomial  be  factor^  into  two  polynomials  of  degree  q  and  n  —  m  —  q 
as  follows: 

CiX*)  ("iT diX*)  -H  £  f.x*  -  0;  C,  »  d,^  -  1  (11) 

\<-0  /  \  i-O  / 

The  coefficients  a,  ,Ci,di  and  fi  are  related  by  the  equations 

da-a-f-l  “  a*-,,-!  —  Cf-l  (12) 

dn  m  f  i  *“  flu— •*— J  ~  ^t—ldn  w  -f"!  (13) 

di,.  m  t-l  *“  U»— »»— *  *  “  C'f— idu  m  t  »  _  C^tdn  w  t  1  i  StC.  (14) 

fo  “  flo  —  doCo  (15) 

f,  -  Cl  -  diCo  -  doCi  (16) 

f j  =  Oj  —  dtCo  ~  diCi  —  doC] ,  etc.  (17) 

Suppose  that  ri  >  f,-  ~  0  for  all  t.  To  obtain  an  algorithm  so  that  the  given 
polynomial  can  be  factored  into  three  polynomials  of  lesser  degree,  we  eliminate 
the  set  of  coefficients  Oi  from  (3)-(5),  etc.,  (6)-(8),  etc.,  (12)-(14),  etc.,  and 
(15)-(17),  etc.  Thus,  from  (15), 

Co  -  Oo/do  (18) 
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and  employing  (3)-(5),  etc.,  we  can  write 

Co  -  Fo(A,  h)/do  (19) 

where  Ft{A,  b)  is  a  function  of  the  Ai’s  and  b/s.  In  general 

Ci  -  FUACi^u  dy,  »•  -  1,  2,  . . .  g- 1  (20) 

Employing  (6)-(8),  etc.,  and  (15)-(17),  etc.,  it  follows  that  _ 

bo  ”  At/Codo  '  (21) 

0,(A,b^i,C,dy,  ;-l,2, --.m  (22) 

Utilizing  (12)-(14),  etc.,  and  (3)-(5),  etc.,  we  get 

dn-m-t-l  “  A,t-1  —  b«,_i  —  Cf-I  (23) 

dt  -  fft(A,  b,  C,  d*+i);  *-n-m  —  g-2,  •••,!,  0  (24) 


The  iteration  procedure  is  now  clear.  Assume  values  for  the  set  of  coefficients 
Ci  and  b.- .  Any  values  may  be  taken,  although  experience  with  practical  ex¬ 
amples  indicates  that  the  convergence  is  usually  more  rapid  if  the  initial  values 
of  Ci  and  b<  are  null.  Emplo}ring  (23)  and  (24),  the  set  d,  is  evaluated.  Next  the 
elements  are  calculated  using  (18)  and  (20).  Then  (21)  and  (22)  are  used  to 
determine  the  set  b.  ,  etc.  This  process  is  repeated  until  the  coefficients  bi, 

Ci  and  di  do  not  change,  and  so  if  the  procedure  converges,  the  original  poly¬ 
nomial  is  factored  into  three  polynomials  of  lesser  degree.  The  procedure  to 
factor  a  given  polynomial  into  any  number  of  sub-pol}rnomials  obtains  by  ex¬ 
tending  the  previous  arguments.  ^ 

4.  The  case  of  all  linear  factors.  It  is  apparent  that  an  attempt  to  write  the  « 
general  expressions  to  separate  a  polynomial  into  any  number  of  sub-polynomials 
presents  considerable  algebraic  difficulties.  A  more  practical  approach  is  to 
develop  formulae  for  types  of  frequent  occurrence  in  applied  problems.  We  first 
consider  the  case  of  all  linear  factors.  This  situation  is  easily  generalized.  Let  the 
factors  of  (1)  be  (x  -f  x<),  t  «  1,  2,  •  •  •  n.  Then 

X»_i  ■■  {An-S  —  A,,_i  2  x<  -b  2  (**  +  *<*>)} (25) 

x,-*  *  {A„_«  —  A,-*  53  +  A»_i  ^  (x*  -H  XiXi) 

-  23  (»*  +  x5xy)}/x,x*_i  (26) 

x*_4  “  {A«_|  —  An-t  2  +  A»_i  ^  (x*  -|-  XiXj) 

-  A_x  53  (x*i  +  x\xj)  +  53  (**  +  x*xy)}/x,x«_ix_j,  etc.  (27) 

Xi  -  Ao/xjXi  •  •  •  X,  ,  (28)  Xn  -  A_i  -  X  (29) 

where  the  notation  ^  is  used  in  the  symmetric  function  sense,  it  being  under¬ 
stood  that  in  the  formula  for  x, , 

^  (x*  -|-  x^‘xy)  “  £  (x*  -t-  x<“‘xy)  (30) 

i.i-1 
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Example  I:  Consider  the  quintic  equation 

x‘  +  33.7z*  +  313.16X*  +  804.98x*  +  437.4x  +  36  =  0. 


Employing  (25),  (26),  •  •  •  (29),  the  successive  approximations  are  listed  below. 
Note  that  as  in  Lin’s  method  a  first  approximation  is  obtained  by  taking  Xt  = 
xi  -  xi  »  xi  -  0. 


Approzimatiaa 

u 

SI 

SI 

SI 

SI 

0 

0 

0 

0 

0 

33.7 

1 

9.29 

2.67 

0.64 

21.22 

2 

10.09 

2.90 

0.60 

0.097 

20.(H 

3 

10.13 

2.96 

0.60 

0.099 

19.91 

4 

10.10 

2.98 

0.100 

20.01 

6 

10.02 

2.99 

0.100 

19.99 

6 

10.02 

3.00 

0.100 

19.98 

The  exact  roots  are  —0.1,  —0.6,  —3.0,  —10.0,  and  —20.0. 

Suppose  that  the  quintic  is  separated  into  a  linear  and  a  quartic  equation. 
Utilising  (3),  (4),  •  •  •  (9),  the  approximations  are  given  in  the  following  table. 


Approzinuttion 

it  “  iti/ot 

•t  *  At  —  it 

1 

1 

1 

•i  "  At  —  oiit 

•t "  Ai  —  ziit 

0 

33.7 

804.98 

437.4 

1 

33.62 

779.63 

373.48 

2 

BfiS 

33.60 

362.98 

3 

33.60 

360.74 

4 

0.100 

•  33.60 

■SB 

360.00 

Note  that  when  Lin’s  method  is  employed  one  linear  root  is  determined  after 
four  approximations.  To  factor  the  quartic  into  a  pair  of  quadratics  requires 
five  approximations;  but  utilising  the  approach  of  this  paper,  the  roots  are 
known  after  six  approximations.  Thus  the  technique  outlined  here  offers  con¬ 
siderable  advantage  over  that  due  to  Lin. 


6.  Convergence.  The  question  of  convergence  of  Lin’s  method  and  the  ex¬ 
tension  presented  here  has  not  been  fully  answered,  although  progress  in  this 
direction  has  been  made  by  Friedman  [3].  He  has  developed  a  modification  of 
Lin’s  method,  and  has  shown  that  if  Lin’s  method  converges,  the  technique 
of  his  paper  converges  more  rapidly.  If,  starting  with  a  trial  factor  near  the 
true  one,  the  factor  obtained  by  iteration  is  closer  to  the  true  factor,  then  the 
latter  is  said  to  be  “stable.”  On  the  other  hand,  if  the  resulting  factor  obtained 
by  iteration  is  farther  away  from  the  true  factor,  then  the  latter  is  said  to  be 
“unstable.”  In  general,  it  is  shown  that  the  roots  smallest  in  absolute  value 
are  “stable.”  In  Friedman’s  procedure,  only  one  factor  is  found  at  a  time. 

From  the  examples  presented  here  and  numerous  others  encountered  in  the 
computational  laboratory  of  the  Midwest  Research  Institute,  the  method  of  this 
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paper  converges  quite  rapidly  if  all  the  roots  of  the  polynomial  lie  in  the  left 
half  plane,  and  if  the  roots  are  well  separated.  These  qualitative  results  agree 
with  those  deduced  by  Lin  and  Friedman.  When  using  Lin’s  method  or  its 
extension,  the  concept  of  root  separation  is  somewhat  elastic.  For  example,  if 
two  linear  factors  are  near  each  other,  but  well  separated  from  a  pair  of  complex 
roots  which  are  in  turn  well  separated  from  another  pair  of  complex  roots,  then 
separation  of  the  given  polynomial  by  quadratics  will  give  rapid  convergence. 
However,  in  the  case  just  cited,  an  attempt  to  separate  the  given  equation  using 
linear  factors  fails. 


6.  The  separation  of  a  sextic  into  three  quadratics.  Suppose  that  it  is  desired 
to  resolve  a  6th  degree  polynomial  into  three  quadratics.  Let  the  quadratics  be 
defined  by  **  +  6ia;  +  ,  x*  -f  C\X  -f  C*  and  a:*  +  dix  +  do  •  Then  the  equations 

to  iterate  are 

Co  =  (il*  —  biAt  ~  +  bjilo  +  2bib(^Ai  —  biAi  -f-  “  36* bo  +  6i)/do  (31) 

Cl  -  (A,  -  6,^4  -  boA,  +  bjAi  +  2bibo  -b\-  Codi)/do  (32) 

bo  =  Ao/Codo  (33) 

bi  -  {Ai  -  6«(Cido  +  Cod»)}/Codo  (34) 


When  using  these  equations,  the  iteration  can  be  started  by  taking  Co  =  Ci 


Example  II:  Let  the  given  equation  be 

X*  -  2.2x‘  +  105.2X*  -  140.6X*  +  392.  lx*  +  273.9x  +  65.1  -  0. 
Employing  (31)-(36),  the  approximations  obtained  are  tabulated  below. 


ApproziiiuUoiu 


This  example  is  used  by  Lin  who  separates  the  sextic  into  a  quadratic  and  a 
quartic.  After  six  approximations  the  quadratic  x*  +  0.600x  +  0.13  is  obtained. 
This  is  the  same  number  of  approximations  used  above,  and  so  again  the  present 
method  affords  a  saving  of  time  and  labor. 
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7.  Utility  of  the  present  method.  We  now  present  an  example  which  sheds 
further  light  on  the  utility  of  the  present  method. 

Example  III:  Consider  the  sextic  equation 

X*  +  256.79X*  +  152.01x'  +  258.43x*  +  88.37x*  +  4.52x  +  0.0443  =  0. 

Suppose  that  one  tries  to  separate  this  into  three  quadratics.  The  approximations 
found  are  given  in  the  table  below. 


ApproximatiaiM 

C* 

Cl 

ii 

0 

0 

0 

0 

0 

256.79 

152.01 

1 

1.634 

0.0489 

256.16 

-279.75 

2 

-0.274 

-1.114 

0.0572 

257.01 

423.85 

3 

0.176 

0.461 

0.0587 

256.28 

18.72 

4 

3.963 

-41.41 

0.00060 

0.0590 

298.15 

12,480.24 

Note  that  one  quadratic  converges  even  though  the  coefficients  which  define 
the  other  two  quadratics  do  not  converge.  Further,  the  quadratic  which  con¬ 
verges  defines  the  pair  of  roots  smallest  in  magnitude.  If  the  convergent  quadratic 
is  removed  from  the  sextic,  the  above  results  indicate  most  likely^that  the 
smallest  and  largest  roots  in  absolute  value  of  the  quartic  so  obtained  are  real, 
and  the  magnitude  of  the  intermediate  roots  are  either  equal,  in  which  case  they 
may  be  complex,  or  nearly  equal.  This  suggests  that  the  quartic  be  separated 
into  a  quadratic  and  two  linear  factors.  Let  the  factors  of  (1)  be  designated  by 
(x  Xi),  (x*  -1-  6ix  -f  6o)  and  (x  -1-  Xj).  Then  the  equations  to  iterate  are 

bo  =  (w4i  -  xii4j  -b  x\At  -  xj)/x»  (37) 

bi  *  (Ai  —  Xii4|  +  X*  —  bo)/xt  (38) 

Xi  =  Ao/boXt  (39);  x*  -  —  Xi  —  bx  (40) 

Example  IV:  The  quartic  obtained  by  removing  the  known  quadratic  from  the 
sextic  in  Example  III  is 

X*  +  256.73X*  -H  136.86x*  -f  250.21x  -|-  73.53  =  0. 

Utilizing  (37)-(40)  the  computed  approximations  are  given  in  the  following  table. 


ApproziiiMtioDS 

U 

bi 

XI 

za 

0 

0 

0 

0 

256.73 

1 

0.975 

0.529 

0.294 

255.91 

2 

0.907 

0.237 

0.317 

256.18 

3 

0.908 

0.213 

0.316 

256.20 

4 

0.214 

0.316 

256.20 

Thus,  Examples  III  and  IV  show  that  though  the  attempt  to  separate  the  given 
sextic  into  three  quadratic  factors  yields  but  one  convergent  quadratic,  sufficient 
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information  is  obtained  so  that  the  remaining  roots  the  sextic  can  be  quickly 
computed.  Applying  Lin’s  algorithm  to  the  sextic,  one  could  obtain  the  quartic 
given  above.  If  the  quartic  is  separated  into  two  quadratics,  the  iteration  process 
does  not  converge  and  so  one  would  attempt  to  separate  the  quartic  using  a 
linear  and  a  cubic.  However,  the  present  method  avoids  these  difficulties. 

In  the  derivation  of  (37)-(40),  (1)  is  first  divided  by  x  +  xi .  The  quotient  so 
obtained  is  divided  by  x*  -{•  hix  +  bo  and  the  new  quotient  is  divided  by  x  +  Xt . 
In  this  manner,  it  turns  out  that  when  the  method  converges,  the  root  smallest 
in  magnitude  is  given  by  the  factor  x  +  Xi .  The  intermediate  roots  are  defined 
by  the  quadratic  x*  +  6ix  +  60 ,  and  the  factor  x  +  xt  yields  the  root  largest  in 
absolute  value.  Thus,  these  equations  will  not  converge  if  the  magnitude  of  the 
two  smallest  or  largest  roots  are  equal  or  nearly  equal.  If  the  sequence  of  division 
ia  X*  +  bix  bo ,  X  Xi  and  x  +  x* ,  then  a  set  of  equations  is  obtained  which 
differs  from  (37)-(40)  in  arrangement  only.  If  the  iteration  converges,  then  the 
quadratic  defines  the  roots  smallest  in  magnitude  and  the  largest  roots  are  given 
by  the  two  linear  factors.  However,  there  is  no  point  in  arranging  the  equations 
for  this  situation,  since  it  is  easier  to  separate  the  quartic  into  two  quadratics. 

To  further  illustrate  the  utility  of  the  present  method,  consider  a  sextic 
equation.  Suppose  it  is  known  that  both  real  and  complex  roots  are  present. 
Assume  that  the  real  roots  are  well  separated  from  each  other  and  are  also  well 
separated  from  the  complex  roots.  Let  the  given  equation  be  separated  into  linear 
factors.  Suppose  that  in  the  iteration,  two  roots  converge  and  the  others  do  not. 
The  convei^;ent  roots  are  those  smallest  in  absolute  value.  The  next  largest 
roots  must  be  complex.  The  largest  roots  are  either  real  or  complex.  Thus, 
the  qxiartic  defining  the  four  largest  roots  should  be  separated  into  two 
quadratics.  The  exact  nature  of  the  largest  roots  are  easily  determined.  Simply 
replace  x  by  its  reciprocal  in  (1)  and  redefine  the  coefficients  Ai  so  that  the  co¬ 
efficient  of  X*  is  unity.  If  the  iteration  process  converges,  then  the  largest  roots 
are  real;  if  not,  then  they  are  imaginary. 

8.  Conclusions.  The  extension  of  Lin’s  method  presented  here  offers  consider¬ 
able  computational  advantages  over  the  original  and  other  methods  for  deter¬ 
mining  the  roots  of  polynomials.  If  the  method  completely  converges,  then  all 
the  roots  are  simultaneously  evaluated,  thus  affording  a  substantial  saving  in 
time  and  labor;  but  even  if  the  method  is  only  partially  convergent,  so  that 
some  of  the  roots  are  computed,  sufficient  information  can  be  extracted  to 
readily  compute  the  remaining  roots.  Only  a  limited  number  of  examples  giving 
formulae  for  separation  of  a  polynomial  into  sub-polynomials  has  been  pre¬ 
sented.  A  more  extensive  set  of  formulae  has  been  developed  to  cover  a  number 
of  cases  depending  on  the  nature  of  the  roots,  and  will  be  made  available  to  the 
reader  upon  request.  The  formulae  are  somewhat  cumbersome  for  large  degree 
polynomials.  The  methods  of  this  paper  are  easily  adapted  to  digital  machine 
calculators  if  the  degree  of  the  pol3momial  is  not  larger  than  six.  If  the  degree 
of  the  given  polynomial  is  larger  than  six,  it  is  probably  best  to  use  Lin’s  method 
to  separate  the  polynomial  into  sub-polynon^ials  of  degree  equal  to  or  less  than 
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six,  and  then  apply  the  techniques  outlined  here.  However,  if  punched  card 

facilities  are  at  hand,  one  should  be  able  to  apply  the  procedure  developed  in 

this  note  directly  to  polynomials  of  degree  somewhat  larger  than  six. 

% 
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SOME  ROOTS  OF  AN  EQUATION  INVOLVING  BESSEL  FUNCTIONS 

Bt  B.  P.  Booert 

In  certain  boundary  value  problems  it  is  desirable  to  know  the  zeros  of  the 
following  expression  in  which  A;  is  a  real  parameter:^ 

F{k,x)  =  Mx)Ntikx)  -  Noix)Ji(kx).  (1) 

In  the  above  equation,  No  and  Ni  are  the  Bessel  functions  of  the  second  kind 
as  discussed  and  tabulated  in  Jahnke  and  Emde,  Tables  of  Functions.  They  are 
the  same  as  the  functions  denoted  by  Yo  and  Yi  in  Watson,  Theory  of  Bessel 
Functions,  second  edition,  page  64.  / 

This  note  gives  tables  of  the  smallest  zero  Xo(k)  of  (1)  for  k  «  1.0  (0.1)  2.1, 
1.0  (1)  10,  20.  In  addition,  by  the  simple  transformation 

kf  «  1/k,  af  ^  kx  (2) 

we  are  able  to  determine  the  smallest  zeros  of  the  expression 

(?(*',  x')  -  Ni(x')Jo(k'x')  -  /i(xOVo(lfcV)  (3) 

To  find  the  smallest  zero  of  (1)  we  introduce  the  variable 
y(fc)-(2/T)(*-l)xo. 

It  can  be  shown  that 

lim  y  —  1 

k-*l 

An  estimate  of  Xo(Ll)  was  made  by  assuming  y(l.l)  =  1.  Three  values  F(xi), 
F(xt),  F(xt)  were  found  using  the  British  Association  Mathematical  Tables  of 
Bessel  Functions*  such  that 

X|  =  Xj  -f*  0.1  =  Xi  +  0.2 

and 

F(xi)  <  0  <  F(x,). 

A  parabola  was  passed  through  these  p>oints  and  the  appropriate  root  of  the 
quadratic  so  formed  was  taken  as  xo .  From  this  the  value  of  y(l.l)  was  found 

*  Other  tables  of  roots  of  Eq.  1  are  the  following:  Dinnik,  Izvestia,  Vol.  11,  No.  2,  1915, 
pp.  23-24,  Ji(x)iV»(jkx)  —  Ni(x)J*{kx)  for  ifc*  ■■  .2(.2)1, 1st  zero  (20). 

Dinnik,  ASME  Trans.  Vol.  61, 1929,  APM-51-11  p.  109,  y.(x)Vi(xe-/*)  -  iV,(z)7,(j«-'‘) 
for  e*  —  ik’  “  .01,  .2(.2)1,  let  zero,  I2-3D1. 

Carsten  and  McKerrow — unpublished  manuscript,  Jo(x)Ni(kx)  —  N»(x)Ji(kx)  for 
k  -  (1.1)*'*,  1.06  (.02)  1.2  (.6)1.5,  2(1)  6,  (3,  4D]. 

Rendulic,  Wasserwirtsohaftu.  Tech.  Nr.  25-26,  1936,  p.  270,  J»(x)Ni(kx)  —  N«(i)/i(fcr) 
k  -  0(.1)1.00,  1.0(1)7.0,  6.25  1st  6  roots  [3,  4D]. 

Graphical  material  is  available  in  Jahnke  and  Emde:  Tables  of  Functions,  3rd.  ed.  p, 
207,  206.  Material  taken  from  Rendulie,  loc.  cit. 

Durant,  N.  J.,  Phil.  Mag.,  Vol.  36,  1945,  pp.  572-577,  Jo(fifi)N,(«)-JVo(lM)Ji(f)  for 
1.00  <  40, 12  entries  first  root  [4D1. 

*  British  Association  for  the  Advancement  of  Science,  Mathematical  Tables  Vol.  VI, 
Bessel  Functions,  Part  1,  Cambridge  University  Press,  1937. 
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which  enabled  y(1.2)  to  be  estimated.  The  same  procedure  of  taking  the  points 
Xi,  xi  and  Xt  and  finally  a  quadratic  in  x  was  used  for  all  values  of  x  computed, 
the  interval  Xt  —  Xt  »  x*  —  xi  being  made  as  small  as  possible,  generally  0.01 
or  0.005.  ♦ 

When  7o(x)  >>  0,  it  is  necessary  that  Ji(kx)  »  0,  so  that  another  value  of 
Xo(fc)  was  found  without  computation.  Similarly,  another  value  was  found  where 
Wo(x)  »  0.  Table  I  shows  the  roots  found,  and  the  corresponding  values  of  y. 
The  values  of  Xo{k)  given  were  rounded  off  from  their  computed  values  and 
certain  values  were  checked  using  an  interval  in  x  of  .001  or  less,  xo  being  found 
by  linear  interpolation.  It  is  felt  that  the  values  of  xo  are  accurate  to  the  num¬ 
ber  of  places  given. 

An  intermediate  table  for  y(fc),  k  =  1.0(.01)2.0,  was  found  by  interpolation, 
using  Everett’s  central-difference  interpolation  formula. 

Table  II  gives  xo(k),  k  =  1.00  (.01)  2.00,  2.1,  3(1)10,  20;  and  Table  III 
gives  Xt(k),l/k'  »»  l.OO(.Ol)  2.00,  2.1,  3(1)10,  20,  roots  of  Eg.  (3). 

Tables  II  and  III  were  made  by  Miss  R.  A.  Weiss  and  Miss  C.  L.  Froelich, 
who  also  checked  Table  I.  Many  thanks  to  them  and  to  Mr.  R.  W.  Hamming 
for  his  suggestions  and  help. 

Bell  Telephone  Laboratobies,  Murrat  Hill,  N.  J. 

(Received  September  9, 1950) 

TABLE  I 


k 

y 

1.0 

00 

+1.0000 

1.1 

-1-15.406 

.9808 

1.2 

7.567 

.9634 

1.25 

6.003 

.9553 

1.3 

4.9617 

.9476 

1.4 

3.6646 

.9332 

1.5 

2.8899 

.9199 

1.59334 

2.40483 

.90838 

1.6 

2.3761 

.9076 

l.t 

2.0110 

.8962 

1.8 

1.7388 

.8856 

1.9 

1.5282 

.8756 

2.0 

1.3608 

.8663 

2.1 

1.22455 

.8575 

2.45882 

1  .89358 

.8299 

3.0 

.62556 

.7965 

4.0 

1  .39346 

.7514 

5.0 

.28236 

.7190 

6.0 

.21807 

.6942 

7.0 

.17651 

.6742 

8.0 

.14760 

.6578 

9.0 

.12642 

.6439 

10.0 

.11027  j 

.6318 

20.0 

.04652  j 

.5627 

Si' 
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TABLE  II 

Pint  root  of  J»{xt)Nt(kxt)  —  N »(x»)Ji(kx») 


*• 

i 

k 

x% 

00 

1.37 

3.980 

1.74 

1.893 

156.8 

1.38 

3.869 

1.75 

1.866 

78.23 

1.39 

3.764 

1.76 

1.839  - 

52.05 

1.40 

3.665 

1.77 

1.813 

38.96 

1.41 

3.570 

1.78 

1.788 

31.10 

1.42 

3.480 

1.79 

1.763 

25.87 

1.43 

3.394 

1.80 

1.739 

22.13 

1.44 

3.312 

1.81 

1.716 

19.33 

1.45 

3.234 

1.82 

1.692 

17.15 

1.46 

3.159 

1.83 

1.670 

15.41 

1.47 

3.087 

1.84 

1.648 

13.98 

1.48 

3.019 

1.85 

1.627 

12.79 

1.49 

2.953 

1.86 

1.606 

11.79 

1.50 

2.890 

1.87 

1.586 

10.924 

1.51 

2.829 

1.88 

1.566 

10.178 

1.52 

2.771 

1.89 

1.547 

9.525 

1.53 

2.715 

1.90 

1.528 

8.948 

1.54 

2.661 

1.91 

1.510 

8.436 

1.55 

2.609 

1.92 

1.492 

7.979 

1.56 

2.559 

1.93 

1.474 

7.567 

1.57 

2.511 

1.94 

1.457 

7.194 

1.58 

2.465 

1.95 

1.440 

6.855 

1.50 

2.420 

1.96 

1.423 

6.546 

1.60 

2.376 

1.97 

1.407 

6.263 

1.61 

2.334 

1.98 

1.391 

6.003 

1.62 

2.294 

1.99 

1.376 

5.762 

1.63 

2.254 

2.00 

1.361 

5.540 

1.64 

2.216 

2.10 

1.225 

5.333 

1.65 

2.179 

3.00 

.6256 

5.141 

1.66 

2.144 

4.00 

.3935 

4.962 

1.67 

2.109 

5.00 

.2824 

4.794 

1.68 

2.075 

6.00 

.2181 

4.637 

1.69 

2.043 

7.00 

.1765 

4.489 

1.70 

2.011 

8.00 

.1476 

4.351  , 

1.71 

9.00 

.1264 

4.220 

1.72 

10.00 

.1103 

4.096 

1.73 

20.00 

.04652 

\ 

BOUNDARY  LAYER  IN  CONVERGENT  FLOW  BETWEEN 
SPIRAL  WALLS 

Bt  G.  Kubbti* 

1.  Introduction.  The  usual  boundary  layer  theory  is  based  on  a  simplification 
of  the  Navier-Stokes  equations.  Certain  well-known  assumptions,  based  on 
actual  observation,  are  introduced  in  addition,  as  it  were,  to  the  dynamical 
equations  and  the  boundary  conditions  (Prandtl,  1904). 

It  has  long  been  recognized  that  a  stricter  mathematical  interpretation  of 
boundary  layer  theory  is  desirable.  Kdrmim  [1]  pointed  out  that  boundary 
layer  theory  should  be  the  asymptotic  integration  theory  of  the  Navier-Stokes 
equation  for  R—*  « ,  and  Mises  [2],  in  rederiving  the  boundary  layer  equations, 
gave  conditions  under  which  the  Navier-Stokes  equations  {without  a  complete 
set  of  boundary  conditions)  admit  asymptotic  integrals  corresponding  to  bound¬ 
ary  layer  flow.  But  the  establishment  of  as3rmptotic  solutions  in  the  case  of  a 
complete  viscous  flow  problem  presents  formidable  diflSculties.  If  the  two-dimen¬ 
sional,  steady  flow  problem  is  formulated  in  terms  of  the  stream  function  the 
corresponding  differential  equation 

(1.1)  -  ^.vV, 

today  hardly  admits  a  systematic  search  for  asymptotic  solutions  (v  —*  0)  along 
reasonably  general  boundaries. 

There  exist  several  important  investigations  of  the  boundary  layer  phenom¬ 
enon  with  simpler  equations.  Wasow  [4]  studied  a  certain  linear  homo¬ 
geneous  ordinary  differential  equation,  Mises  [5]  studied  the  equation 
y'  “  f{x,  y)  -|-  yg{x,  y)y"  ,  and  partial  differential  equations  of  second  order 
were  also  investigated  (Wasow  [6],  Levinson  [7]).  For  Eq.  (1.1),  however,  only 
one  particular  solution  is  known  to  converge  towards  boundary  layer  flow  when 
y  » 0,  viz.  Hamel’s  convergent  (sink)  flow  between  radial  walls  [8].  The  solu¬ 
tion  of  the  corresponding  boundary  layer  problem,  which  already  appears  in 
[3],  p.  266,  can  in  this  case  be  obtained  as  the  asymptotic  form  of  Hamel’s 
solution  [9]. 

The  radial  flow  is  a  particular  case  in  a  family  of  solutions  of  (1.1)  discussed 
in  [8]  the  streamlines  of  which  are  logarithmic  spirals.  A  sink  flow  between 
spiral  wails  belongs  to  this  family,  and  the  question  arises  whether  the  solution 
of  the  corresponding  boundary  layer  problem  can  again  be  obtained  as  the 
asymptotic  form  of  Hamel’s  solution.  It  will  be  shown  that  this  is  true  for  any 
width  of  channel  and  any  degree  of  obliqueness  of  the  spiral  streamline,  with 
the  obvious  exception  that  the  spiral  degenerates  into  a  circle. 

2.  Reduction  to  an  ordinary  differential  equation.  Solution  in  the  radial  case. 
In  the  first  part  of  [8],  Hamel  determines  the  most  general  solution  of  (1.1), 

*  Now  at  U.  8.  Naval  Ordnance  Laboratory,  White  Oak,  Md. 
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when  the  family  of  the  streamlines  is  required  to  be  one  of  the  two  components 
of  an  isometric  network.  This  calls  for 

(2.1)  ip  =  /(^)  and  V*^  =  0. 

The  function  /  must  satisfy 

(2.2)  rrb  -  .1/"  "  +  /"(o*  +  &*)  +  2a/'"] , 

with  constant  a  and  h,  while  <p  has  the  form 

(2.3)  ip  =  —  [2/ (a*  +  6*)](o  log  r  +  W)  +  <po , 

r  and  being  polar  coordinates  in  the  plane  of  flow.  Obviously,  ^  can  be  omitted 
in  (2.3),  and  the  family  <p  =  const  remains  the  same  when  a  and  b  are  replaced 
by  CO  and  cb.  We  then  may  normalize  <p  by  prescribing 

(2.4)  26/(0* +  6*)  -  -1, 

and  write  (2.3)  in  the  form  r  =  exp[(— 6/o)(i>  —  ^)].  The  mark  ^  is  now  equal 
to  the  -value  at  which  the  spiral  meets  the  unit  circle,  and  ^  becomes  therefore 
the  independent  variable  in  (2.2)>  The  spiral  angle  y  is  arccot(— 6/a),  and  we 
may  assume  0  ^  7  ^  t/2.  In  view  of  (2.4),  we  put 

(2.6)  o  ■=  sin  27,  6  “  —2  cos*  7,  (0  ^  o  ^  1,  —2  ^6^0); 


0 


0 


for  circular  flow  7  «=  t/2,  o  =■  0,  6  =  0;  for  radial  flow  7 
From  (2.1),  (2.3),  and  (2.4),  the  velocity  $  is  obtained  as 


(2.6)  qr 


r  dt>  r  ’ 


-6  r  ’ 


Q 


-2. 


According  to  (2.6),  the  flow  moves  toward  a  sink  at  0  when/'  <  0,  and  |/'  ] 
is  the  velocity  along  a  circular  arc  with  radius  (—2/6)*^* .  We  shall  only  consider 
arcs  such  that  /'  is  negative  and  — /'  assumes  a  proper  maximum  — /o  at  an 
inner  point.  For  the  existence  of  such  arcs  see  next  section.  Let  <pi  and  ^  be 
two  spiral  streamlines  passing  through  the  extremities  of  the  arc  and  introduce 
the  dimensionless  velocity 

(2.7)  2  =  r/Zo , 


which  equals  q/qm»x  along  any  arc  with  center  0,  passing  between  ipi  and  ^ 
(cf.  Fig.  1,  where  fivi)  =  =*  0  and  /'(O)  *  /o  is  assumed).  On  choosing 

some  characteristic  radius  r*  and  associated  ,  the  Reynolds  number  of  the 
flow,  R,  can  be  defined  by 

(2.8)  vR  »  glxT*  =  -/i.(-2/6)*'*  -  -/i/m  , 
where  we  have  written  for  brevity 

(2.9)  6-  -2m*,  (ml^  cos  7). 


ai 
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Eq.  (2.2),  integrated  once,  reads  in  this  notation 

(2.10)  z"  +  2<u:'  +  4m*z  —  m’/Jz*  4*  C  *  0 

where  C  is  an  integration  constant,  a  *  2m(l  —  m*)‘^* ,  and  m  >  0  is  assumed 
from  now  on. 


Figure  1 


For  radial  flow  (m  >  1,  a  0),  the  general  integral  of  (2.10)  can  be  expressed 
in  terms  of  elliptic  functions.  For  the  initial  conditions  {z  »  1,  z'  »  0  at  ^  »  0) 
one  obtains,  when  C  >  —2  +  R/3  for  0  <  R  ^  3  and  C  >  —4  +  R  for  f2  ^  3 

(2  11)  1  -  iikW{A^,k) 


Here  |i.,  -  -  1  ±(36R~*  +  12fl"'  -  3  +  12fl' 


],  >  0  >  {* , 


-d  “  Kfi  —  ^)R/6]^'* ,  and  the  modulus  fc  —  [(1  —  {j)/(fi  —  t*)l‘^* .  The  condi¬ 
tions  given  for  C  are  necessary  and  sufficient  for  z(t9)  to  drop  monotonically  to 
zero  when  — »  ±  (?.  For  R—*  « ,  — ♦  1,  $j  — »  —2. 

In  the  general  case  m  <  1,  Eq.  (2.10)  can  only  be  solved  by  elliptic  functions 
when  a  certain  relation^  obtains  between  the  coefficients,  which  cannot  be  valid, 
however,  for  the  limiting  procen  later  considered.  Such  solutions  have  been 
used  in  a  numerical  study  of  spiiw  channel  flow  by  Olsson  and  Fax4n  [10]. 

*  vii.  {2*’3*/5*)a*  —  2*m*  m*RC  (Picard  and  Mittag-Leffler,  quoted  in  [10]). 
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3.  Solutions  8atisf3ring  the  boundary  conditions  z  0.  Since  d  does  not 
explicitly  occur  in  (2.10),  the  point  d  >»  0  may  be  chosen  as  abscissa  to  the 
maximum  value  of  z  (unity).  A  solution  z(d)  of  the  initial  value  problem 
{z=>l,z^»0atds0)  represents  a  channel  flow,  if  (a)  two  positive  numbers 
01  and  0j  exist  such  that  z  —  0  for  d  *  —  0i,  d  «  6j,  but  0  <  z  ^  1  for 

—  01  <  d  <  0j,  and  if  (b)  the  channel  width  0  ■=  0i  +  0j  <  2t. 

Obviously,  z"(0)  <  0  is  a  necessary  condition,  that  is, 

(3.1)  z"(0)  =  m*fi  -  4m*  -  C  <  0 

determines  a  lower  bound  for  the  admissible  values  of  C,  but  it  is  also  a  suffi¬ 
cient  condition  as  will  be  shown  now.* 

Eki.  (2.10)  is  equivalent  to  the  first  order  system 

dz/dd  =»  p, 

(3.2)  ,  ,  , 

dp/dd  »  —  2op  —  4m*z  -}-  inRz*  —  C  *  h(p,  z), 

the  r.h.  sides  of  which  are  polynomiaU  in  p  and  z.  It  is  well  known  that  there 
exists  in  this  case  one  and  only  one  characteristic  through  any  point  of  the 
phase  plane  z,  p,  with  the  exception  of  the  critical  points  for  which  both  r.h. 
sides  of  (3.2)  vanish  simultaneously.  The  only  (finite)  critical  points  in  our  case 
are  the  roots  of  h{0,  z)  =»  0,  viz. 

(3.3)  a,  =  (2/m«)[l  -  (-l)'(l  +  i2C/4m)*'*],  1,2. 

Since  finally  R—*oo,\re  consider  (3.3)  for  R  >  4/m,  say;  C  is  then  positive, 
cf.  (3.1),  and  a,  certainly  real.  One  confirms  easily  that  ai  is  a  saddle  point  and 
as  a  focal  point;  also  as  <  0,  and  from  (3.1) 

(3.4)  as  >  1. 

According  to  (3.2),  vertical  or  horizontal  characteristic  elements  can  only 
occur  along  p  —  0  or  A  »  0,  respectively.  The  distribution  of  signs  of  dp/dd  and 
dz/dd  is  indicated  in  Fig.  2,  where  the  vertex  of  A  —  0  has  been  denoted  by  A, 
the  point  z  —  A  —  0  by  B,  and  the  point  z  —  1,  p  —  0  by  Q.  The  half¬ 
characteristics  Si  and  Si  arrive  at  and  depart  from  the  saddle  at  slopes 

—  o  ±(o*  -H  m*R(ai  —  as)]‘^* ,  coming  from  and  going  to  the  “inside”  of  A  *  0. 

Along  the  parabolic  arc  aiAas  all  possible  crossings  of  characteristics  pass  from 
right  to  left,  hence  St  can  only  cross  this  arc  between  A  and  as;  it  either  meets 
the  p-axis  between  0  and  B  or  crosses  the  parabola  between  A  and  B;  in  the 
latter  case,  St  has  a  minimum  at  the  crossing  and,  since  it  cannot  re-cross  be¬ 
tween  A  and  as ,  it  must  meet  the  p-axis  somewhere  between  the  ordinates  p^ 
and  Pa  . — To  discuss  Si ,  we  write  t  =»  —  d  and  reverse  the  arrow;  then  dp/dr  >  0 
and  dz/dd  <  0  on  Si  in  a  certain  neighborhood  of  ai .  Thus  at  any  large  nega¬ 
tive  r,  the  phase  point  has  left  ai  “along  the  tangent”  and  acquired  some  posi- 

*  This  is  intuitively  clear  if  one  interprets  (2.10)  as  a  damped  non-linear  oscillation 
with  constant  impressed  force  —C\  condition  (3.1)  then  stipulates  that  at  the  instant  of 
release  the  total  force  be  a  restoring  one. 
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tive  value  of  p,  hence  negative  dz/dr\  the  absolute  value  of  that  quantity  can 
serve  as  a  lower  bound  for  all  “later”  |  dz/dr  |-values  in  the  first  quadrant.  Si 
must  therefore  meet  the  p-axis  at  some  finite  r-value.* 

Let  the  characteristic  arc  that  contains  Q  and  has  2^0  consist  of  arcs  P„ 
»  ■=  1,  2  (Fig.  2).  Then  either  Pi  is  penned  between  the  z-axis  and  Si  and  there¬ 


fore  meets  the  p-axie.  Pi  is  determined  by  anal3rtic  functions  p<(d),  Zi(<d),  and  the 
function  z  —  ^  ^  0,  z  —  **(^),  ^  ^  0  fulfills  requirement  (a).  Note  that 

Pi,  Zi  and  Zt  are  monotonic  for  z  ^  0;  in  this  range  zi  is  convex,  zt  starts  as  a  con¬ 
vex  arc  but  will  have  exactly  one  inflection  point,  when  Pt  crosses  the  parabola 

*  Further  disouzeion  of  St  of  course  show  that  St  spirals  into  the  focus  at  (Bendixson’s 
second  criterion  excludes  limit  cycles  in  the  present  case),  while  Si  and  the  remaining  two 
half -characteristics  tend  to  a  non-elementary  critical  point  at  y  ±  « . 
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before  meeting  the  p-axis. — All  this  hinges  on  relation  (3.4),  equivalent  to  (3.1); 
the  latter  is  therefore  a  sufficient  condition  for  (a),  provided  R  is  large  enough.* 
To  study  the  dependence  of  9  on  C,  we  substitute  in  (2.10)  a  definite  solution 
z  —  Zi(d;  C,  R)  satisfying  (a),  multiply  with  dzi/dd,  and  integrate  from  0  to  d. 
Since  z<(d)  is  monotonic,  the  result  may  be  written  as 

(3.5)  p\  +  4o  pidz  +  4m*(z*  -  1)  -  !  m*fl(z*  -  1)  +  2C(z  -  1)  -  0 

and  considered  as  a  functional  equation  for  pi(z)  in  the  independent  variable  z. 
Write  (3.5)  for  two  different  permissible  C-values  C',  C”  and  subtract.  Then 

(3.6)  (p?  -  p7')  +  4a  I*  (Pi  -  p7)  dz  -  2(C  -  C')(\  -  z),  C  >  C",  say. 

Now  (3.1)  implies  that,  for  a  sufficiently  small  i,  p'  >  p7'  for  jz  —  1|  <  i. 
If  there  were  a  number  2  <  1  such  that  for  the  first  time  p<(z)  —  p,  (z),  then  the 
fird  term  of  (3.6)  would  pass  from  positive  values  through  zero  to  n^ative  or 
positive  values,  when  z  passes  decreasingly  through  2.  If  (3.6)  is  differentiated 
with  respect  to  —  z,  then  at  z  »  2  that  term  gives  a  non-positive  contribution,  the 
second  term  gives  nothing,  but  the  r.h.  term  gives  a  positive  contribution. 
Hence  there  is  no  such  2,  and  for  the  wfu>le  interval  0  ^  z  <  1  pi  >  p”  ,  pi  <  pj 
if  C'  >  C".  This  implies  for 

(3.7)  di(z)  -  (-lY  f^dz/\pi\ 

the  relation  |di(z)|  <  |<9<(z)|.  The  same  argument,  applied  to  a  change  of  R, 
gives  rise  to  the  same  inequality,  when  R'  <  R”\  hence  we  have  in  particular 
for  z  —  0  •  ^ 

el  <  el' ,  el  <  e|' ,  e'  <  e" 

(3.8)  '  when  either  C  >  C"  and  R  unchanged 

or  R'  <R”  and  C  unchanged. 

When  (3.5)  is  written  for  t  ~  1,2  and  subtracted,  one  obtains 

(3.9)  p?  -  pi  »  4o  J  (pi  -  p*)  dz  >  0,  or,  pj  >  p* , 

whence  |  dt(z)  |  >  |  di(z)  |  and  in  particular 

(3.10)  es  >  ei ,  and  therefore  9*  >  9/2. 

Condition  (6)  can  now  be  disposed  of.  Suppose  m  and  a  sufficiently  large  R 
prescribed,  then  by  (3.1)  m*R  —  4m*  <  C  <  «o.  If  C  approaches  its  lower 

*  When  m  »  1  and  a  <■  0,  the  same  conclusion  holds,  but  the  parabola  degenerates  into 
a  pair  of  parallel  lines,  at  becomes  a  vortex  point,  2j(d)  zi(—0),  and  no  inflection  point 

can  occur  for  real  a,  . 
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bound,  ai  moves  toward  1,  Pi  in  Fig.  2  approaches  Si ,  and  the  integral  (3.7) 
becomes  divergent  at  the  upper  terminus  owing  to  the  finite  slope  of  the  saddle 
characteristics.  If  on  the  other  hand  C  — ♦  « ,  Eq.  (4.1 1)  below  shows  that  0,'  —*  0. 
Hence  6  as  a  function  of  C  decreases  monotonically  from  <»  to  0,  and  can  be 
made  to  assume  any  value  between  2ir  and  lero.  In  the  same  way,  6  is  a  mono¬ 
tonically  increasing  function  of  R,  and  O  — »  oo  when  R  approaches  its  upper 
bound  for  given  C.  ~ 

4.  Estimates  for  Pi(z) ;  behavior  of  Pt{z)  at  large  R.  Introducing  the  amount 
of  the  curvature  of  2(^)  at  t9  «  0,  vis. 

(4.1)  c  -  -z\0)  -  C  -  {m'R  -  4m*)  >  0 
and  the  mean  value 

(4.2)  pi  -  [1/(1  -  z)]  pidz, 
one  can  rewrite  Eq.  (3.5) 

(4.3)  p<*/(l  —  z)  —  Aapi  =  — 4m*(l  —  2)  +  |  m*R{l  —  z)(2  +  2)  -h  2c. 

In  the  interval  /  *  [0  ^  2  ^  1] 

(4.4)  pi(z)  =  ki{z)pi,  withO  ^  h(z)<  1,  2  €  /• 

However,  ps  may  possess  a  minimum  p*  at  z*  >  0.  In  this  case,  there  is  again,  for 
1  ^  2  ^  2*,  p*  =  *(2)p*  as  in  (4.4).  For  2  <  2*,  we  can  write* 

(4.5)  p{z)  -  [(1  -  2*)/(l  -  2)]  k{z*)p*  -{■'  [(z*  -  2)/(l  -  2)]  •  p« , 

/•• 

pdz  =  p[z e  (z*  —  2)],  and  0  <  d  ^  1. 

Now  2*  2^  =*  2lmR,  hence  from  a  certain  /?'  on 

(4.6)  0  ^  2  <  2  -H  ^  (2*  —  2)  <  2*  ^  2a  <  €,  R  >  R*. 

Further, 

(4.7)  -m*«(oi  -  aj)*/8a,  Pa  <  p*  <  Pm  <  piz)  ^  p(0)  <  pa  -CI2a. 

But  Pa  —  Pb  ^  —  2m/o/2,  hence  p(0)  —  p*  <  €  for  >  R'*',  when  we  put 
Pm  “  p(z)(l  +  «i),  P*  *  p(z)(l  +  «*),  2  “  «i  I  2*  “  «4  ^  «i ,  where  e<  <  «,  tW 

(4.5)  becomes 

(4.8)  p(z)  »  p(2)[(l  -  «4)k(2*)(1  +  **)  +  («4  -  «a)(l  +  «i)l/(l  -  «») 

-  **(2)p(2),  26/, 

where  0  ^  ^^*(2)  ^1  +  3,  and  3  — +  0,  when  R  —*  <x>. 

We  can  now  show  that  for  sufficiently  large  R  and  valid  (3.1)  none  of  the 
curves  pi(2)  has  a  minimum  for  an  inner  point  of  /.  .Otherwise,  Eq.  (3.5)  with 

*  p  stands  for  p«  in  Eqs.  (4Ji)-(4.8). 
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i  >■  2,  second  term  replaced  according  to  (4.8)  and  c  —  0,  should  admit  a  root 
pi(0)  smaller  than  —  C/2a.  This  would  mean 

(4.9)  CV4a*  <  2C(1  -  jfc,(0))  +  Sm*/3, 

which  cannot  remain  valid  for  C  — »  «>. 

From  (4.3)  follow  the  estimation  formulas  (we  write  x  —  1  —  s) 

(4.10)  Pi  -  2(ixKi(3s) 

-  (-  1)V'*{  x[fm*«(3  -  x)  +  4(a'K\ix)  -  m*]  +  2c}*'*' 

where  Kiix)  »  ki(z)  are  now  both  bounded  by  0  and  1,  if  £  is  large  enough. 
An  alternative  form  of  the  brace  in  (4.10)  is 

(4.11)  {  •••  }  -  \4a'K\{x){2  -  x)  +  4m*x  +  2C  -  fm*iJ(x*  -  3x  +  3)}. 

6.  Transition  to  the  limit  A  — »  «  at  constant  6.  This  process  may  be  visu¬ 
alised  as  a  sequence  (rf  alternating  augmentations  of  C  and  R  that  compensate 
one  another  in  their  action  on  0,  cf.  (3.8).  Thus  C—  (and  c— )  values  for  any 
large  R  can  be  determined,  when  one  starts  from  a  given  combination  of  com¬ 
patible  C,  R,  0. 

The  general  shape  of  the  velocity  profile  Zi{&)  for  large  R  at  constant  0  can  be 
investigated  by  means  of  (4.10).  Omitting  certain  positive  terms  in  the'  ex¬ 
pressions  for  p\  and  |  pt  |  given  by  (4.10),  one  has 

Pi  >  x[im*fi(3  -  x)  -  4mY'* 

I  Pi  I  >  x[|m*fl(3  -  x)  -  4mY'*  -2a.  xl. 

The  square  root  in  (5.1)  is  real  when  R  >  2/m,  and  for  R  >  4/m  the  r.h.  sides 
of  (5.1)  are  monotonically  decreasing.  Therefore,  in  the  interval  I,  >■ 
«  ^  X  ^  1],  e  >  0, 

[(5.2)  I  Pi  1  >  2m*[m«(3  -  €)/6  -  1]*'*  -  2o  >  2m€[mfl/3  -  1]*'*  -  2, 

and  to  any  given  combination  (iV,  c)  an  R'  can  be  found  so  that  |  pt  |  >  N 
for  all  X  6  when  R  >  R'.  The  velocity  profile  in  the  proximity  of  the  channel 
wall,  =  —  01 ,  stays  within  the  straight  lines  »=  —  0i  and  z  *  N{d^  -H  0i) 
at  least  until  z  >  1  —  the  analogous  statement  holding  for  the  wall  0i .  The 
ordinate  1  —  « is  reached  at  a  distance  from  the  wall  <  (1  —  t)/N  <  i/N. 

Let  us  construct  the  sequence  of  arcs  at  constant  0,  z(JRn),  — »  «>,  above 
the  same  segment  AB  of  length  0.  Since  almost  all  arcs  are  convex,  our  result 
means  that  the  arcs  z{Rn)  converge  uniformly  toward 

(5.3)  2  -  1 

on  a  closed  subinterval  of  AB,  not  including  A  or  B.  Eq.  (5.3)  is  the  well-known 
perfect  fluid  solution  for  the  problem  considered. 

Eq.  (4.10)  shall  now  be  used  to  obtain  the  asymptotic  velocity  profile  at  the 
wall  (boimdary  layer).  For  this  purpose  one  should  know  the  behavior  of  c  for 
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large  R.  On  recalling  the  definiti<Hi  of  c  in  (4.1),  the  preceding  discussion  seems 
to  leave  little  doubt  that  c  —*  0,  but  a  separate  proof  is  necessary,  since  the 
maxima  of  the  arcs  z(f2«)  may  in  the  limit  move  to  A  or  B. 

We  shall  use  (3.7)  to  connect  0  and  c.  A  non-vanishing  lower  bound  for 
|p,(x)l  in  I  being  unavailable,  it  is  natural  to  estimate  p<(x)x~*^*.  We  have,  how¬ 
ever,  to  operate  with  pi  rather  than  pi  ,  because  of  the  possibility  0i  — »  0, 
whereas  always  0*  >  0/2,  cf.  (3.10).  Then  by  (4.10) 

(5.4)  I  Pi  1  x~^'*  >  {§  m*Rxi3  —  x)  —  4m*x  -H  2c  —  2ax‘/*  ^f(x]  R); 

/(x)  stays  positive  in  7,  and  a  simple  discussion  shows  that  of  the  three  possible 
extremes  of  fix)  there  is  always  exactly  one  minimum  inside  7.  (That  there  is 
at  least  one  minimum  inside  7  follows  from/(0)  <  /(I)  and/'(0)  =  —  «.)  Let 
MiR)  denote  that  minimum. 

If  c  is  not  bounded,  we  can  select  a  sequence  such  that  the  associated 
Cn  — >  00  monotonically,  and  as  /(x;  i2*+i)  >  /(x;  /?*)  also  /or  x  -  0,  so 
MiRk+i)  >  MiRk)‘,  thus  MiRk)  — »  oo  for  all  x  C  7.  Now  by  (3.10),  and  (3.7) 
for  z  »=  0, 

(o.5)  0  <  0/2  <  0,  =  x»/*- lp,lar-»«  /o x»«Af(R,)  “  M^) 

which  is  impossible  with  0  being  a  fixed  number.  Thus  c  must  be  bounded.  This 
implies  by  (4.1)  and  (3.3) 

(5.6)  lim  C/i2  ■»  m*,  lim  a*  ■=  —(—!)*, 
and,  as  a  consequence  of  ai  — » 1,  we  finally  have 

(5.7)  —  c  =»  dp/dd  |,_o  —*dp/dd  l,_o  —  0. 

On  using  the  hrst  relation  (5.6),  the  limiting  form  of  Eq.  (2.10)  is  obtained  as 

(5.8)  z*  -  1  -  0. 

In  view  of  (5.3),  we  may  then  say  that  z(t>)  converges  (with  the  above  speci¬ 
fications)  towards  one  of  the  solutions  of  the  limiting  form  of  its  differential 
equation. 

In  the  case  m  »  1,  a  0,  it  can  even  be  estimated  how  fast  c  goes  to  zero. 
Eq.  (2.11)  must  give  z  ■>  0  for  «  0/2,  thus  «n*(A0/2)  *  (Ji  A:*)“‘.  The  right 
hand  side  of  this  relation  converges  toward  one,  since  k  —*  1  and  — »  1.  The 
argument  of  sn  approaches  therefore  K,  the  complete  elliptic  integral  of  first 
kind  belonging  to  k.  From  the  known  expansion  of  K  in  terms  of  k  one  has 
K  ~  log[4/(l  —  k*Y'*],  valid  for  fc  1.  On  replacing  here  K  by  A0/2  and 
noticing  A  — » (/2/2)‘^*,  one  has  i*  ~  1  —  16  exp[— 0(ft/2)‘^*].  From  formulas 
following  (2.11),  fc*  may  be  expanded:  k*  ~  1  —  2c/R;  hence  the  result 

(5.9)  c  -  OiR  exp[-0(«/2)‘'*]). 

Since  in  the  present  case  the  coefficients  c^n  of  the  expansion  of  z(t9)  about 
=  0,  z  =  1  —  c^*/2  +  cd)*  -H  •  •  •  ,  are  polynomials  of  degree  n  in  c  and  R, 
divisible  by  c,  one  can  conclude  from  (5.9)  that  c  and  all  Ci,  go  to  zero  when 
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Using  the  result  c  *  0(1),  one  obtains  from  (4.10) 

(6.10)  Pi  -  -i-iyiWY'*  *(3  -  +  2axKi(x)  +  OiRr^‘% 


The  leading  term  in  (5.10)  serves  to  characterize  the  behavior  of  p.  for  large  R 
in  the  practice  of  fluid  dynamics.  As  is  well  known,  a  strict  formalization  re¬ 
quires  the  introduction  of  the  stretched  y-coordinate 

(5.11)  71  -  Ad  =  01  4-  d  or  Ad  -  0,  -  d. 

The  limiting  form  of  (5.10)  is  then  for  either  wall 

(5.12)  dz/dr,  -  (§m*)*'*(l  -  2)  (2  +  zf', 
and  the  boundary  layer  profile  is  given  by 

/  2  y/j  ^ _ 

(5.13)  "  ~  WV  J  .  (1  -  2)(2  +  r)'"  ■  "■ 

z  -  3  tanh*(i,(mV2)‘'*  +  artanh(2/3)‘^]  -  2. 


When  (5.11)  is  introduced  in  (2.10)  and  transition  is  made  to  72  »  oo  as  in 
(5.8),  one  obtains  the  differential  equation  of  the  boundary  layer 

(5.14)  (d*2/dir*)  -  mV  -H  m*  -  0 

which  is  solved  by  (5.13)  for  the  boundary  conditions  z(0)  »  0,  z(ao)  »  1. 
This  equation  is  obtained  directly  from  the  usual  formulas  of  boundary  layer 
theory  when  the  pressure  gradient  d{p/pql)/dx  =  —  m/(l  —  mx)*  is  introduced, 
X  being  the  dimensionless  arc  length  s/u  along  the  wall.  The  affine  transforma¬ 
tion  Til  >  m*'*7)  makes  all  boundary  layer  profiles  congruent. 
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THE  BEHAVIOR  AT  INFINITY  OF  THE  POTENTIAL  FUNCTION  OF 
A  TWO  DIMENSIONAL  SUBSONIC  COMPRESSIBLE  FLOW* 

By  G.  S.  S.  Ludford 

1.  Introduction.  1.1  Tyjte  of  flow  considered:  We  shall  discuss  the  disturbance 
of  a  uniform  compressible  stream  by  a  system  of  bodies  which  may  be  subject  to 
surface  suction.  The  resulting  flow  is  assumed  inviscid,  irrotational,  steady  and 
free  from  turbulence;  in  addition  we  limit  the  analysis  to  cases  in  which  the 
Helmholtz  type  of  flow  is  absent;  we  assume  the  incident  stream  is  sufficiently 
subsonic  so  that  shocks  do  not  occur. 

If  we  denote  by  (r,  a)  the  (lolar  coordinates  in  the  physical  plane,  then  it  is 
known  that  for  an  incompressible  fluid  under  the  above  conditions  the  potential 
function  may  be  expanded  in  the  form 

(1.1.1)  =  9o  r  cos  (a  —  0o)  +  {m/2x)  log  r  +  (r/2T)  a  +  X»-i  [<*»(«)  A"1 

where  qt> ,  6o  are  the  magnitude  and  direction,  respectively,  of  the  velocity  vector 
at  infinity,  m  is  the  source  strength  and  T  the  circulation  in  the  stream  (ref.  1) — 
we  shall  use  suffix  zero  to  denote  values  at  infinity.  We  wish  to  show  that  in  the 
case  of  a  compressible  fluid  the  expansion  for  ip  is: 

fl  1  2)  9o  r  coa  (a  —  do)  +  (in/2r$)  log  r  +  (r/2T)  tan~‘  \fl  tan  (o  —  «o)l 

+  E:-o  a.p(a)  (log  r/r)-(l/r'*) 

with  anp(a)  periodic,  and  ^  —  I  —  Ml,  provided  not  both  m,  F  are  zero.  If  m  =* 
r  =  0,  then 

(1.1.3)  <p  =  qorcmia  —  do)  +  2]“_i  [o„(a)]/r",  a,(a)  periodic. 

These  results  can  be  obtained  formally  by  a  discussion  of  the  non-linear  dif¬ 
ferential  equation  satisfied  by  <p  in  the  physical  plane.  We  give  here  a  rigorous 
derivation,  making  use  of  the  linear  differential  equation  satisfied  by  tp  in  the 
pseudo-logarithmic  plane. 

Historically,  an  approximation  to  the  first  few  terms  of  this  expansion  was 
obtained  for  a  particular  case  by  H.  Lamb  (ref.  5).  That  this  type  of  infinite 
expansion  is  needed  was  first  conjectured  by  H.  Bateman  (ref.  6)  though  he  in¬ 
cluded  terms  in  (log  r)”/r’'  with  m  >  n,  which  do  not  appear  in  (1.1.2)  and 

(1.1.3) . 

Having  established  these  last  two  expansions,  we  may  then  proceed  to  de¬ 
termine  the  lift  and  moment  as  given  by  (4.2.1)  and  (4.2.2).  The  former  has 
been  given  previously  by  many  authors,  see  for  instance  (ref.  4),  but  in  each  case 
without  justification  of  the  expansion  for  (p  used. 

1.2  The  Logarithmic  and  Pseudo-Logarithmic  Planes:  In  a  paper  by  Bergman 
(ref.  2),  which  forms  the  basis  of  our  discussion,  it  is  shown  that  in  the  logarithmic 
plane  (1.1.1)  takes  the  form: 

•  Work  done  under  contract  with  the  office  of  Naval  Research;  Contract  N5  ori  76-16, 
NR  043-046. 
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^  -  (mt74T)  (r‘  -  n  +  (r/4x)  (r‘  +  r) 

(1.2.1)  -(m/4T)  (log  f  +  f )  +  (tr/4x)  log  (f/f) 

+  ^n-O  dn  f"  + 

where 

ff  “  ^  ~  ^0 ,  2(  “  ^  4"  tX 

(1.2.1a)  _  log  9,  and  the  dn  are  constants,  provided  not  both  of 

[  m,  r  are  aero. 

If  m  r  0,  but  ao(a)  ^  0,  it  can  be  shown  similarly  that 

(1.2.2)  ^  Oof  +  <iof  +  2»-o  e»  +  X)»-o  f 

where  Oo  depends  on  the  constants  in  ao(a),  and  is  non-aero.  We  note  inunedi- 
ately  the  difference  between  the  two  cases.  For  m,  F  not  both  aero  (hereafter 
called  the  irregular  case,  since  the  complex  potential  does  not  have  a  Laurent 
series  expansion)  ip  has  a  first  order  singularity,  whereas  for  m  T  *  0  (the 
regular  case)  it  has  a  half  order  singularity.  Moreover  we  note  that  ^  and  its 
conjugate  ^  satisfy: 

(1.2.3)  -  0,  (1.2.4)  ^rz  -  0 

with 


(1.2.5) 


Iff  ^  i  j  (^^,  dZ  —  d2) 


In  the  case  of  a  compressible  fluid,  it  can  be  shown  that  in  the  so-called  pseudo- 
logarithmic  plane  (0,  X)  where  now 


(1.2.6) 


i  log 


'i  -  (1  -  mY* 

/I  -t-  Ad  -  mYW"'' 

Li  +  (1  -  MY* 

\i  -  A(i  -  J 

with 

A  -  Kt  -  !)/(■»  +  i)r;  y  >  1 

the  potential  function  <p  anti  its  conjugate  ^  satisfy 

(1.2.7)  <p*gt  +  P,p*  ~  0  with  ip*  -  Hip 

(1.2.8)  4^*11  +  Fi*  ~  0  with  -  frV 

with 

(1.2.9)  ^  dZ  -  l^''4>z  d2) 


The  functions  P,  F,  H,  I  are  listed  in  Bergman’s  paper  (as  also  is  all  other  notation 
not  explicitly  given  in  this  p^^er),  and  depend  on  X  »  (Z  —  2)/2t  only. 

The  whole  discussion  now  hinges  upon  the  fact  that  the  psuedo-logarithmic 
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plane  degenerates  into  the  logarithmic  plane  as  the  compressibility  tends  to 
zero,  i.e.  the  X  of  (1.2.6)  tends  to  the  X  of  (1.2.1a).  Thus  since  the  leading  terms 
in  (1.2.1)  and  (1.2.2)  are  certain  definite  singular  solutions  of  (1.2.3)  we  may 
define  the  compressible  potential  function  to  have  leading  terms  which  are  the 
corresponding  (definite)  solutions  of  (1.2.7).  Eissentially  a  complete  correspond¬ 
ence  of  singularities  in  the  two  planes  is  set  up. 

For  further  details  of  the  completeness  of  the  correspondence,  the  reader  is 
referred  to  the  bibliography  of  Bergman’s  work  given  in  ref.  2. 

2.  Irregular  Case.  2.1  The  Singviarities:  The  following  formulae,  not  given  by 
Bergman,  will  be  constantly  used  and  may  be  listed  for  reference: 

fi)  *  ^/po  5^  0,  «  for  Mo  <  1 

(2.1.1)  k  «  -  Ml) 

[/_,  «  -(poMWql)  (^ql  -  Ml) 

f/io  =  0,  00  for  Mo  <  1. 

(2.1.2)  L  -  -mW‘'/^"\l)i^ql  -  Ml) 

[//  - 

Moreover  we  shall  use  S(fi ,  •  •  •  f*)  to  denote  a  A:-infinite  power  series  in  the 
k  independent  variables  (fi ,  •  •  •  f*),  known  to  be  uniformly  and  absolutely  con¬ 
vergent  in  some  neighborhood  of  the  origin.  By  we  denote  a  Z  which 
definitely  does  not  contain  terms  up  to  and  including  the  m***  order,  and  by 
S"  a  Sm_i  which  definitely  does  contain  a  term  of  the  m***  order.  Thus  the 
symbol  Z  will  be  used  to  denote  several  functions  of  quite  definite  form,  but  whose 
exact  form  is  not  important.  Finally  and  f  etc.  will  be  in  general  considered  as 
independent  complex  variables  though  in  the  interpretation  of  the  results  we 
shall  need  them  to  be  conjugate,  and  will  note  when  they  are. 

Bergman  now  considers  the  following  singularities: 

(a)  The  fundamental  solution  of  (1.2.8) 

„  #“'>-4.1(logf  +  logf)  +  S 

^  ’  -  Jflog  f  +  log  f)[*.  +  a,(r,  f)i  +  2:(f,  f)  ^ 

SO  that  from  (1.2.5)  with 

(2.1.4)  -  io  +  Zo(f,  f) 
we  have 

(2.1.5)  -  hih^k  log  (f/f)  +  (log  r  -H  log  f)Zo(r,  f)  +  S(f,  f) 

where  we  used  the  fact  that  the  integrand  of  (1.2.5)  is  single- valued  when 
f ,  f  are  conjugate.  We  note  that  reduces  to 

(2.1.6)  -  it  log  (r/f) 

as  the  ccHnpressibility  tends  to  zero.  We  omit  a  factor  p» 
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(b)  The  fundamental  solution  of  (1.2.7) 

(217)  (log  r  + log  f)  +  D 

-  j  (log  r  +  log  f):c  +  ut,  f)i  +  2(i-,  f) 

This  singularity  reduces  to 

(2.1.8)  -  i  (log  f  +  log  f) 

as  the  compressibility  tends  to  zero. 

(c)  The  first  order  singularity: 

»  (d/df)^'"’»-|-(d/df)^'"'" 

(2  19)  “  -  D  +  i(Af  -  A-f)  log  ff  -I-  (Bf  -  B-^)] 

=  (l/f)[if^A)  +  2o(?)l  —  (l/f)[itAo4)  +  So(f)) 

+  (log  f  +  log  ^)lihilo  +  2o(f,  ?)]  +  S(f,  f) 


which  reduces  to 


(2.1.10)  -  if(r‘  -  n 

(d)  The  first  order  singularity: 

-  (d/dr)<f>^^'”  +  (d/df)^''"*’ 

”  iC'(f  *  +  f  ’)  +  i(Q  +  Cf)  log  ff  +  Df  +  Z)f 

=  r‘((l/2M  +  So(f)]  +  r((i/««)  +  2o(f)] 

+  (log  f  +  log  f)2o(f,  f)  +  2(f,  f) 

which  reduces  to 

(2.1.12)  "  -  i(f-‘  +  D 

We  see  from  (2.1.6),  (2.1.8),  (2.1.10)  and  (2.1.12)  that  the  leading  terms  in 
(1.2.1)  are: 

(2.1.13)  (m/2T)^<'’”  +  (r/2T)^‘*'*’  +  (r/2T)v,''^'"  -  (m/2T)v>‘'''” 

Thus  Bergman  proposes  to  use  a  form 


(2.1.11) 


/o  1  0.0  0.0  I  (U)  O.*)  1  (t.l)  (i.l)  1  (M)  (W)  I  / 

(2.1.14)  V>  =  A‘  -r  M  •P  T-M 

for  the  compressible  potential,  with  the  constant  and  <f)'  a  regular  function. 
Just  as  (2.1.13)  falls  into  two  pairs  of  terms  determined  by  m  and  F  respectively, 
so  in  (2.1.14),  as  will  be  shown.  The  correspondence  between  the  potential 
functions  in  the  logarithmic  and  pseudo-logarithmic  planes  will  thus  be  com¬ 
pleted. 

With  (2.1.5),  (2.1.7),  (2.1.9)  and  (2.1.11)  we  obtain  from  (2.1.14):- 

=  f  *  [o  +  2o(f)]  +  f  *  [d  +  2o(f)] 

(2.1.15) 

+  (log  f  -f-  log  f)[6  +  2o(f,  f)l  +  c  log  (f/f)  2(f,  f) 


(U)  o.*) 
<P 


(£.1)  (£..1) 
i  <p 


-h  M  >P  -r  <P 


BEHAVIOR  OF  TWO  DIMENSIONAL  SUBSONIC  COMPRESSIBLE  FLOW  121 


with 

(2.1.16) 


a  =  (1/2/.o)[m“’*’  +  0 

-  b  = 

,c  =  (i/2tu>) 


2.2  Transformation  to  the  Physical  Plane:  A  laborious  though  straightfor¬ 
ward  calculation  gives  Bergman’s  T-periods  explicitly  as: 


(2.2.1) 


with 

(2.2.1a) 


fx"'”  - 

—  T/S  sin  Bo 

y(l.l)  ^ 

cos  Bo 

II 

T  cos  ^0 

y(U)  _ 

T  sin  Bo 

—  Tff  cos  Bo 

y(t.I)  ^ 

—  T/S  sin  Bo 

—  T  sin  Bo 

y(M)  ^ 

T  cos  Bo 

T  =  2it/qo 

«‘PfliP 

Po  P 

Hence  it  may  be  shown  that  the  “consistency  relations” 

\H  X  +  li  X  +  y  X  +  y  X  =0 
.(U)v<M)  L  ..(W)  v(i^)  ^  Q 


(2.2.2) 


imply 

(2.2.3) 


(l.J)  /  (l.I)  _  (i,«  /  (l.I)  _  a 

y  /y  =  —  y  /y  =  P 


which  justifies  the  statement  made  about  (2.1.14).  We  see  that  (2.1.13)  satisfies 
(2.2.3)  with  ^  =  1. 

The  constants  in  (2.1.16)  may  be  written,  in  view  of  (2.2.3)  in  the  form 

I  /O  IP  y  _  flip  <1'1>  /O  IP 

a  =‘  ai  +  lOi  9^  0  ai  =  p  y  /2po  Ot  ^  p  y  j 

b  =  (aj/Ao)(Ai  -  /3/k)),  c  =  ioi/fi 


Now  substituting  (2.1.15)  with  (2.2.4)  into  the  transformation  equations  listed 
by  Bergman  on  pp.  466-7  of  his  paper,  another  tedious  calculation  (for  which  the 
necessary  expansions  are  used  in  the  evaluation  of  the  T-periods)  yields  the 
functions  x(f,  f),  y(f,  f)  in  the  form: 

X  -  iad/m  +  2o(?)I  +  [1  4-  2o(f)]  ■ 

+  (log  f  +  log  f)(j7  +  2o(f,  f)]  +  2(f,  f) 
y  =  (odVf)  II  +  2o(f)]  +  (^/f)  [1  +  2o(f)] 

+  (log  f  T-  log  f)[/»  +  2o(f,  f)]  -f  S(f,  f) 


(2.2.6) 
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{d  =  (l/j8jo)(j8  cos  ^  +  t  sin  6o) 

I 

d*  *=  (l/0qo){d  sin  do  —  i  cos  do) 

g  =  {MI/2^<^){MI  +  ql){fiat  cos  do  —  Oi  sin  do) 

h  =  (Mo/2p*(^){Mo  4"  /3*9o)(oi  cos  do  4"  /Soj  sin  do)  “ 

Next  we  define  two  new  variables  z,  i  (which  are  the  analogues  of  the  complex 
variable  and  its  conjugate  of  incompressible  flow)  by  the  formula 

(2.2.8)  2  *  (qod/i){d*x  —  dy)  ->  r[cos  (o  —  do)  4"  sin  (a  —  do)] 

We  see  that  for  f,  f  conjugate,  i.e.  r,  o  real,  (2.2.8)  is  just  the  transformation 
used  in  the  linearised  theory  of  compressible  flow.  From  (2.2.5),  (2.2.6)  and  (2.2.8) 
we  have: 

(2  2  9)  “  (2a/gor)[l  4-  2;o(f)]  4*  (f/f)2(f) 

4-  ka  (log  f  4-  log  f)[l  4“  So(f,  f)]  4-  2(f,  f) 

and  similarly  for  2.  We  note  that  by  this  linear  transformation  we  have  dis¬ 
sociated  the  leading  terms  1/f,  1/f  in  (2.2.5)  and  (2.2.6). 

2.3  The  Potential  Function  at  Infinity:  We  now  have  to  invert  (2.2.9)  to  obtain 
f,  f  as  functions  of  z,  2.  Then  substitution  in  (2.1.15)  will  give  the  required 
expansion.  To  do  this  we  replace  f/f  and  (log  f  4-  log  f)  in  (2.2.9)  by  i;/f  and 
{/f,  and  consider  {,  ij,  f  as  independent  variables.  Similarly  we  define  |,  ij. 
We  then  have  generalized  definitions  of  z,  2  and  denote  by  w,  W  the  reciprocals 
of  these.  Thus 

(2.3.1)  w  »  (9o/2a)f[l  +  2‘({,  ,,  f,  f)] 

From  the  generalized  z,  2  we  may  form : 

log  z  -f  log  2  -  log  (fi<Ul/ql) 

(2.3.2)  ^ 

-  ^(iQg  r  4-  log  f)[l  +  s‘(f,  17,  r,  f)]  4-  2*({,  I,  17,  77,  f,  f) 

(2.3.3)  2/z*  -  (9od/2a*)(fVf)(l  4-  2‘({,  f,  17,  77,  f,  f)] 

and  replacing  f(log  f  4-  log  f)  by  f  in  (2.3.2)  and  fVf  by  17  in  (2.3.3)  we  define 
two  new  dependent  functions  u,  v  respectively: 

(2.3.4)  u  -  -{qoi/2a)  4-  2*(f,  |,  17,  77,  f,  f) 

(2.3.5)  -  (9od/2a*)i7[l  -b  2‘(f,  J,  17,  77,  f,  f)j 

and  similarly  ti,  v.  We  thus  have  constructed  six  functions  u,  U,  v,  v,  w,  W  of 
six  independent  variables  (,  |,  17,  77,  f,  f.  Moreover  from  (2.3.1),  (2.3.4)  and 

(2.3.5)  we  have 


with 

(2.2.7) 
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(2.3.6)  at  =  ,  =  =  0 

h  V,  II,  f,  f) 

Hence  we  may  invert  (2.3.1),  (2.3.4)  and  (2.3.5)  to  give 

f  =  —(2a/qo)u  +  2*(«,  v,  v,  w,  W) 

(2.3.7)  ^  17  =  (2aV9od)t'[l  +  S‘(m,  H,  v,  v,  w,  Q>)] 

f  ==  (2o/go)t»[l  +  S‘(w,  M,  r,  V,  w,  ®)] 

and  similarly  jj,  f.  A  property  of  this  inversion  is  that  if  we  form  from  (2.3.7) 

(2.3.8)  1/f  =  (go/2a)(l/u>)[l  +  S‘(w,  u,  v,  v,  w,  ©)] 

then  the  series  S*  occurring  in  the  bracket  contains  no  terms  in  m"m"  except  for 
m  =  1,  n  =  0. 

The  formulae  (2.3.7)  are  valid  for  the  particular  values  f(log  f  +  log  f) 
and  f*/f  of  ri  respectively.  Thus  for  f,  f  small  enough  we  have  inverted  (2.2.9) 
to  give 

(2.3.9)  f  »  (2a/qoz)[l  +  2I“-o*»«(a)  (log  r/r)"‘(l/r)"] 

where  we  have  used  (2.2.8).  We  note  that  kmn(a)  and  derivatives  are  continuous 
periodic  functions  of  a.  Substituting  (2.3.9)  into  (2.1.15)  and  remembering 
(2.2.4)  we  have  for  f,  f  conjugates: 


(2.3.10) 

with 

(2.3.11) 


V  =  qor  cos  (a  —  ffo)  +  (m/2Tj8)  log  r 
+  (r/2ir)  tan~‘[j8  tan  (a  —  flo)l  +  2^ 

m/2T|8  -  r/2T  -  M 


,.^Zp-oa»,(a)(logr/r)-(l/r)' 


where  we  have  used  the  property  stated  about  (2.3.8).  We  can  infer  that  the 
Om,(a)  are  continuous  and  periodic  functions  of  a,  together  vs-ith  their  derivatives, 
and  that  (2.3.10)  is  uniformly  and  absolutely  convergent  for  r  large  enough. 

Further  we  may  easily  deduce  that  the  series  (2.3.10)  can  be  differentiated 
term  by  term  ati  will,  and  that  the  resulting  series  have  similar  convergence 
properties.  This  fact  is  understood  in  §4. 


3.  Regular  Case.  3.1  The  Singularities:  The  potential  (1.2.2)  is  defined  on  a 
Riemann  surface  of  two  sheets  with  branch  point  at  Z  »  Zo  in  the  logarithmic 
plane.  If  we  write 

(3.1.1)  =  f*/*  =  (Z  -  Zo)*'* 
then 

(3.1.2)  tp  “  (ao/<r)  +  (do/ff)  +  +  2»-o 

is  single-valued  in  the  v-plane.  Using  the  same  transformation  (3.1.1)  of  the 
pseudo-logarithmic  plane,  we  look  for  a  compressible  potential  which  is  the 
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analogue  of  (3.1.2).  Thus  we  must  discuss  fundamental  solutions  and  derivative 
solutions  in  the  a-plane  in  a  similar  manner  to  that  of  Bergman  in  the  f -plane 
for  the  irregular  case.  In  the  former  plane  (1.2.7),  (1.2.8)  and  (1.2.9)  become 

ip*,  -f  Rtp*  =  0  with  p*  —  Htp 

rf't*  -f  =  0  with 

(fl  =  i  J  (f'^V«  do-  —  do) 

R  =  4ooP[((r*  -  »*  +  Zo  -  Zo)/2t] 

G  =  4(rffP[(o’  -  o*  -I-  Zo  -  Zo)/2f] 

and  H,  I  are  now  functions  of  [(o*  —  o*  -|-  Zo  —  Zo)/2t]  only. 

VVe  may  list  the  required  singularities  as  follows: 

(a)  The  fundamental  solution  of  (3.1.4)  at  (o-o ,  oo): 

*  M+  [log  (ff  —  ffo)  +  log  (ff  —  ffo)]  +  B+ 

where  A  +  ,  B+  are  given  by  the  same  formulae  as  ^4,  P  of  Bergman’s  paper 
except  that  G  is  substituted  for  F  and  a,  a  for  Z,  Z.  For  oo  =  oo  =  0,  ^4+  =  A 
and  B+  =  \B  and  hence 

(3.1.7) 

From  (3.1.7)  and  (3.1.5)  we  obtain  in  this  case 

(3.1.8) 


(3.1.3) 

(3.1.4) 
with 

(3.1.5) 

(3.1.6) 


(b)  The  fundamental  solution  of  (3.1.3)  at  (o-q  ,  ffo): 

(3.1.9)  =  iC'+  [log  (o-  —  Oo)  +  log  {d  —  Oo)]  +  /)+ 

where  C+  and  Z)+  are  given  by  the  formulae  analogous  to  the  C  and  D  of  Berg¬ 
man’s  paper,  namely: 


HC+  =  1  —  /*'  f  P  doi  doi 

(3.1.10)  +  UACC  R  dat  ddo  J  doi  doi 

HD+  =  f  f  L  da  I  doi  f.  ^ 

1  a(i/c+)  1  diHC+) 

2j  ^  " 


+ 


with 

(3.1.10a)  -  .  .  , 

o  —  Oo  00  a  —  ao  da 

Clearly  C+  and  Z)+  are  analytic  functions  of  (o,  o)  in  some  neighborhood  of 
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(<7o ,  ffo).  Similarly  to  (a)  we  have  for  «ro  =  ffo  =  0 
(3.1.11)  =  W"'® 

(c)  The  first  order  singularity  at  (ao ,  ffo): 

=  —iC+  I  +  1  7 1  +  i(dC+/dao  +  dC+/dffo) 

L<T  —  ffo  <T  —  ffoj 

X  [log  (<r  —  ffo)  +  log  (ff  —  ffo)l  +  {dD^/dan  dD+/dao) 


Now  from  (3.1.10)  it  is  easily  proved  that  for  tro  =  ao  =  0 

(3.1.12)  dC+/dffo  =  dC+/dao  =  0 
and  hence  in  this  case,  from  (3.1.11)  and  (3.1.10): 

v*”  =  V»i  =  (l/.r)[-(l/2V  + 

(3.1.13) 

+  (l/a)[-(l/2Ao)  +  2o(a*)]  +  2(a,  a) 


(d)  The  first  order  singularity  at  (<ro ,  &o): 

(3.1.14)  =  i[(d/d<ro)v>+''^  -  (d/ddo)ifii‘‘-'^] 
which  reduces  as  in  (c)  to: 

^  ^  .  (l/<r)l-(t/2ho)  +  2o(d*)l 

(3.1.15) 

+  (l/a)[(i/2hc)  +  2o(«r*)]  +  2(cr,  a) 


for  (To  *  ffo  0. 

The  first  order  singularities  have  been  obtained  in  a  slightly  different  way 
from  that  in  §2.  Since  however  there  are  only  two  independent  singularities 
we  may  choose  two  such  the  most  easily  obtained,  ensuring  that  they  are  real. 
As  the  compressibility  tends  to  zero,  the  above  singularities  tend  to 


(3.1.16) 


<At  “  iilog(ff/ff) 

A  =  i*  (log  <r  +  log  a) 
‘^0  ^  + 

^  =  -Jt-(a-‘  -  a-‘) 


where  we  use  (3.1.8)  and  (3.1.11)  for  the  first  two  and  (3.1.10)  together  with 
the  fact  that  /2  — » 0  as  the  compressibility  tends  to  zero  for  the  last  two.  Again  a 
factor  is  omitted.  We  see  from  (3.1.16)  that  (3.1.12)  may  be  written 

/o  1  1  *7\  OOi  00|  00|  00  I  f 

(3.1.17)  ^  “  Ml^i  +  +  *P 

where 


(3.1.18)  mJ  =  -2Re  (oo),  A  =  -2  Im  (a.),  n\  ^  =  0 
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and  (f>'  is  a  regular  function  of  (a,  d).  In  analogy  to  (3.1.17)  we  shall  write 

(3.1.19)  tp  =»  niipi  +  nitpi  +  Hl<Pl  Hm<Pm 

with  the  /I’s  constant.  Just  as  in  (3.1.17)  ^  Mv  =”  0,  and  logarithmic  terms 

are  missing,  so  in  (3.1.19)  we  shall  have  Mt  *  Mj#  =  0,  and  correspondence  will 
be  complete. 

Assuming  the  latter  fact,  we  may  write  from  (3.1.13),  (3.1.15)  and  (3.1.19): 

(3.1.20)  ^  =  (a/«r)[l  +  2o(d*)]  +  (d/»)[l  +  So(<r*)l  +  S(a,  ^) 
with 


(3.1.21)  a  -  -(l/2ho)(Mi  +  tM*)  0 

3.2  Transformation  to  the  Physical  Plane:  The  transformation  from  the  c-plane 
to  the  physical  plane  may  be  written 

(3.2.1)  X  ^  J  {Ei<p0  do  -j-  Si<pt  do) 

(3.2.2)  y  ^  j  do  +  Sipi  d&) 

where  Ei ,  Et  are  regular  functions  of  (a*,  »*).  In  view  of  this  latter  fact  and  the 
form.s  (3.1.13)  and  (3.1.15)  it  is  clear  that  the  T-periods  (Xi ,  Fi)  and  (Xt,  ¥%) 
of  (pi  and  <pt  are 


(3.2.3)  Xi  -  Fi  =  0,  X,  -  F,  -  0 

since  no  logarithmic  terms  can  arise  from  the  integration.  Moreover  the  T-periods 
(Xl  ,  Yl)  and  (Xu  ,  Fir)  of  ,  ipn  are,  in  view  of  (3.1.8)  and  (3.1.11) 

{Xl  -  -  -T  sin  flo ;  Fi  -  F'*'  ”  -  T  cos 

(3  2  4)  \ 

|Xir  -  ”  -  -T/S  cos  ;  Fir  -  F‘^  “  ~  -Tff  sin  Oo 


where  we  use  (2.2.1)  and  the  fact  that  a  closed  curve  surrounding  <r  “  0  in 
the  (T-plane  corresponds  to  a  closed  curve  surrounding  f  =  0  twice  in  the  f-plane. 
Thus  since 


(3.2.5) 


X,  Y, 

Xm  Fir 


Td  9^0 


from  (2.2.1a) 


the  “consistency  relations” 


(3.2.6) 


(fiiXi  -|-  fitXt  +  PlXi.  +  HmXm  ■“  0 
[mi  Fi  +  /ij  Fi  +  /xl  Ft  +  Hit  F M  *•  0 


reduce  in  this  case  to 


(3.2.7)  Mt  “  Mm  “  0  Ml ,  M*  arbitrary 

This  justifies  the  expression  (3.1.20). 
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Inserting  (3.1.20)  into  the  transformation  equations  (3.2.1)  and  (3.2.2)  we 
obtain 


(3.2.8)  X  -  {ad/a)[\  +  2o(»*)]  +  iad/9)[l  +  2;«((r*)]  +  S(<r,  9) 

(3.2.9)  y  -  (ad*/a)[l  +  So(»*)]  +  (^/^)[1  +  S,(a*)]  +  2(<r,  9) 

where  d,  d*  are  given  in  (2.2.7).  Defining  new  variables  z,  2  as  in  (2.2.8)  we  obtain 
the  expression  corresponding  to  (2.2.9),  namely: 

(3.2.10)  z  -  (2o/96<r)[l  +  So(d*)]  +  (l/9)M<r*)  +  S(v,  9) 
and  similarly  for  2. 

3.3  The  Potential  Function  at  Infinity:  In  order  to  invert  (3.2.10)  we  introduce 
two  new  variables  t,  f  which  replace  a*/ 9,  afi/a  and  four  new  functions  v,  v,  w,  W 
which  replace  2/z*,  z/2*,  1/z,  1/2  respectively.  This  is  done  in  an  exactly  similar 
way  to  that  of  2.2.  There  is  no  need  to  introduce  functions  similar  to  |  and 
u,  a  here  since  (3.2.10)  contains  no  logarithmic  terms.  We  then  have  (corre¬ 
sponding  to  (2.3.1)  and  (2.3.5)): 

(3.3.1)  V  =  (9o5/2a*)T[l  -1-  2o(t,  f,  tr,  v)] 

(3.3.2)  tp  -  (go/2a)v[l  +  2o(r,  a,  9)] 
so  that  since 


(3.3.3) 


d(p,  V,  w,  W)  ^ 


^  0  at  T 


0 


3(t,  f,  V,  9)  16o*<J* 

we  may  invert  (3.3.1)  and  (3.3.2)  to  obtain 

^  T  -  (2aV?o<I)t'[l  +  2o(i;,  v,  w,  O)] 

[<r  »  (2a/qo)w[l  +  So(v,  v,  w,  ©)) 

and  similarly  for  f,  9.  A  property  of  this  inversion  is  that  if  we  form  from  (2.3.4) 

(3.3.5)  l/«r  -  {qa/2aw)[\  -f  2o(t>,  V,  w,  B>)) 


then  the  series  in  the  bracket  contains  no  terms  of  the  first  order  in  v,  v,  or  W. 

The  formulae  (3.3.4)  are  valid  for  the  particular  value  a*/9  of  t.  Hence  for 
a,  9  small  enough  we  have  inverted  (3.2.10)  to  give: 

(3.3.6)  «r  -  i2a/qoz)[l  + 

where  we  have  used  (2.2.8).  We  note  that  kn(a)  and  derivatives  are  continuous 
periodic  fimctions  of  a.  Substituting  (3.3.6)  into  (3.1.20)  and  remembering  the 
statement  made  about  (3.3.5)  we  have 

(3.3.7)  ^  -  gor  cos  (of  -  fla)  -f  a»(a)/r" 

with  ao(a)  independent  of  a.  We  can  infer  that  the  a^ia)  are  continuous  and 
periodic  functions  of  a,  together  with  their  derivatives,  and  that  (3.3.7)  is 
uniformly  and  absolutely  convergent  for  r  large  enough.* 
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Again  we  may  easily  deduce  that  the  series  (3.3.7)  can  be  differentiated  term 
by  term  at  will,  and  the  resulting  series  have  similar  convergence  properties. 

4.  Forces  and  Moments.  4.1  Explicit  farm  of  coefficients:  It  is  possible  to  obtain 
the  forces  and  moment  on  the  system  of  immersed  bodies  as  functionals  of  the 
singularities  in  the  pseudo-logarithmic  plane.  This  method  is  investigated  by 
Bergman  though  his  formulae  are  not  interpreted  physically.  However,  having 
established  the  expansions  (1.1.2)  and  (1.1.3)  it  is  more  instructive  to  obtain 
them  in  the  physical  plane. 

Without  loss  in  generality  we  write  0o  =  0  and  put  qo  =  U.  Moreover  we 
write  instead  of  (1.1.2): 

(4.1.1)  <p/U  =  cos  a  A\ogr  B  C  (log  r/r)  -|-  D/r  -f-  0  (logV/r*) 

where  .4  is  constant  and  B,  C,  D  are  functions  of  a.  Using  Bernoulli’s  equation 
to  obtain  the  density  in  terms  of  A,  B,  C,  D  . . .  and  using  the  density  to  obtain 
from  (4.1.1)  the  outflow  7  across  a  control  contour  it  may  be  shown  that 

I  =  2tAPU  =  m 

where  we  equate  the  m/2ir0  of  (1.1.2)  to  the  AU  of  (4.1.1).  In  order  to  simplify 
the  analysis  we  shall  take  the  case  m  =  0  which  is  of  most  interest.  Then  sub¬ 
stituting  (4.1.1)  into  the  non-linear  potential  equation  (ref.  3)  in  the  physical 
plane,  making  use  of  Bernoulli’s  equation  to  evaluate  the  velocity  of  sound 
occurring  in  that  equation,  the  following  equations  result  for  B,  €,  D: 

(4.1.2)  (f^B/  do?  =  3/o(d/do)((d5/da)  sin*  a] 

(4.1.3)  [(d*/da*)  +  1](^(1  -  Ml  sin*  a)]  =  0 
[(d*/da*)  -j-  1][/5(1  -  Mo*  sin*  a)] 

(4.1.4)  =  -  (7  -  1  )Ml  sin  a{dB/da) (^B/da)  -  (Ml/sin  a) id/da)[(dB/da)'  sin*a] 

-  2Mlid/da)[C  sin  a  cos  ajd-  C{2  -  M2) 

this  equation  holding  also  for  the  case  m  ,0. 

The  explicit  solution  of  (4.1.2)  is 

(4.1.5)  ‘B  -  ir/2rU)  tan“‘  (/S  tan  a) 


where  we  neglect  an  additive  arbitrary  constant  and  note  that  F  is  the  value  of 
the  circulation,  as  can  easily  be  verified.  In  passing  we  may  state  that  if  A  is 
not  taken  zero,  then  B  is 

(4.1.6)  B  =  (r/2Tt7)  tan~‘  (0  tan  o)  -|-  log  (1  —  Ml  sin*  a) 

The  additional  term  is  periodic  and  in  the  notation  of  §2,  §3  is  iAlog  (zi/r*) 
(compare  (2.3.2)).  The  explicit  solution  of  (4.1.3)  is 


(4.1.7) 


c  cos  g  -h  o’  sin  g 
(1  —  Ml  sin*  a) 


c,  c'  arbitrary. 
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a  term  we  should  expect  to  arise  (see  (2.3.2)).  Using  (4.1.5)  and  (4.1.7)  we 
integrate  (4.1.4)  to  give 

/5(1  —  Ml  sin*  a)  =  B\  sin  a  tan“‘  tan  a)  +  Bt  cos  a/(l  —  Afjsin*a) 
(4.1.8)  +  Cl  sin  a  tan~‘(|8  tan  a)  +  Ci  cos  a  log  (1  —  Ml  sin*  a) 

+  C[  cos  a  tan“‘(/8  tan  a)  +  C't  sin  a  log  (1  —  Ml  sin*  a) 

-H  Di  cos  a  +  Dj  sin  a 

where 

Bi  =  -{Ml/m  +  i{y  -  Z)Ml]{r/2TU)\  B,  =  Kt  +  1)MI{T/2xU)* 

Cl  =  0c;  cl  =  —  (l//3)c';  Cj  =  §c;  Cj  =  \c';  Di ,  D2  arbitrary 

4.2  Single-Valued  Solution:  The  equation  (4.1.8)  does  not  give  a  D  which  is 
periodic,  together  with  its  derivatives  unless 

Bi  =  -Cl  C[  =  0 

These  conditions  imply  that  in  (4.1.7) 

ic  =  -{l/0)Bi  =  (.lfoV^)[l  +  Ky  -  3)Mo*](r/2Tt/)*  =  Oonlyif  r  =  0 

ic'  >=  0 

Thus  the  constants  in  C  are  determined,  not  arbitrary.  Since  there  is  only  a 
single  infinity  of  arbitrary  constants  in  (3.1.19)  or  (2.1.14),  we  may  expect  that 
all  the  constants  of  terms  a,,(a)(log  r/r)"(l/r'’)  for  n  >  1  are  determined  by 
the  periodicity  condition,  i.e.  that  these  terms  occur  to  retain  periodicity  in  the 
aop(a)(l/r’’)  terms.  This  is  indicated  in  the  formal  method  mentioned  in  (1.1). 
Hence  D  becomes 

^  Bi  cos  a  ~  Mo  sin*  a)  Di  cos  a  +  D*  sin  a 

(1  —  Mo  sin*  a)*  (1  —  Mo  sin*  a)  (1  —  Mj  sin*  o) 

A  simple  computation  using  a  control  contour  yields  the  force  F  =  (F, ,  F^) 
on  the  system: 

(4.2.1)  F.  =  0,  F,  =  poUr 
and  the  moment  M  about  the  origin 

(4.2.2)  M  -  poC/*Z), 

The  results  (4.2.1)  express  the  generalization  of  the  Kutta-Joukowski  formulae 
to  the  subsonic  compressible  case.  It  was  first  obtained  by  Glauert  (ref.  4) 
without  justification  of  the  expansion  for  ^  used.  The  result  (4.2.2)  is  com¬ 
pletely  equivalent  to  the  corresponding  incompressible  formula  (ref.  1). 

4.3  Summary:  First  the  expansions  (1.1.2)  and  (1.1.3),  for  the  expansion  at 
infinity  of  the  potential  function  of  a  compressible  flow,  were  justified.  Then  the 
explicit  values  of  the  first  few  terms  in  them  were  obtained.  Finally  the  general- 
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izations  to  a  compressible  flow  of  the  force  and  moment  formulae  for  an  in¬ 
compressible  flow  were  found. 

We  note  here  that  if  we  wish  to  justify  (1.1.3)  with  ai(a)  »  0,  then  one-third 
order  singularities  in  the  pseudo-logarithmic  plane  must  be  discussed,  and  so  on. 
The  analysis  of  §3  is  only  slightly  modified. 

We  may  note  in  conclusion  that  the  expansions  (1.1.2)  and  (1.1.3)  are  com¬ 
plete,  in  the  sense  that  they  cover  all  cases  of  the  disturbance  of  a  uniform  stream. 
For  if  it  were  possible  to  have  any  other  expansion,  other  types  of  singularity 
in  the  pseudo-logarithmic  plane  than  those  discussed  in  (2.1)  and  (3.1)  would 
manifest  themselves.  However  these  other  singularities  will  be  excluded  for 
the  same  reason  that  they  are  excluded  in  the  incompressible  case,  see  (1.2.1) 
and  (1.2.2.);  namely  that  the  transformation  to  the  physical  plane  (which  has 
the  same  mathematical  character  in  the  two  cases)  will  give  multiple-valued 
flows  in  that  plane. 
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CIRCULAR  CYLINDER  AND  FLAT  PLATE  AIRFOIL  IN  A  FLOW  FIELD 
WITH  PARABOLIC  VELOCITY  DISTRIBUTION 

By  H.  T.  Naoamatsu 


Introduction.  In  considering  the  problem  of  detached  shock  wave  for  a  body  at 
supersonic  speeds  (cf.  Ref.  1),  it  was  necessary  to  determine  the  effects  of  vortic- 
ity  upon  the  velocity  distribution  in  the  subsonic  region  after  a  detached  shock. 
With  a  curved  detached  shock  wave  the  Mach  number  is  subsonic  back  of  the 
normal  part  of  the  wave  and  the  Mach  number  after  the  shock  wave  becomes 
equal  to  the  free  stream  Mach  number  at  finite  distance  from  the  body.  Thus, 
there  is  a  region  back  of  the  detached  shock  wave  and  in  front  of  the  body  in 
which  the  flow  is  subsonic,  but  it  is  also  rotational  because  the  curved  shock 
wave  causes  the  entropy  to  vary  for  the  streamlines. 

In  order  to  obtain  more  information  regarding  the  effects  of  subsonic  rotational 
flow  after  the  detached  shock  wave,  an  analysis  was  made  for  an  incompressible  flow 
with  parabolic  velocity  distribution  at  infinity.  The  vorticity  distribution  in  this 
case  will  be  a  linear  function  of  y  in  the  undisturbed  region  of  the  flow.  In  Ref. 
2,  Tsien  has  investigated  the  effect  of  linear  velocity  distribution,  which' cor¬ 
responds  to  constant  vorticity,  upon  the  aerod}mamic  characteristics  of  the 
Joukowski  Airfoil.  In  Ref.  3,  Kuo  has  considered  the  same  problem  and  used 
another  method  to  derive  the  Blasius  equations  for  flow  with  constant  vorticity. 
Harrington  and  Libby  (cf.  Ref.  4)  have  considered  the  constant  vorticity  flow 
over  a  circular  cylinder  located  near  a  rectilinear  boundary. 

The  problem  of  flow  with  .a  parabolic  type  of  velocity  distribution  is  also 
encountered  in  flow  through  ducts.  The  effect  of  this  type  of  flow  upon  the  loads 
on  objects  in  the  duct  can  be  investigated  by  applying  the  analysis  that  will  be 
presented. 

In  the  present  paper,  an  analysis  of  the  incompressible  flow  over  a  circular 
cylinder  with  and  without  circulation  in  a  parabolic  velocity  distribution  for  the 
free  stream  is  presented.  The  effects  of  parabolic  and  linear  velocity  distribu¬ 
tions  at  infinity  upon  the  flow  over  a  flat  plate  airfoil  at  angles  of  attack  are  also 
considered. 

A.  Fundamental  Equations  and  Assumptions.  It  wall  be  assumed  that  the 
flow  is  incompressible,  steady,  non-viscous  and  two-dimensional.  It  wrill  also  be 
assumed  that  the  velocity  distribution  at  infinite  distance  ahead  of  the  body  is 
parabolic,  namely, 

ti  -  f7o(l  +  k(y'/c*)),  r  -  0  (1) 

where  I;  is  a  non-dimensional  constant,  c  is  a  representative  length  of  the  body 
and  Uo  is  the  undisturbed  flow  velocity  along  the  x-axis. 

The  equation  of  continuity  for  the  two-dimensional,  steady  incompressible 
flow  is 

du/dx  -f  dv/9y  «•  0 
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A  stream  function,  which  satisfies  this  equation  is  introduced  and  is  defined 
by 

u  =  d^ldy  V  =  —d^fldx  (3) 

The  vorticity  equation  in  terms  of  the  stream  function  is  then 

-a  =  aV/^a:*  -I-  d*i/dy^  (4) 

This  vorticity  is  associated  with  the  flow  particle  and  maintains  its  strength; 
each  streamline  at  infinite  distance  from  the  body  will  have  a  definite  vorticity 
which  remains  constant  along  the  streamline.  Therefore,  Eq.  (4)  may  be  written 
as 

VV  =  fix)  (5) 

Our  problem  is  to  solve  this  equation  with  the  proper  boundary  conditions. 
The  general  solution  of  Ek}.  (5)  is  very  difficult  to  obtain.  We  shall  assume  that 
the  velocity  curvature  factor,  k,  is  small  and  also  that  the  disturbance  due  to  the 
body  is  small  such  that  the  deflection  of  the  streamline  is  small.  Thus,  we  may 
write 


where  is  the  undisturbed  stream  function  satisfying  the  equation 

-Qo  =  vVo  =  Mo)  =  i2Uok/c*)y  (7) 

and  4^1  is  the  disturbance  stream  function.  The  general  vorticity  equation  now 
becomes  * 

V*(^o  +  ^i)  =  Mo  +  f  i)  (5a) 

By  Eqs.  (7)  and  (5a),  it  is  easily  seen  that 

vVi  =  Mo  +  h)  -  Mo)  (8) 

The  right  hand  side  of  this  last  equation  can  be  approximated  by  the  use  of 
derivative  expression  as  follows 

vVi  =  [d/(\^'o)/d\^ol^i  (8a) 

From  Eqs.  (1),  (3),  and  (7), 

4^0^  Uo[y+iky*/3c')]  (9) 

and,  then,  we  find 

■  dMo)/d4^o  =  (2fc/c*)  1/[1  +  k  iy/c)*] 

=  i2k/c')[l-kiy/c)*  +  k\y/c)*---] 
provided  that  kiy/c)*  <K  1.0.  Combination  of  Eqs.  (8a)  and  (10)  yields 

vVi  -  i2k/c')[l-kiy/c)*  +  .  •  (11) 

Since  it  is  assumed  that  k  is  small  and  also  that  the  disturbance  function  4'i 
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is  small,  the  product  of  these  terms  will  be  second  order  so  may  be  neglected  for 
the  first  approximation.  Hence,  from  £ki.  (11)  we  obtain  the  Laplace  equation 

vVi  =  0  (12) 

for  the  first  approximation.* 

B.  Circular  Cylinder  in  Shear  Flow.  Polar  coordinates  will  be  used  in  the 
following  treatment.  Thus,  the  normal  and  tangential  components  of  the  velocity 
vector  will  be  defined  respectively  by 


Vr  *  (l/r)d^/dff  V$  *=  —d^/dr 


(13) 


If  the  circular  cylinder  is  located  at  the  origin  as  shown  in  Fig.  1,  and  the  radius 
is  taken  to  be  c/2,  the  undisturbed  velocity  vector  on  the  surface  of  the  cylinder 
will  be  from  Eq.  (1), 

u  *  Uo[l  +  \k  sin*  d\  (14) 

On  the  cylinder  the  normal  component  of  the  resultant  velocity  vector  must 
be  zero;  this  condition  is  analytically  expressed  as 

[(l/r)d^/dfl],_f/j  »  —u  COB  ff  =  —  C/ol(l  +  thifc)  cos  ®  cos  3®j  (15) 

We  are  therefore  looking  for  a  solution  of  Eq.  (12)  which  satisfies  the  boundary 
condition  in  Elq.  (15)  on  the  cylinder  and  vanishes  at  infinite  distance  away  from 
the  cylinder.  Such  a  solution  of  the  Laplace  equation  for  may  be  written  as 

^1  »  f/ol— lc*(l  4-  Afc)r“‘  sin  +  ik(Y^*)r~*  sin  3^1 

Hence,  by  Eqs.  (9)  and  (16), -the  resultant  stream  function  is 

^  *  ^0  +  “  Uo\[r  -  }c*(l  +  ^k)r~^  sin  0 

+  JA:((rVc*)  sin*  0  +  sin  3d] 


(16) 


(17) 


which  is  similar  to  the  expression  obtained  by  Tsien  in  Ref.  2  for  constant 
vorticity  distribution.  The  tangential  velocity  on  the  cylinder  is,  from  Eq.  (17), 


(F#)r-C/I  ”  —  (d\^'/dr),_e/t 

=*  —  Uo\ (2  4-  iV*^)sin  0  +  ik  (sin*  0  —  ^  sin  3d) } 


(18) 


Thus,  the  stagnation  points  occur  at  d«  »  0  and  t  for  all  values  of  k.  This,  of 
course,  should  be  expected  because  the  parabolic  velocity  distribution  at  x  » 
—  ao  is  symmetrical  about  the  x-axis.  The  maximum  velocity  on  the  surface  of 
the  cylinder  occurs  at  d  —  ±t/2  which  correspond  to  the  intersections  of  the 
cylinder  with  the  y-&x\a  and  are  the  same  locations  as  for  uniform  flow  without 
vorticity.  The  magnitude  for  this  maximum  velocity  is 


(F^K)r-./t  -  -u,{2  4-  i*) 


(19) 


*  The  second  approximation  for  the  disturbance  stream  function  is  obtained  by  con* 
sidering  Eq.  (11)  with  the  first  term  on  the  right  hand  side  and  the  solution  is  expressed  in 
terms  of  the  modified  Bessel  functions. 
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which  is  the  correct  expression  for  the  flow  without  vorticity.  For  a  given  ratio 
of  (Vrt^JUt),  the  location  on  the  negative  z-axis  of  this  velocity  ratio  will  be 
farther  away  from  the  origin  for  the  rotational  flow  than  for  the  uniform  velocity 
as  can  be  seen  by  comparing  Eqs.  (20)  and  (20a).  In  other  words,  the  effect  of 
vorticity  has  made  the  location  for  a  given  decrease  in  free  stream  velocity 
farther  away  than  for  the  case  of  uniform  flow. 


C.  Circular  Cylinder  With  Circulation  in  Flow  With  Vorticity.  Consider  the 
case  of  a  circular  cylinder  with  circulation  in  an  incompressible  flow  with  para¬ 
bolic  velocity  distribution  at  z  «  —  «  as  indicated  in  Fig.  1.  The  resultant  first 
approximation  stream  function  is  then 


re)?]'”* 

+  if?""’ 


e  + 


c*  sinSdll  r 
256  r»  Jj  2t 


(21) 


log  r 


where  T  is  the  strength  of  the  circulation  and  will  be  considered  positive  for  the 
clockwise  direction.  Clearly,  this  function  ^  satisfies  the  boundary  condition  in 
Eq.  (15).  For  this  case,  the  velocity  on  the  surface  of  the  cylinder  is 

(V»),_e/i  »  —Uo\(2  -h  ^k)  sin  d  +  JA:(sin*  —  i  sin  3(?)}  —  T/xc  (22) 


which  differs  from  the  expression  in  Eq.  (18)  only  by  the  last  term  due  to  the 
circulation.  The  stagnation  points  on  the  cylinder  can  be  determined  by  setting 
Eq.  (22)  equal  to  zero  and  solving  for  S, .  Thus,  we  have 

de  -  8in"‘[i(A  +  B  -  b)] 

e.  -  sin"‘li(a.*A  +uB  -  6)]  (23) 

d,  **  sin~*(J(<i>i4  -|-  w*B  —  6)] 


where 

A* 


1  /-54r 

2  [rcUck 

1  /-54r 

2  [TcUtk 


+ 


+  108 


-I-  108 


it-n 

(--- 
\k  4 


u  *  "b  *\/3) 


Hence,  it  is  seen  that  the  location  of  the  stagnation  point  depends  upon  the 
vorticity  k,  circulation  T  and  the  velocity  Uo . 

The  Bernoulli  equation  for  incompressible  flow  is 

Po  +  ipoC/.*  ~P  +  hPoiV,)l.cn  (24) 


Therefore,  the  pressure  coefficient  on  the  cylinder  surface  is 
'  ipof/o*  \  Uo  ) 


+  JLV 

^  xcf7«/ 


(25) 
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This  equation  shows  that  the  effect  of  vorticity,  k,  for  the  same  circulation 
strength  is  to  make  the  pressure  coefficient  more  negative  than  for  the  flow 
without  vorticity. 


f  •  PLAMC 


(b) 

Fio.  2.  Flat  Plate  Airfoil  in  Shear  Flow. 

D.  Flat  Plate  Airfoil  in  Flow  With  Vorticity.  1.  Flat  Plate  Airfoil  in  a  Parabolic 
Velocity  Distribution  at  Infinity. 

A  flat  plate  airfoil  in  a  flow  with  a  parabolic  velocity  distribution  at  infinity 
as  shown  in  Fig.  2  is  considered  in  this  section.  As  shown  in  Eq.  (12),  for  the 


1 


r 
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first  approximation  the  disturbance  fimction  satisfies  the  Laplace  equation, 
and  thus,  the  method  of  conformal  transformation  will  be  utilised  to  analyze 
this  function.  Conformal  transformation  cannot  be  applied  to  which  does  not 
satisfy  the  Laplace  equation.  The  Joukowski  transformation  will  be  used  to 
transform  the  circle  of  radius  a  in  the  j’-plane  into  a  flat  plate  of  chord  —  4a  in 
the  z-plane  at  an  angle  of  attack  of  a  as  shown  in  Fig.  2.  The  transformation 
equation  is 

a  -  +  aVf)  f  -  pe"  (26) 

Thus,  the  values  of  x  and  y  corresponding  to  a  pK)int  on  the  surface  of  the  circle, 
p  «  a  —  c/2,  in  the  f-plane  are  given  as  follows; 

X  “  c  cos  0  cos  a,  1/  “  — c  cos  6  sin  a  (27) 

The  boundary  condition  of  no  normal  flow  across  the  airfoil  must  be  used  to 
determine  the  first  approximation  disturbance  stream  function  .  By  Eqs. 
(1)  and  (27),  it  is  seen  that 

'  u  —  f7o{  1  +  fc  cos*  9  8in*a}  (28) 

Then  our  boundary  condition  on  the  surface  of  the  airfoil  can  be  expressed 
analytically  as 

( 1  /  t/o)  (p~*d\^i/ d®)  p-a  “  —  2  sin  d  sin  a  ( 1  +  fc  cos*  0  sin*a)  (29) 

Besides  E)q.  (29),  it  is  necessary  to  use  the  Kutta- Joukowski  condition  at  the 
trailing  edge  of  the  airfoil.  The  strength  of  the  circulation  is  determined  by  the 
Kutta-Joukowski  condition  which  states  that  the  velocity  at  the  trailing  edge  of 
the  airfoil  must  be  finite.  Since  the  normal  component  of  the  velocity  must  be 
zero  to  satisfy  the  boimdary  condition  Eq.  (29),  only  the  tangential  component 
of  the  velocity  exists  on  the  surface  of  the  airfoil.  The  resultant  tangential 
velocity  on  the  airfoil  surface  can  be  expressed  as 

*  I(d^i/dp)p_«  +  2  M  cos  o  sin  6](2  sin  d)“*  (30) 

At  the  trailing  edge,  where  p  »  a  and  0  —  0,  the  quantity  within  the  bracket  of 
Eq.  (30)  must  vanish  in  order  to  have  finite  velocity  at  the  trailing  edge.  Thus, 
we  have  by  Eq.  (28) 

(l/t7o)(d^i/dp)p-«  —  —  2(1  +  1;  cos*  0  sin*  a)  cos  a  sin  0  at  0  —  0  (31) 

It  can  be  foimd  without  difficulty  that  the  solution  which  satisfies  these 
conditions,  Ek}s.  (29)  and  (31),  is 

—  I7o{ol2  sin  o  4*  fc  sin*  a]  log  p  +  2o*  sin  a  (1  +  \k  sin*  a)p“*co8  0 

1  .  .  (32) 

+  sin  ap  cos  30} 

By  Eqs.  (30)  and  (32),  the  resultant  tangential  velocity  on  the  airfoil  is  found 
after  some  reduction,  to  be 

V  tm  ^  (l/e/sin  0)(sin(0  —  o)  +  sin  a  sin*  a 

(4  cos*  0  sin  0  cos  a  4*  2  sin  a  —  sin  a  cos  0  —  sin  a  cos  30)] 


(33) 
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2-  PLANE 


Fio.  3.  Flat  Plate  Airfoil  in  Constant  Shear  Flow, 


If  fc  —  0,  Eq.  (33)  reduces  to 

Vtb  “  (C^o/sin  ^){8in(^  —  a)  +  sin  a}  (34) 

which  is  the  velocity  on  a  flat  plate  airfoil  in  a  uniform  flow  without  vorticitj. 
Thus,  the  effect  of  vorticity  is  to  make  the  maximum  velocity  on  the  upper 
surface  at  a  particular  angle  of  attack  greater  than  that  for  the  case  without 
vorticity  at  the  same  angle  of  attack  and  velocity,  Uo  ■  Also,  it  can  be  seen  from 
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Ek}.  (32)  that  the  strength  of  the  circulation  also  increases  with  the  vorticity  of 
the  flow  for  a  given  angle  of  attack. 

2.  Flat  Plate  Airfoil  in  a  Constant  Vorticity  Flow. 

For  a  constant  vorticity  flow,  the  velocity  at  infinite  distance  upstream  from 
the  airfoil  will  vary  linearly  with  y  as  follows  (cf.  Fig.  3). 

u  =  f/o(l  4-  ky/c)  '  (35) 

The  corresponding  undisturbed  stream  function  is 

»  Uo[y  +  {k/2c)y'\  (36) 


By  Eq.  (27),  on  the  surface  of  the  airfoil,  velocity  u  in  Eq.  (35)  becomes 

u  =  f/o(l  —  k  cos  6  sin  a)  (35a) 

As  in  Fk).  (29),  the  boundary  condition  of  no  flow  across  the  airfoil  is  expressed  as 
(l/17o)(p”Wi/^®)(i-«  =  —  2  sin  sin  o(l  —  A:  cos  ®  sin  a)  (37) 

And,  as  in  Eq.  (31)  the  Kutta-Joukowski  condition  is  expressed  as 

(l/t/o)(d^i/dp),_«  =  —2  cos  a  sin  ^(1  —  kcosB  sin  a),  at  ®  =  0  (38) 

^1  is  thus  found  to  be 


h  =  Uo 


.  (  k  .  \ ,  2o*si 

2a  sm  a  I  1  —  -  sm  a  1  log  p  +  - 


sin  o  cos  6  _  ka*  sin*«  cos  2d| 

P  2  p*  J  ^ 


By  Eqs.  (30),  (35a),  and  (39)  the  resultant  tangential  velocity  on  the  airfoil  is 
Fr*  =  (LV/sin  d){sin‘(d  —  a)  +  sin  a 


—  ^k  sin  a  (sin*  0  cos  a  +  sin  a  —  sin  a  cos  20) } 


(40) 


If  A:  =  0,  this  again  reduces  to  Eq.  (34).  Thus,  the  effect  of  constant  vorticity  is  to 
decrease  the  magnitude  of  the  maximum  velocity  on  the  upper  surface  for  a 
given  angle  of  attack.  Also,  from  Eq.  (39),  it  is  seen  that  the  circulation  decreases 
with  the  amount  of  constant  vorticity.  These  tendencies  are  of  opposite  signs  in 
comparison  with  the  previous  case  of  parabolic  velocity  distribution. 
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ON  A  RELAXATION  METHOD  FOR  EIGENVALUE  PROBLEMS 
By  Stephen  H.  Crandall 

A  Relaxation  method  is  essentially  a  method  of  successive  approximations  in 
which  the  computation  is  so  arranged  that  the  error  corresp>onding  to  a  given 
trial  solution  is  readily  found  and  moreover  is  of  sufficiently  suggestive  form  to 
guide  the  computer  in  altering  the  given  trial  in  the  right  direction.  R.  V.  South- 
well  and  others*  have  shown  a  Relaxation  method  for  finding  the  roots  and 
vectors  of  matrices.  They  have  also  discussed  the  eigenvalue  problem  for  two- 
dimensional  continua*  by  using  finite  difference  approximations  to  the  governing 
differential  equation.  A.  Vazsonyi*  has  given  an  alternant  Relaxation  method  for 
this  latter  class  of  problem.  The  purpose  of  this  paper  is  to  point  out  that  Vaz¬ 
sonyi ’s  technique*  is  particularly  well  adapted  to  finding  rough  approximations 
to  the  roots  and  vectors  of  matrices  and  to  give  a  proof  of  the  convergence  of 
the  method.  The  procedure  has  the  advantage  that  the  same  computational 
machinery  is  used  for  all  modes  and  that  orthogonalization  of  trial  vectors  is  not 
required. 


1.  Description  of  the  Method.  Let  A  be  a  real  symmetric  matrix  of  order  n 
with  elements  0,7 .  Then  the  eigenvalue  problem  is  to  find  vectors  X(xi  •  •  •  x«) 
and  corresponding  scalars  X  which  satisfy  AX  »  XX,  or 

2^ya./Xy  -  Xxi ,  (t  -  1,  •  •  •  ,  n).  (1) 

We  note  in  passing  that  this  formulation  includes  the  case  treated  by  Vazsonyi. 
The  method  of  Vazsonyi  when  applied  to  this  problem  consists  in  associating  a 
set  of  numbers,  /,(t  »■  1,  •  •  •  ,  n),  with  a  trial  vector  V{vi  •  •  •  r«)  by  the  equations 

.  (t  «  1,  •  •  •  ,  n)  (2) 


and  successively  correcting  the  trial  vector  with  intent  to  equalise  the  /,• .  There 
are  two  properties'  of  the  U  which  facilitate  the  computation;  (1)  the  enclosure 
property,  which  insures  that  if  the  algebraicly  least  and  greatest  U  are  Imu 
and  Imui  respectively  then  there  is  always  at  least  one  eigenvalue,  X,  satisfying 

Imln  ^  X  <  /max  (3) 

t 

and  (2)  the  fact  that  Rayleigh’s  quotient,  X« ,  is  a  weighted  average  of  the  U  ; 


X« 


T.i  aiiViVj 


* 


(4) 


0 


‘  Southwell,  R.  V.,  “Relaxation  Methods  in  Engineering  Science,”  Oxford  University 
P^ess,  London,  1940. 

*  Southwell,  R.  V.,  “Relaxation  Methods  in  Theoretical  Physics,”  Oxford  University 
Press,  London,  1946. 

*  Vazsonti,  a.,  a  Numerical  Method  in  the  Theory  of  Vibrating  Bodies,  J.  Appl.  Phyt. 
16.  59S-606  (1944). 

*  A  similar  technique  appears  on  p.  292  of  L.  Collate,  “Eigenwertaufgaben  mit  Tech- 
nischen  Andwendung,”  Akad.  Verlags.,  Leipzig,  1949.  No  discussion  of  convergence  is  given. 

*  See,  for  example,  the  reference  of  footnote  (4). 
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The  actual  arrangement  of  the  calculation  utilises  a  technique  made  familiar 
by  Southwell,  namely  the  use  of  a  unit  operations  table  to  facilitate  the  rapid 
evaluation  of  the  effect  of  alterations  to  an  existing  trial  vector.  For  each  of  the 
components  we  tabulate  three  quantities:  the  current  value  of  v,-,  the  current 
value  of  the  left  side  of  (2),  and  the  quotient  of  these  two  which  according  to 
the  right  side  of  (2)  yields  .  As  we  alter  the  v,-  we  are  able  to  write  down  the 
alterations  in  the  left  sides  of  (2)  with  the  help  of  the  unit  operations  table. 
For  exploratory  calculations  the  quotients  may  be  obtained  quickly  with  a  slide 
rule.  To  illustrate  the  technique  we  shall  consider  a  numerical  example  before 
passing  on  to  a  more  rigorous  examination. 


TABLE  I 


tl 

/|9l 

It 

Vt 

l*vi 

It 

ft 

n 

s 

kVi 

u 

(1) 

100 

2.0 

100 

1.0 

0 

Hv 

B 

KS 

(2) 

180 

1.5 

150 

1.7 

Hi 

100 

(3) 

225 

1.5 

75 

75 

■ 

(4) 

100 

■1 

a 

-100 

-100 

1.0 

100 

mm 

-100 

mm 

(5) 

HU 

100 

-1.0 

-1.3 

(6) 

fiO 

BB 

150 

-1.5 

B 

(7) 

100 

400 

7.0 

0 

0 

100 

B 

6.0 

(8) 

■I 

-615 

6.2 

-15 

-85 

m 

(9) 

100 

B9 

4.0 

■ 

100 

90 

-100 

m 

2.0 

mm 

- 

3.0 

(11) 

-100 

-1.0 

0/0 

-i-fl 

0 

0 

(12) 

QO 

-50 

50 

(13) 

-85 

-0.9 

-15 

5 

-0.3 

35 

m 

2.  Example.  Let  us  find  the  roots  and  vectors  of  the  matrix 


For  simplicity  we  will  ccmsider  only  the  four  unit  operations  of  adding  unity  to 
Vi(i  «  1,  2,  3,  4).  Then  corresponding  additions  to  the  left  sides  of  (2)  are  given 
by  the  elements  in  the  t-th  column  of  A.  Table  I  shows  a  sample  computation 
beginning  in  line  (1)  with  a  trial  vector  having  components  (100,  100,  100,  100). 
The  left  sides  of  (2)  are  computed  and  entered  in  the  seccmd  columns  as  200, 
100,  0,  and  200  respectively.  The  L  are  then  obtained  by  dividing  the  first 
columns  into  the  second  columns  to  get  the  set  of  f<(2,  1,  0,  2).  We  can  thus  be 
assured  that  at  least  one  eigenvalue  of  A  is  included  between  0  and  2.  Two 
steps  of  the  Relaxation  are  shown:  an  addition  of  50  to  vi  in  line  (2)  and  a  sub¬ 
traction  of  25  from  vt  in  line  (3)  which  results  in  the  set  of  f,(1.5,  1.5,  1.0,  1.0). 
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An  important  characteristic  of  the  Relaxation  process  is  that  these  opierations 
have  been  of  an  exploratory  nature.  In  no  sense  are  they  best  possible  opera¬ 
tions.  The  operations  were  tried  and  since  they  resulted  in  a  decreased  spread  of 
li ,  they  were  allowed  to  stand.  To  illustrate  how  the  method  is  used  to  locate 
other  eigenvalues  we  continue  by  starting  anew  with  the  trial  vector  (100, 
— 100,  100,  — 100)  in  line  (4).  This  vector  was  chosen  as  being  (very  crudely) 
approximately  orthogonal  to  the  vector  of  line  (3).  The  operations  of  lines  (5) 
and  (6)  are  intended  to  narrow  the  spread  of  the  I,  without  enclosing  the  range 
of  li  already  obtained  in  line  (3).  After  adding  200  to  vt  in  line  (5)  and  —50  to 
Vi  in  line  (6)  we  find  the  set  of  f,(— 1.0,  —1.5,  —1.3,  —1.0).  In  line  (7)  a  new 
trial  vector  (100,  —100,  —100,  100)  yields  the  set  of  1,(4,  7,  0,  6)  which  in¬ 
cludes  the  set  already  found  in  line  (3)  but  it  requires  only  the  single  alteration 
of  an  addition  of  85  to  in  line  (8)  to  isolate  another  eigenvalue  between  4.0 
and  6.2.  With  three  of  the  eigenvalues  of  A  roughly  located  we  seek  after  the 
fourth  in  line  (9)  with  the  trial  vector  (100,  100,  0,  — 100).  The  resulting  set  of  li 
(—2,  4,  « ,  2)  unfortunately  includes  all  three  of  the  earlier  sets  of  lines  (3),  (6), 
and  (8).  Lines  (10)  and  (11)  illustrate  exploratory  alterations  in  an  attempt  to 
find  a  set  of  U  which  does  not  include  any  of  the  earlier  sets.  The  sets  of  line  (11) 
and  line  (6)  while  not  overlapping  do  have  the  value  —1.0  in  common.  To 
insure  that  we  really  have  separated  two  modes  we  carry  on  the  Relaxation 
process  two  more  steps  after  line  (11)  to  obtain  the  set  of  f,(— 0.9,  —0.3,  —0.7, 
—0.3)  in  line  (13). 

At  the  present  stage  of  the  calculation  we  have  rough  approximations  to  the 
four  eigenvectors  and  have  the  following  bounds  for  the  eigenvalues;  —1.5  < 
Xi  <  —1.0,  —0.9  <  Xi  <  —0.3,  1.0  <  Xj  <  1.5  and  4.0  <  X4  <  6.0.  After  carry¬ 
ing  out  five  additional  steps  on  each  mode  these  bounds  were  improved  to; 
-1.34  <  Xi  <  -1.32,  -0.61  <  X,  <  -0.60, 1.35  <  X,  <  1.36  and  5.55  <  X4  < 
5.58.  It  is  considered  that  this  represents  about  the  useful  limit  of  the  accuracy 
of  this  method.  Greater  accuracy  would  require  more  accurate  quotients  than 
are  convenient  for  the  slide  rule,  or  else  an  alteration  of  the  computation  such 
as  that  suggested  by  Vaasonyi*.  It  is  felt,  however,  that  the  chief  merit  of  this 
method  lies  in  its  simplicity  and  speed  in  the  early  exploratory  stages  of  an 
eigenvalue  calculation. 

In  common  with  other  Relaxation  procedures  no  definite  rule  is  laid  down  for 
choosing  the  alterations  at  each  stage  other  than  the  basic  principle  that  an 
alteration  has  been  useful  if  the  new  set  of  li  more  nearly  approach  the  condition 
of  equality.  Because  of  (4)  we  see  that  it  is  more  important  to  equalise  the  li 
corresponding  to  the  larger  v,- .  The  I,  corresponding  to  the  smaller  v,  are  readily 
brought  into  line  afterwards.  See  line  (13)  of  Table  I.  It  may  be  helpful  when  the 
computations  have  reached  a  stage  comparable  with  that  of  Table  I,  to  con¬ 
struct  auxiliary  tables  for  each  mode  giving 

dli/dVj  “  (flij  ^ijli)/Vi  (5) 

(5,7  is  the  Kronecker  5)  which  could  be  used  to  facilitate  the  selection  of  altera¬ 
tions  to  the  Vj  in  order  to  obtain  desired  alterations  of  the  L . 
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When  k  of  the  modes  have  been  determined  and  it  is  required  to  obtain  another 
mode  it  is  only  necessary  to  try  vectors  until  one  is  found  which  gives  a  set  of 
U  which  does  not  include  any  of  the  k  known  eigenvalues.  The  process  of  finding 
this  new  trial  vector  is  illustrated  in  the  above  example  by  lines  (9),  (10)  and  (11) 
of  Table  I.  When  such  a  vector  has  been  found  the  procedure  once  more  consists 
in  selecting  alterations  which  reduce  the  spread  of  the  U .  It  is  helpful  for  the 
computer  to  keep  in  mind  that  a  new  eigenvector  will  be  orthogonal  to  all  the 
previously  determined  eigenvectors.  This  fact  should  be  used  as  a  rough  guide 
(but  only  as  a  rough  guide)  in  selecting  new  trial  vectors;  e.g.,  the  sign  pattern 
of  the  elements  of  the  trial  vector  should  differ  from  that  of  the  known  eigen¬ 
vectors.  It  is  actually  uneconomic  to  exactly  orthogonalize  a  trial  vector  in  this 
procedure  since  it  is  easily  possible  to  have  trial  vectors  orthogonal  to  k  known 
eigenvectors,  which  give  sets  of  U  for  which  all  of  the  k  known  eigenvalues  are 
included  between  Imin  and  fnux  • 

3.  Convergence.  The  freedom  in  choice  of  operation  which  is  given  a  computer 
in  a  Relaxation  method  makes  the  ccmcept  of  convergence  for  such  procedures 
somewhat  nebulous.  It  is  often  possible  to  construct  an  iterative  process 
within  the  framework  of  a  Relaxation  scheme  by  selecting  a  certain  single 
criterion  which  unambiguously  determines  each  succeeding  operation.  We 
propose  to  call  a  Relaxation  process  convergent  if  there  exists  such  a  derived 
iterative  process  which  is  itself  convergent.  A  convergent  iterative  process 
derived  from  the  Relaxation  scheme  outlined  in  this  paper  will  now  be  developed. 
It  should  be  made  clear  that  this  iterative  procedure  is  not  suggested  as  being 
an  attractive  one  for  compqtation.  With  the  computation  scheme  described 
above  most  computers  could  stumble  on  solutions  by  trial  and  error  much  faster 
than  by  adopting  the  following  procedure.  The  point  is  merely  to  show  that 
there  does  exist  a  systematic  procedure. 

The  basic  idea  is  to  show  that  at  any  stage  of  the  process  an  alteration  of  the 
Vj  can  be  found  which  will  decrease  the  spread  of  U  and  to  obtain  a  quantitative 
measure  of  the  improvement.  This  is  essentially  equivalent  to  giving  a  con¬ 
structive  proof  of  the  enclosure  property. 

For  a  given  F,  eq.  (2)  uniquely  determines  a  set  of  U .  On  the  other  hand  a 
set  of  U  determine  a  non-null  V  only  if  the  rank  of  the  matrix 


Oil  —  l\ 

flu 

■•am 

B  - 

an 

On  -  It  • 

••  Otn 

(6) 

Oin 

is  less  than  n.  We  will  call  such  a  set  of  U  compatible.  If  the  rank  of  B  is  n  —  1 
a  unique  vector  direction  is  determined;  i.e.,  a  vector  V  is  uniquely  determined  to 
within  a  multiplicative  factor.  If  the  rank  of  B  is  n  —  r  we  may  say  that  r  orthog¬ 
onal  directions  are  determined.  In  the  iterative  scheme  to  be  described  we  will 
fix  our  attention  on  compatible  sets  of  U  and  will  construct  a  fixed  procedure  for 
passing  from  one  such  set  to  another.  At  any  stage  a  corresponding  V  may  be 
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determined  if  desired  by  solving  eq.  (2)  for  V.  As  a  quantitative  measure  of  the 
error  associated  with  a  set  of  U  we  define  the  error  function 

E  -  ZSi  -  Mf  p) 

where  M  is  the  current  arithmetic  mean  of  the  h . 

In  each  step  of  the  iterative  procedure  we  start  from  a  vector  V,  a  set  of  U  , 
and  an  error  E  and  replace  these  with  V',  l\  and  E'  according  to  the  following 
plan.  We  single  out  two  particular  U ,  namely  1,  and  ,  such  that  1,  »  Imiu  and 
If  B  /bus  .  Then  the  /<  are  a  compatible  set  of  /,  such  that  /«  /<  for  i  ^  p,q 

but  with  either  >  Imin  or  <  /bus  ,  or  both,  and  moreover  with  E*  <  E. 
We  proceed  to  show  that  such  a  set  of  /«  always  exists  and  that  only  a  finite 
number  of  such  steps  are  necessary  to  make  E  less  than  any  preassigned  positive 
c.  This  is  equivalent  to  saying  that  the  /,  have  a  common  limit  X,  which  is  an 
eigenvalue  of  A.  This  also  constitutes  a  direct  proof  of  the  enclosure  property. 

Let  the  determinant  of  the  matrix  B  be  denoted  by  D.  Consider  I,  and  /« to 
be  differentiable  functions  of  a  parameter  /,  while  for  i  ^  p,  q  the  /,  remain 
constant.  Then  if  the  set  of  U  is  to  remain  compatible  for  continuous  change  of 
the  parameter  t,  we  must  have 

idD/dl,){dl,/dt)  +  idD/dlf)idlJdt)  -  0.  (8) 

Now  (dD/dlp)  and  (dD/dlf)  are  proportional  to  main  diagonal  cofactors  of  a 
singular  determinant  and  hence  always  have  the  same  sign.  Postponing,  for  the 
moment,  the  exceptional  cases  where  one  or  both  of  (dD/dl,)  and  (dD/dlf)  are 
zero,  we  see  that  to  satisfy  (8)  increasing  Ip  must  be  accompanied  by  decreasing 
If .  Now 

\dE/dt  -  (4  -  M)idlf/dt)  -  (M  -  lp){dlp/di)  (9) 

which  is  clearly  negative  for  increasing  Ip  and  decreasing  If  at  least  so  long  as 
Ip  <  M  <  If .  To  make  the  determination  of  the  set  definite,  we  consider  that 
starting  from  the  original  U ,  Ip  and  /,  are  continuously  increased  and  decreased 
according  to  (8)  until,  using  current  values,  (/,  —  M){M  —  Ip)  first  vanishes. 
The  set  of  li  so  determined  is  called  .  If,  for  instance,  dDIdlp  »  0  the  set  /<  is 
determined  by  increasing  Ip  with  /,  held  constant  until,  using  current  values, 
M  —  Ip  first  vanishes.  It 'may  be  easily  verified  from  (7)  that 

E-  E'  n(3f'  -  M)*  +  (M'  -  /,)* 

+  (If  -  MO*  -  (A/'  -  r,)*  -  (/;  -  Afo* 

where  A/'  and  E'  are  the  mean  and  error  for  the  set  Zj .  Let  Ima  —  Imin  be  denoted 
by  k.  A  study  of  (10)  reveals  that  E  —  E'  will  always  be  greater  than  {h/n)*. 
For  suppose  fp  —  Af'  then  either  Z^,  —  Z,  >  Z,  —  Z^  or  Z^,  —  Z,  <  Z,  —  Z^  .  In  the 
first  case  the  third  and  fifth  terms  of  (10)  taken  together  are  non-negative  as  is 
the  first  term  while  A/'  —  Z,  is  certainly  greater  than  h/n.  On  the  other  hand  if 
fp  —  Ip  <  If  —  l!f  vre  have  the  first  and  second  terms  of  (10)  non -negative  and 
the  difference  between  the  third  and  fifth  terms  is  clearly  greater  than  (h/n)* 
since  Z,  —  Z^  must  now  be  greater  than  h/n.  A  similar  argument  holds  if  instead. 
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it  is  l'^  that  equals  Af'.  Thus  for  any  compatible  set  of  /,  we  have  indicated  a 
procedure  for  determining  a  compatible  set  fi  such  that  E  —  E'  >  (h/n)*.  If 
we  now  combine  with  this  the  obvious  fact  that  E  <  nh*  we  have 

E'/E  <  1  -  (1/n*)  (11) 

Hence  at  the  end  of  k  steps  in  this  process  the  error  function  will  be  less  than 
(1  —  1/n*)*  times  the  initial  error  function  which  can  be  made  smaller  than 
any  preassigned  positive  c  if  A;  is  taken  large  enough.  Thus  there  exists  within 
the  framework  of  the  Relaxation  scheme  a  fixed  procedure  which  converges 
to  an  eigenvalue  of  (1)  enclosed  between  the  /min  and  of  each  set  of  f,  of  the 
sequence. 

4.  Concluding  Remarks.  We  can  show  that  there  exists  a  neighborhood  about 
the  point  —  it  *  •  •  •  *  —  X,  for  which  if  Z,  *  X,  +  €,  with  |  «  |  <  e,  then 
X*  *  X,  4-  0(€*).  If  X  and  V  are  normalized  vectors  satisf3ring  (12)  and  (13) 
respectively 


UiiXj  -  X,a:, 

(12) 

difij  -  Ifii 

(13) 

and  if  d  »  min 

1  X,  —  X,  |,  (r  a),  then  it  is  known*’*  that 

|X-T|-0(a/d) 

(14) 

and  hence 

X.  -  X,  -b  0(aVd*) 

(15) 

using  the  well-known  property  of  Rayleigh’s  quotient.  It  may  be  remarked  that 
in  the  other  direction,  the  fact  that  |  X  —  T  |  is  small  does  not  insure  that  the 
c,  defined  above  will  be  small.  In  fact  if  X  has  any  zero  elements  the  corresponding 
c<  will  be  unbounded. 

The  Relaxation  procedure  described  herein  can  be  extended  immediately  to 
the  eigenvalue  problem 

AX  -  \BX  (16) 

if  R  is  a  diagonal  matrix  of  positive  elements.  However  it  should  be  noticed 
that  if  R  is  simply  a  matrix  of  a  positive  definite  form  then  the  enclosure  property 
can  no  longer  be  guaranteed  and  the  method  loses  its  intuitive  simplicity. 

Massacbusitts  Institote  op  Technoloot 

(Received  November  9, 1980) 

^  *  See  Bats  V,  H.  Wittmbtee,  Einfluas  der  Anderung  einer  Matrix  auf  die  Loaungen  dea 
Zugehorigea  Qleichungaayatema,  aowie  auf  die  Characteriaoben  Zahlen  und  die  Eigenvek- 
toren,  Z.  ang.  Math,  und  Mech.  16,  287-300  (1936). 

*  If  X,  ia  a  multiple  root,  there  ia  alwaya  aome  X  aatiafying  (12)  and  (14). 


THE  DETERMINATION  OF  POSITION  AND  VELOCITY  ON  THE 
EARTH'S  SURFACE 

By  Charles  Fox 

1.  Introduction.  The  aim  of  closed  navigation  is  to  determine  position  and 
velocity  on  the  earth’s  surface  by  means  of  observations  or  measurements 
which  can  be  made  inside  a  closed  room.  For  example  the  determination  of 
latitude  and  longitude  by  the  measurement  of  two  stellar  altitudes  is  excluded 
from  the  operations  of  closed  navigation. 

In  this  discussion  we  assume  that  the  body  carrying  the  apparatus  to  be 
described  later  is  sufficiently  small  in  relation  to  the  earth  to  be  represented  by  a 
point  P.  P’a  latitude  and  longitude,  at  any  instant,  will  be  denoted  by  X  and  ^ 
respectively,  and  its  northerly  and  westerly  com(>onent8  of  velocity  by  n  and  w 
respectively.  These  four  quantities  are  not  all  independent  of  each  other,  for 
evidently  %  ^  n/ a  and  ^  ^  w/ {a  cos  X),  where  a  denotes  the  radius  of  the  earth. 
The  problem  of  closed  navigation,  stated  more  precisely,  is  to  determine  X,  n,  w 
and  a  definite  direction,  such  as  local  true  north,  by  means  of  measurements  or 
observations  carried  out  inside  a  closed  room. 

^  cannot  be  found  by  closed  navigation  alone  since  its  zero  position  depends 
upon  the  arbitrary  choice  of  a  meridian.  But  it  will  appear  later  that  we  can 
find  w  and  consequently  can  integrate  w/{a  cos  X)  with  respect  to  time  and  so 
determine  except  for  an  arbitrary  constant. 

I  have  already  given  a  solution  of  the  problem  of  closed  navigation  for  slowly 
moving  bodies  such  as  vessels  at  sea.  It  appears  in  a  paper  entitled*  “The  Me¬ 
chanical  Determination  of  Position  and  Velocity  on  the  Earth’s  Surface.”  In 
that  solution  the  use  of  the  gyrocompass  was  fimdamental  but  in  the  one  given 
here  this  instrument  is  not  needed  at  all.  The  direction  obtained  by  the  gyro¬ 
compass  is  found  here  by  a  different  method.  It  is  also  possible  that  the  alternative 
solution  proposed  here  can  be  put  onto  practical  form  with  greater  ease  than  my 
previous  one. 

The  discussion  below,  which  is  based  upon  properties  of  gyroscopes,  is  entirely 
theoretical,  since  much  experiment  would  be  required  before  the  ideas  involved 
could  be  put  to  practical' use. 

2.  Apparatus  Required.  We  must  first  fix  the  vertical  at  P.  This  can  be  done 
with  accuracy  and  stabUity  by  means  of  either  gravity  or  pendulum  controlled 
gyroscopes.  It  will  be  assumed  henceforth  that  the  vertical  is  known. 

The  plane  of  figure  1  is  supposed  to  be  horizontal.  A  gyroscope  is  mounted 
so  that  its  spin  axis  AA'  can  freely  rotate  about  the  vertical  at  P.  The  gyroscopic 
wheel  is  shown  in  the  figure  by  its  rectangular  horizontal  cross  section  with 
centre  at  P.  The  spin  of  the  wheel  about  APA'  will  be  denoted  by  «,  radians  per 
second,  and  «  will  be  positive  if  the  spin  is  clockwise  on  looking  from  P  tow'ards 
A'  and  otherwise  negative.  All  friction  is  assumed  to  be  negligible. 

•  C.  Fox,  Proc.  Cambridge  Phil.  Soc.,  Vol.  45,  Pt.  2  (1949),  311-315. 
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To  is  attached  a  horizontal  rod  or  wire  A'B*  and  B'  is  then  rotated  about 
the  vertical  through  P  with  angular  velocity  u.  A  tension  (or  thrust)  is  thus 
generated  in  A'B'  which  causes  PA'  to  rotate  about  the  vertical,  also  with 
angular  velocity  cd. 

Our  solution  of  the  problem  of  closed  navigation  depends  in  part  upon  the 
measurement  of  this  tension.  We  shall  prove  that  the  tension  when  suitably 
displayed  upon  a  cathode  ray  tube  screen  gives  us  a  circle  in  which  (i)  a  specific 
diameter  (or  tangent)  points  in  the  same  direction  as  a  g}rrocompa88  would  at  P, 
(ii)  the  radius  is  a  function  of  X,  n  and  tr.  For  slowly  moving  objects,  such  as 
ships  at  sea,  the  radius  is  frequently  proportional  to  cos  X  (see  §7).  The  most 
convenient  method  of  measuring  this  tension  is  probably  by  means  of  a  resistance 
strain  gage  bonded  to  A'B'. 


B  < 


The  moment  of  the  tension  about  PF,  the  upward  drawn  vertical  through  P, 
will  be  denoted  by  L.  Its  dynamical  theory  is  discussed  in  the  next  section,  §3. 

To  determine  X,  n  and  w  we  must  have  four  measurements  or  four  equations 
or  the  equivalent.  The  two  equations  given  in  §1  are  already  known  so  that  two 
measurements  suffice  to  solve  the  problem  of  closed  navigation.  One  of  these  is 
given  by  the  torque  L  and  another  by  a  second  torque  M  generated  by  a  gyro¬ 
scope  whose  mounting  and  dynamics  will  be  discussed  in  §5. 

3.  Dynamical  Theory  of  Torque  L.  Figure  2  shows  the  body  P  situated  on  the 
earth’s  surface  at  the  parallel  of  latitude  X.  N  and  S  are  the  north  and  south 
pole  respectively  and  E  is  the  earth’s  centre. 

Relative  to  the  earth  P  has  (i)  a  westerly  velocity  w  and  consequently  an 
angular  velocity  —w/(a  cos  X)  about  SN  and  (ii)  a  northerly  velocity  n  and 
consequently  an  angular  velocity  n/a  about  that  earth’s  radius  which  is  parallel 
to  the  direction  due  west  at  P.  If  we  add  to  these  the  earth’s  angular  velocity 
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about  SN,  denoted  by  Q,  we  obtain  the  angular  velocity  of  the  body  P  in  space. 
The  ccnnponents  of  this  angular  velocity  in  space  about  a  line  parallel  to  SN 
is  then  O',  where 

—  Q  —  (uj/o  cos  \),  (1) 

and  about  due  west  at  P  is  n/a. 


Figure  3  shows  a  right  handed  system  of  axes,  PAT  due  north,  PW  due  west 
and  PV  vertically  upwards.  The  components  of  O'  and  n/a  resolved  along  these 
axes  are 

(if  cos  X,  n/a,  if  sin  X),  (2) 

where  the  first  component  is  along  PN,  the  second  along  PW  and  the  third 
along  PV. 

Now  the  gyroscopic  spin  axis  APA'  is  rotated  about  PV  with  angular  velocity 
w.  Suppose  that  at  time  t  PA'  makes  with  PN  (figure  3)  an  angle  0  +  ut,  where 
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is  unknown  since  the  direction  of  PN  is  not  known.  Let  PT'  be  that  horisontal 
line  which  is  peipendicular  to  PA*  and  which  coincides  with  PW  when  PA' 
coincides  with  PN.  Then  PA',  PT'  and  PV  are  principal  axes  of  inertia  for  the 
gyroscope.  Resolving  (2)  along  the  directions  PA',  PT'  and  PV  and  allowing 
for  the  spin  ta  about  PV  we  see  that  u,  the  spin  of  these  axes  in  space,  is  given  by 

a>  =  [{11'  cos  X  cos  08  +  orf)  +  (n/a)  sin  (jS  +  «/)}, 

{ —O'  cos  X  sin  0^  +  orf)  +  (n/a)  cos  08  4-  orf)},  (3) 

I w  4-  O'  sin  X}]. 

The  terms  inside  the  first  pair  of  brackets  { }  give  the  component  of  u  along  PA', 
those  inside  the  second  pair  the  component  along  PT'  and  those  inside  the  third 
pair  the  component  along  PV. 

We  now  determine  h,  the  angular  momentum  of  the  gyroscope.  Let  I  denote 
the  moment  of  inertia  about  PA',  the  axis  of  s)rmmetry,  and  C  about  any  line 
through  P  perpendicular  to  PA'.  The  gyroscope  has  spin  «  about  PA'  relative 
to  the  system  PA',  PT'  and  PV.  Allowing  for  this  we  find  that 

h  =  [/{n'  cos  X  cos  (/9  4-  w<)  4-  (n/a)  sin  (/3  4-  4-  sj, 

C|  —  ly  cos  X  sin  (/8  4-  4-  (n/o)  cos  (jS  4-  w<)}i  (4) 

C{a>4-  O' sin  X)]. 

These  components  are  parallel  to  PA',  PT'  and  PV  respectively. 

If  L  is  the  moment  of  the  torque  acting  upon  the  gyroscope  we  have,  by  the 
usual  dynamical  equations  of  motion 

L  -  h  4-  «  X  h,  (5) 

where  u  X  h  is  the  vector  product  of  the  two  vectors  u  and  h.  In  forming  these 
equations  we  note  that  Q  is  small,  since  it  is  of  the  order  2t/(24  X  60  X  60) 
radians  per  second.  Now  O'  is  of  the  same  order  of  smallness  as  12  and  both 
X  «  n/a  and  w  are  much  smaller.  Hence  squares  and  products  of  these  quantities 
are  completely  negligible,  a  fact  we  make  use  of  in  writing  down  equation  (6) 
below.  The  torque  L,  defined  in  §2,  is  the  component  of  L  parallel  to  PV.  From 
(3),  (4)  and  (5)  we  then  have 

L  ■=  — /«{ —O'  cos  X  sin  (/8  4-  w2)  4-  (n/a)  cos  03  4-  «<><))•  (6) 

4.  The  Determination  of  Gyronorth  From  (6).  Suppose  that  the  rotating 
gyroscope  is  connected  to  a  cathode  ray  tube  whose  screen  is  maintained  in  a 
horizontal  plane  and  whose  display  is  given  in  the  form  of  polar  coordinates. 
The  connections  are  such  that  the  radius  vector  on  the  screen  is  (i)  parallel  to 
PA',  the  spin  axis  of  the  rotating  gyroscope  and  (ii)  proportional  to  L,  the 
moment  about  PV  of  the  tension  in  A'B',  defined  in  §2.  We  shall  take  the 
constant  of  proportionality  to  be  unity.  If  the  polar  coordinates  of  the  display 
point  on  the  screen  are  (r,  B)  then  r  ^  L  and  8  »  jS  4-  The  last  quantity  is 
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the  angle  between  the  radius  vector  and  due  north  at  time  t.  From  (6)  the 
equation  of  the  curve  swept  out  on  the  screen  is 

r  =  l8{Qf  cos  X  sin  —  (n/a)  cos  ffj.  (7) 

This  is  evidently  the  polar  equation  of  a  circle  which  passes  through  the  origin. 
The  tangent  to  the  circle  at  the  origin  makes  with  due  north  the  angle  given  by 

tan  d  ==  n/aSt^  cos  X,  (8) 

since  r  =  0  for  this  value  of  6.  Denoting  the  value  of  d  which  satisfies  (8)  by  a, 
we  have 

tan  a  “  n/ait'  cos  X.  (9) 

The  angle  a  is  west  of  north  if  n  is  positive,  i.e.  if  P  is  moving  northwards  and 
east  of  north  if  n  is  negative,  i.e.  P  moving  southwards.  (9)  is  the  well  known 
equation  for  the  speed  and  course  (or  meridian)  error  of  a  gyrocompass.  Thus 
the  tangent  to  circle  (7)  at  the  origin  points  in  the  same  direction  as  the  axis  of 
a  gyrocompass  carried  by  the  body  P.  When  n  «  0,  i.e.  when  P  is  stationary  or 
moves  on  a  westerly  or  easterly  course,  the  tangent  points  due  north. 

As  in  my  previous  paper  I  shall  call  this  directi(m,  which  makes  an  angle  a 
to  the  west  of  north,  gyronorth.  It  plays  as  fundamental  a  part  here  as  it  does  in 
gyrocompass  theory. 

In  practice  it  may  be  easier  to  use  the  diameter  of  (7)  which  passes  through 
the  origin  to  give  direction  rather  than  the  tangent  to  the  circle  at  the  origin. 
This  diameter  lies  along  a  direction  which  makes  an  angle  a  to  the  south  of  due 
west,  a  direction  I  shall  refer  to  as  gyrovoest.  If  P  is  at  rest  or  moves  on  a  westerly 
(or  easterly)  course  then  gyrowest  coincides  with  due  west.  Gyrowest  can  be 
displayed  on  the  cathode  ray  screen  by  making  the  electron  beam  trigger  a  time 
delay  circuit  as  it  passes  through  the  origin.  If  the  time  delay  is  r/w  then,  after 
leaving  the  origin,  a  point  is  arrived  at  which  is  half  way  roimd  the  circle,  i.e. 
at  the  other  end  of  the  diameter  through  the  origin.  The  circuit  now  triggered 
into  action  can  be  made  to  display  the  diameter  required. 

Since  gyronorth  is  now  known  we  may  use  it  as  a  reference  line.  If  the  time  is 
measured  from  the  instant  when  the  spin  axis  PA'  coincides  with  gyronorth  then  at 
time  t,  PA '  makes  an  anglq  /3  +  orf  with  true  north  and  an  angle  uA  with  g3rronorth. 
Hence  gyronorth  will  become  our  reference  line  if  we  take  /3  =  o  in  (6).  We  then 
have 

L  =  /s{fy  cos  X  sin  a  —  (n/a)  coso}  cosod  +  /sjO'  cos  X  cos  a 

+  (n/a)  sin  a}  sin  <at  =  /«{Q'  cos  X  cos  a  +  Q'  cos  X  tan  a  sin  a)  sin  ut 
on  using  (9) 

=  cos  X  sec  a  sin  (10) 

The  equation  of  the  corresponding  display  on  the  horizontal  screen  of  the 
cathode  ray  tube  is  then 


r  »  /sty  cos  X  sec  a  sin  8, 


(11) 
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where  6  is  now  the  angle  measured  from  gyronorth,  [instead  of  from  true  north 
as  in  (7)]. 

Although  gyronorth  is  known  yet  true  north  is  still  unknown,  as  in  the  case 
of  the  gyrocompass.  Hence  a  counts  as  an  imknown  quantity.  But  the  introduc¬ 
tion  of  a  is  compensated  by  the  introduction  of  the  additional  equation  (9). 
For  the  problem  of  closed  navigation,  as  now  envisaged,  requires  the  determina¬ 
tion  of  four  unknowns  X,  n,  w  and  a,  among  which  exist  two  relations  X  =  n/a 
and  (9).  Thus  two  measurements  still  suffice  for  its  solution,  e.g.  the  torques  L, 
§3,  and  Af ,  56. 

To  obtain  an  idea  of  the  magnitude  of  L  consider  the  case  of  a  gyroscope 
whose  wheel  has  a  mass  of  50  lbs.  and  diameter  1  ft.  Taking  the  spin  a  =  10,000 
revolutions  per  minute  and  Q  *  O'  *  2t/ (24  X  60  X  60)  radians  per  second  we 
find  that  /sO'  is  a  torque  of  order  .4  (poundals  and  feet).  Thus  the  tension  in 
A'B'  which  generates  L  should  be  capable  of  measurement  by  strain  gages,  or 
by  many  other  means,  to  a  high  degree  of  accuracy. 

Many  methods  of  measurement  enable  us  to  differentiate  L  wnth  respect  to 
time.  For  example  if  L  appears  as  a  voltage  it  can  be  passed  through  a  differ¬ 
entiating  circuit.  From  (10)  we  then  have 

dL/dl  *  &>/«0'  cos  X  sec  a  cos  od.  (12) 

If  this  is  displayed  upon  the  horizontal  screen  of  a  cathode  ray  tube  with  dL/dt 
as  the  radius  vector  and  od,  measured  from  gyronorth,  as  the  vectorial  angle  we 
obtain  the  circle 

r  =  w/sfy  006  X  sec  a  cos  $.  (13) 

The  diameter  of  this  circle  which  passes  through  the  origin  is  parallel  to  gyro- 
north.  Although  (13)  can  be  used  instead  of  circle  (7)  and  may  offer  pratical 
advantages  in  some  cases  it  must  be  noted  that  the  gimbal  bearings  are  required 
to  resist  a  torque  of  magnitude  law,  hence  w  cannot  be  made  too  large.  This  fact 
follows  easily  on  calculating  the  torque  about  PT'  from  (3),  (4)  and  (5). 

6.  A  Second  Gyroscopic  System.  To  solve  the  problem  of  closed  navigation 
a  second  measurement  is  required  in  addition  to  L.  This  is  now  dealt  with. 

We  can  now  make  use  of  the  fact  that  the  direction  gyronorth  is  knoA^m.  In 
figure  4  PN  is  due  north,  PW  due  west  and  PV  vertically  upwards.  Of  these 
only  the  direction  PV  is  known.  PG’N  is  gyronorth,  i.e.  at  a  to  the  west  of 
true  north  and  PG-W  is  gyrowest,  at  a  to  the  south  of  west.  Both  these  direc¬ 
tions  are  known  and  a  is  given  by  (9).  Now  the  spin  in  space  of  the  system  PN, 
PW,  PV  is  given  by  (2).  So  to  find  the  spin  of  the  system  PG'N,  PG-W  and 
PV  we  must  resolve  (2)  along  these  directions  and  allow  for  the  extra  spin 
a  about  PV.  We  then  obtain 

[{O'  cos  X  cos  a  -H  (n/a)  sin  a), 

(14) 

{ —0'  cos  X  sin  a  -f-  {n/a)  cos  aj,  {d  0'  sin  X)], 
where  the  first  component  is  parallel  to  PG-N,  the  secimd  to  PG-W  and  the 


152 


CHARLES  rOX 


third  to  PV.  Confining  ourselves  to  the  case  when  P  pursues  a  steady  course, 
so  that  n  is  constant,  on  differentiating  (9)  with  respect  to  time  we  see  that  dt  is 
proportional  to  nX/o,  i.e.  to  X*.  Hence,  as  shown  in  §3,  a  is  negligible  in  com¬ 


parison  with  O'.  On  ignoring  d  and  using  (9)  the  system  (14)  reduces  to 

(O'  cos  X  sec  o,  0,  O'  sin  X).  (15) 

A  gyroscope  is  now  mounted  so  that  its  spin  axis  Diy  can  swing  freely  in  a 
vertical  plane  perpendicular  to  PG-N,  i.e.  perpendicular  to  gyronorth.  Figure  5 
shows  the  three  axes  PG‘N,  PG-W,  PV  and  also  the  spin  axis  DPD\  To  D'  is 
attached  a  rod  or  wire  D'E'  which  carries  a  strain  gage  or  other  suitable  means  of 
measuring  tension  (or  thrust)  in  D'E'.  The  point  E'  is  then  revolved  about  the 
axis  PG'N  with  angular  velocity  «.  A  tension  (or  thrust)  is  thus  generated  in 
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D'E'  which  causes  PD  to  rotate  about  PG-N  also  with  angular  velocity  «. 
The  measurement  of  this  tension  enables  us  to  complete  the  solution  of  the 
problem  of  closed  navigation. 

The  moment  of  the  tension  about  PG-N  .will  be  denoted  by  M.  In  the  dy¬ 
namical  theory  of  M,  given  below,  we  assume  that  the  gyroscope  with  spin 
axis  DPD*  has  the  same  moments  of  inertia  I  and  C  and  the  same  spin  s  and  the 
same  u  as  for  the  gyroscope  with  spin  axis  APA\  This  assumption,  however, 
although  convenient  is  not  essential  to  our  theory. 

Since  the  vertical  is  known  we  can  measure  time  from  the  instant  when  PD' 
coincides  with  PV  so  that  the  angle  VPD'  is  then  equal  to  ut.  We  shall  consider 
Cl)  to  be  positive  if  the  rotation  when  viewed  from  P  towards  G-N  (figure  5)  is 
clockwise,  otherwise  it  will  be  negative. 

The  principal  axes  of  inertia  of  the  gyroscope  are  PG’N,  PD'  and  a  line  PX 
perptendicular  to  both  of  these  directions.  From  (15)  w’,  the  spin  in  space  of  these 
axes  is  given  by 

=  [{cu  -H  O'  cos  X  sec  er}.  O'  sin  X  cos  —0'  sin  X  sin  cjf].  (16) 

This  has  been  obtained  by  resolving  the  angular  velocities  of  (15)  along  the 
directions  PG'N,  PD  and  PX  and  allowing  for  the  extra  spin  u  about  PG-N. 

On  allowing  for  the  spin  «  about  PD'  the  angular  momentum  h'  of  the  gyro¬ 
scopic  system  is  easily  foxmd.  Its  components  along  PG-N,  PD  and  PX  are 
given  by 

h'  =  {^(cD  -b  O'  cos  X  sec  a),  /(s  -|-  O'  sin  X  cos  ut), 

. —CO' sin  X  cos  <•)<}.  (17) 

If  M  is  the  moment  of  the  couple  acting  on  this  system  then  the  usual  dynamical 
equations  of  motion  are 

M  =  H'  -f-  «'  X  h'. 

In  forming  these  equations,  we  shall,  as  in  §3,  ignore  the  very  small  second  order 
terms  O'*,  O'X,  O'n/a  etc.  M,  the  moment  of  the  tension  in  D'E'  about  PG-N, 
is  the  component  of  M  along  PG-N.  Its  equation  is  therefore 

M  —  IsiDf  sin  X  sin  ut.  (18) 

6.  The  Problem  of  Closed  Navigation.  We  have  now  sufficient  data  to  solve 
the  problem  of  closed  navigation,  in  theory  at  least.  Since  gyronorth  is  known 
we  have  four  unknowns  to  determine.  They  are  a,  the  angle  between  gyronorth 
and  true  north;  X  the  latitude;  n  and  w  the  northerly  and  westerly  components 
of  velocity,  respectively.  For  their  determination  we  have  four  equations.  The 
first  is  the  obvious  equation 

X  =■  n/a  (19) 

where  a  is  the  earth’s  radius.  The  second  is  equation  (9)  which  we  repeat  for 
convenience, 

tan  a  =  n/oiy  cos  X  (20) 
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The  other  two  equations  are  given  by  (10)  and  (18).  In  practice  L  and  M  will 
either  be  measured  by  an  electrical  method,  appearing  as  an  A.C.  current  or 
voltage,  or,  if  measured  by  any  other  means,  can  be  transformed  into  an  'A.C. 
current  or  voltage.  It  is  therefore  possible  to  determine  the  amplitudes  of  the 
expressions  on  the  right  hand  sides  of  (10)  and  (18).  Denoting  these  amplitudes 
by  Li  and  Mi  respectively,  we  have  from  (10) 

La  “  /«Q'  cos  X  sec  a 

and  from  (18) 

Ml  *=  sin  X 

From  (19),  (20)  and  (21)  we  deduce  that 

Li  =  Is\  cosec  a  (23) 

and  from  (19),  (20)  and  (22)  that 

Ml  —  Is\  cot  a  tan  X.  (24) 

Hence,  on  eliminating  a  from  (23)  and  (24)  we  have 

l8\  =  (Lj  -  Ml  cot*  X)*^.  (25) 

This  is  the  same  as  equation  (14)  of  my  previous  paper*  on  allowing  for  some 
difference  in  the  terminology  of  the  two  papers. 

The  solution  of  the  problem  of  closed  navigation,  as  developed  here,  depends 
upon  designing  a  computor  which  is  capable  of  integrating  (24).  Since  La  and  Mi 
vary  as  P  moves  over  the  earth’s  surface  (25)  is  not  a  simple  equation  to  inte-  * 
grate.  For  slowly  moving  bodies,  such  as  ships  at  sea,  these  formulae  simplify  * 
considerably  and  X  can  be  found  without  the  need  of  integrating  (25)  as  we 
shall  show  in  the  next  section. 

To  continue  with  the  solution  of  our  problem  after  finding  X  and  X  from  (25), 
we  can,  in  theory,  find  n  from  (19)  and  then  a  from  (23)  and  so  determine  true 
north.  From  (22)  we  then  find  O'  and  from  (1)  v>/(a  cos  X)  and  so  to.  By  inte- 
gating  w/ia  cos  X)  with  respect  to  time  we  can  determine  longitude  except  for 
an  arbitrary  constant,  since  ^  ^  w/(a  cos  X). 

The  conclusions  arrived  at  here  are  in  complete  accord  with  those  of  my  pre¬ 
vious  paper.  But  the  methods  proposed  here  for  measuring  La  and  Mi  enable  us 
to  dispense  with  the  use  of  a  gsrrocompass.  In  fact  the  gyroscope  whose  spin  axis 
rotates  in  a  horizontal  plane  includes  among  its  other  functions  that  of  the  gyro¬ 
compass. 

7.  Applications  to  Navigational  Problems.  For  vessels  travelling  at  not  more 
than  20  knots  or  so  in  latitudes  where  —60®  <  X  <  60®  the  value  of  a  is  very 
small.  The  largest  value  occurs  when  the  vessel  is  travelling  due  north  or  due 
south  and  when  X  »  ±60®.  Taking  O’  fl  2r/(24  X  60  X  60)  radians  per 
second  and  a  (the  earth’s  radius)  3960  statute  miles  we  find  from  (20)  that 

*  loc.  cit.,  p.  314. 


(21) 

(22) 
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a  =  2®33'  and  hence  sec  a  =  1 .0010.  The  error  in  taking  sec  a  =  1  is  not  more 
than  .1%  and  in  most  cases  is  much  less.  It  then  follows  from  (21)  and  (22) 
that 

tan  X  =  Ml/Ll  (26) 

is  accurate  to  two  or  three  minutes  of  arc.  If  the  vessel  is  at  rest  or  travelling 
due  east  or  west  then  (26)  is  completely  accurate.  For  vessels  moving  on  an 
easterly  or  westerly  course  the  error  in  X  on  using  (26)  will  be  less  than  a  frac¬ 
tion  of  a  minute. 

From  (10)  and  (18)  it  follows  that  under  these  circumstances  we  also  have 
tan  X  =  M/L  =  (dM/dt)/(dL/(U)  (^) 

Having  found  X  we  can  then  find  ilf  from  (22)  and  so  w  from  (1).  But  for 
ships  at  sea  w/{a  cos  X)  may  be  of  order  Q/50  and  so  might  be  too  small  for 
practical  determination.  But  the  conclusions  above  also  apply  to  aircraft  flying 
on  an  easterly  or  westerly  course  provided  that  their  northerly  (or  southerly) 
velocity  component  does  not  exceed  20  knots.  For  the  value  of  X  deduced  from 
(26)  would  still  remain  correct  to  two  or  three  minutes.  But  for  aircraft  flight 
w/ (a  cos  X)  might  bear  a  high  ratio  to  the  value  of  0  and  it  would  then  become 
possible  to  And  w  by  the  means  proposed  above. 

In  the  case  of  vessels  at  rest  or  travelling  due  north  or  south  we  have  w  =  0 
and  so  from  (1)  Of  Q.  Equation  (22)  then  enables  us  to  find  X  accurately  what¬ 
ever  the  speed  of  the  vessel.  Evidently  for  a  vessel  with  a  sufficiently  small 
easterly  or  westerly  velocity  component  (22)  in  the  approximate  form  Mi  = 
/sQ  sin  X  still  gives  X  to  a  high  degree  of  accuracy. 

We  have  already  noticed  that  for  a  ship  travelling  at  a  speed  not  in  excess  of 
20  knots  in  latitudes  between  :t60°  we  may  write  aec  a  1.  If  in  addition  it  is 
moving  due  north  or  due  south  we  have  O'  —  Q,  from  (1)  and  so  equation  (21) 
becomes  Li  »  lail  cos  X.  We  can  then  find  X  accurately  by  using  one  gyroscopic 
system  only,  namely  the  system  described  in  §2.  In  fact  there  is  no  need  even 
to  find  Li  for  the  equation  of  circle  (11)  becomes 

r  —  /«0  cos  X  sin  d.  (28) 

Hence  the  circle  displayed  on  the  cathode  ray  screen  has  a  diameter  proportional 
to  cos  X  and  this  enables  us  to  determine  X. 

These  results  assume  that  the  ship  travels  due  north  or  due  south  and  if  this 
is  not  the  case  they  are  no  longer  precise.  But  if  the  ship’s  easterly  or  westerly 
velocity  component  is  sufficiently  small  the  method  outlined  above  still  gives  X 
to  a  high  degree  of  approximation. 

McGill  Universitt, 

Montreal,  P.Q.,  Canada. 
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ON  THE  DEFINITION  OF  INFORMATION 


By  Edoar  Reich 

Summary.  A  definition  of  information  is  proposed  by  postulating  an  invariance 
under  certain  types  of  transformations.  For  a  restricted  class  of  admissible  defini¬ 
tions  these  postulates  imply  that  Shannon’s  formulation  is  the  only  possible  one. 

During  the  past  several  years  a  statistical  theory  of  information  has  been 
developed  by  Shannon*  and  Wiener*  in  which  the  entropy  function  of  thermo¬ 
dynamics  plays  a  predominant  part.  “Information,”  as  used  in  the  theory,  is  a 
scalar  associated  with  the  message  whose  information-content  is  under  con¬ 
sideration.  The  value  of  the  scalar  is  made  to  depend  both  on  the  message  and 
the  a-priori  knowledge  of  the  event  with  which  the  message  deals.  It  is  useful 
to  think  of  the  message  as  something  that  transmits  data  regarding  the  oc¬ 
currence  of  a  physical  event,  the  transmission  taking  place  in  the  presence  of 
“noise.”  Thus,  for  example,  we  can  consider  a  meter  as  giving  “information” 
about  the  physical  quantity  it  measures.  Here  the  physical  quantity  is  the 
“event,”  the  inaccuracies  correspond  to  “noise,”  and  reading,  together  with  a 
statement  of  the  inaccuracies,  constitutes  the  “message.”  There  are  obviously 
many  forms  a  message  may  assume;  for  instance,  in  particular  cases  it  may 
simply  consist  of  a  physiological  reaction  obtained  through  the  human  senses. 

In  a  given  physical  situation  there  may  not  be  a  perfectly  unique  way  of 
determining  what  constitutes  the  event,  and  what  the  message.  To  be  more 
exact,  therefore,  one  should  not  use  merely  the  word,  “information,”  but  in¬ 
stead  the  phrase,  “information  about  event  E  of  a,  class  of  events  C  conveyed 
by  message  M  relative  to  a-priori  knowledge  /C.” 

Information  Rate  of  a  Random  Process. 

It  is  questionable  whether  a  theory  of  information  can  be  obtained  unless 
both  the  events  and  noise  are  assumed  to  be  generated  by  a  random  process.* 
The  interpretation  for  the  case  of  comunication  in  the  presence  of  noise  is: 

source  symbol  *-*  event, 

received  symbol  (determined  by  source  symbol  and  noise  symbol)  message, 

class  of  events  set  of  possible  source  symbols, 

a-priori  knowledge  *-*  a-priori  probability  that  a  certain  symbol  will  be  sent. 
For  the  sake  of  simplicity  it  will  henceforth  be  assumed  that  the  source  symbols 
are  real  numbers,  and  that  successive  symbols  are  independent.  It  is  also  as¬ 
sumed  that  noise  affects  successive  symbols  independently.  In  this  case  the 
received  s3Tnbols  will  be  real  numbers,  successively  independent,  and  the 
following  description  is  possible: 

*  C.  E.  Shannon,  “A  Mathematical  Theory  of  Communication,”  Bell  System  Technical 
Journal,  1948,  pp.  379-423,  and  1948,  pp.  623-656. 

*  N.  Wiener,  “Cybernetics,”  New  York,  1948,  pp.  74-81. 

*  Cf.  C.  E.  Shannon,  “Communication  Theory  of  Secrecy  Systems,”  Bell  System  Tech¬ 
nical  Journal,  1949,  pp.  663,  4. 
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p{x,  y)  =  probability  density  that  x  is  transmitted  and  y  received, 

Poix)  =  j  p(x,  y)  dy  =  a-priori  probability  density  that  x  was  transmitted, 

g(y)  =  /  p(x,  y)  dx  —  a-priori  probability  density  that  y  will  be  received 
(based  on  ignorance  of  x), 

Pm(x)  =  p(x,  m)/q(m)  =  probability  density  that  x  was  transmitted  a-pos- 
teriori  to  receipt  of  y  =  'm. 

Let  I(m)  denote  the  information  obtained  as  the  result  of  receiving  y  =  m. 
The  following  postulate  immediately  suggests  itself : 

Postulate  I:  /(m)  is  a  scalar  functional  of  po(x)  and  p*(x) 

/(m)  -  ^(po(x),  p«(x)) 

with  the  property  that 

Po(x)]  =  0. 

The  second  part  of  the  postulate  implies  that  no  information  was  gained  if 
the  a-posteriori  probability  as  to  what  was  transmitted  is  the  same  as  the  a-priori 
one,  as  to  what  will  be  transmitted. 

As  the  entire  process  we  are  considering  is  a  statistical  one  it  is  to  be  expected 
that  statistical  functions  of  7  will  play  a  more  important  part  than  7  itself. 
We  dehne  the  “information  rate”  R  as  the  average  amount  of  information  re¬ 
ceived  per  transmission,  i.e.  as  the  expected  value  of  7: 

R  =  'E[I{m)]  =  j  q(m)I(m.)  dm. 

R  should  be  invariant  under  any  transformation  that  merely  amounts  to  a 
one-to-one  relabeling  of  the  message  symbols  without  changing  the  fundamental 
physical  process,  otherwise  the  information  obtainable  from  a  message  could 
be  changed  by  restating  the  message  in  a  logically  equivalent  way.  For  instance, 
suppose  the  received  message  is  read  frbm  a  meter  calibrated  according  to  y* 
instead  of  y.  If  the  distributions  po  and  p.,  are  recalculated  on  the  basis  of  x* 
instead  of  x  the  resulting  value  of  R  should  be  the  same.  Now  a  relabeling  of 
the  variable  x  to/(x),  where /(x)  is  differentiable,  transforms  a  distribution  p(x) 
into  the  distribution  p(x)//'(x)  where  x  “  g(z)  is  the  function  inverse  to  z  =  /(x), 
which  is  assumed  monotonically  increasing.  Therefore  we  have  the  following 
postulate: 

Postulate  II:  The  transformation 

p(x)  — »  pig(x))/f'(gix))  where  g  is  the  inverse  of  /,  and  p  generally  represents 
all  the  probability  distributions  entering  into  the  definition  of  R,  leaves  R  in¬ 
variant. 

A  Uniqueness  Theorem  for  a  Restricted  Class  of  Definitions. 

It  is  possible  to  provide  a  mechanism  for  the  process  of  information  receipt 
by  considering  the  recipient  to  have  an  a-priori  uncertainty  f/o  =  U(po(x))  as 
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to  what  vriU  be  transmitted,  and  an  a-posteriori  uncertainty  Um  ~  U(pm{x)) 
as  to  what  was  transmitted.  A  restricted  type  of  definition  of  /  is  therefore  one 
of  the  form  /  =  t/o  —  f/*  .  It  is  to  be  noted  that  U  is  some  scalar  quantity  as¬ 
sociated  with  a  distribution  function,  giving  a  measure  of  the  uncertainty  ac¬ 
companying  this  distribution.  Presumably  the  narrower  the  distribution  the 
lower  the  value  of  U.  There  are  of  course  many  ways  in  which  a  scalar  can  be 
associated  with  a  distribution,  but  this  paper  will  henceforth  concern  itself 
only  with  functionals  of  the  type 

f/  =  ^  F{j),  x)  dx 


where  F  =  F{u,  v)  is  some  real  function  of  two  real  variables.  This  is  a  common 
method  for  assigning  scalars  to  distribution  functions;  for  instance  the  k'th 
moment  of  p  is  obtained  by  setting  F(u,  v)  uv*. 

It  will  be  assumed  that  F  has  continuous  partial  derivatives  through  the 
second  order,  and  in  fact  we  will  from  now  on  assume  all  sorts  of  “good  be¬ 
havior,”  including  interchangeability  of  order  of  integration,  etc.  With  these 
limitations  in  mind  the  following  uniqueness  theorem  will  be  derived: ' 
Theorem:  If  I  is  of  the  form  I  ^  Uo  —  Um ,  and  Ui  is  of  the  form  Ui  — 

J  F(pi{x),  x)  dx  then  in  order  that  postulates  I  and  II  are  satisfied  it  is  necessary 

that 

K  .  consUnt-  ff  p(x,  y)  log  *  iy  ' 

Proof:  Since  the  definition  of  U  automatically  implies  that  postulate  I  is 
satisfied  it  is  only  necessary  to  subject  R  to  the  conditions  of  postulate  II.  We 
have 

(1)  R  ==  j  F(po,x)dx  —  jj  q(m)F(pm  ,  x)  dxdm. 


The  invariance  condition  implies  that  ' 

f  Jdx-  ff 

^2)  J  L/W)’  J  '  JJ  risim)) 

-/'■[ra'H™'- 


jj  q{m)F  .  /(*) ]  dx  dm 


is  independent  of  the  choice  of  /.  Let 

(3)  Fiu,  V)  -  uG(u,  i;). 

Then  (2)  becomes 

(4)  j  p»G{ptff\f)  dx-  jj  qpmOipmlf,  f)  dx  dm. 


*  This  is  the  formula  for  information  rate  proposed  by  Shannon  on  the  basis  of  considera¬ 
tions  other  than  those  employed  here. 
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Li 


Subject  /  to  the  variation  •  ' 

(5)  A/(x)  -  €U»(x). 

Since  (4)  is  independent  of  /  the  correspmding  variatiiHi  of  (4)  must  vanish : 

(6.1)  -  fpl(f^w'/r'dx  -  ff  qpLCTuW'/r'dxdm 

(6.2)  +  f  Po(f,  w  dx  +  jj  qp^Cf^w  dx  dm^  0 

Since  w'  can  be  very  large  compared  to  w  lines  (6.1)  and  (6.2)  must  vani^ 
separately.  The  vanishing  of  (6.1)  implies  in  turn  that 

(7)  piO,ip,/r,f)  +  /  qpLG.(pjr,f)  dm  -  0 
Setting 

(8)  Guiu,v)  ^  riu,v)/u* 

we  obtain  , 

(9)  r(po/f',f)  +  J  qr{pm/f',f)dm  =  0 

Note  that  a  variation  Ap(x,y)  *  th{x)k(y),  where  j  h  dx^  j  k  dx  0,  ia  an 

admissible  variation  of  p(x,  y)  providing  h  and  k  are  appropriately  bounded. 
f  Such  a  variation  produces  the  following  variations  in  the  associated  distributions: 

(10)  Apo(x)  *  0,  A9(m)  »  0,  Ap»(x)  =  th{x)k{m)/q{m). 

Subjecting  the  respective  quantities  of  (9)  to  the  variations  prescribed  by  (10) 
yields 

(11)  J  r^(pm/f',f)kim)  dm  -  0 

Due  to  the  arbitrariness  of  k(m)  (11)  implies  that 

(12)  »■•(p»//^/)  “  fimction  independent  of  m. 

Subjecting  (12)  to  another  variation  of  the  type  (10)  we  obtain  (12)  +  A(12) 

»  independent  of  m; 

therefore 

(13)  /'A(12)  =  truuipjr,f)k{x)k{m)/q{m)  -  indep.  of  m. 

From  the  arbitrariness  of  fc(m)  it  clearly  follows  that 

(14)  ,  r»«(u,  v)  -  0 
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Combining  (14)  and  (8)  gives 

(15)  G{u,  »)  —  a(v)lnu  +  b(v)/u  -f-  c(v) 

for  some  functions  a(t>),  &(v),  e(v). 

Returning  now  to  (6.2)  we  see  that  it  implies 

(16)  PoG,(pt/f',f)  +  f  9PmG,(pJf',f)dm  »  0 
Let 

(17)  G,(u,  i>)  -  »(u,  v)/u. 

Then  (16)  becomes 

(18)  «(Pi//',/)  +  f  q»(Pm/f,f)  dm  »  0. 


As  (18)  is  of  exactly  the  same  form  as  (9)  it  similarly  implies  that 

(19)  «,«(w,  v)  -  0. 

Ckmibining  (19)  and  (17)  yields 

(20)  G,(u,  v)  -  A(i;)  +  B(v)/u. 

But  (15)  implies 

(21)  G,(u,  v)  «  a'{v)lnu  +  h'{v)/u  +  c^{v). 
Combining  (20)  and  (21): 

(22)  o'(i;)  -  0. 

Thus 

(23)  G(u,  v)  “  const*  Inu  -|-  b(v)/u  +  c(t») 


and 

(24)  F(u,  v)  *  const*  tdnu  -H  uc(y)  +  6(t>). 

Substituting  (24)  in  (1):  ' 

A/const  —  j  ptlnpo  dx  —  jj  qp^  Inpm  dx  dm 

-/(--/  qprndm^  c{x) 


(25) 


But 


/ 


g(m)p«(x)  dm 


J  ?("»)p(*»  ‘m)/q(m)  dm 


Po(x). 


Therefore  the  last  integral  of  (25)  vanishes,  making  it 
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(26) 


i?/con8t  “  jj  p(x,  y)lnpo  dxdy  —  jj  p{x,  m)ln\p{x,  m)/q(rn)]  dx  dm 

^  ~  II  y)/p»ix)qiy)]  dx  dy, 


as  was  to  be  proved. 

In  addition  to  the  preceding  study  a  class  of  definitions  for  information  rate 
of  the  type 


^  ^  II  ^(P»(*).  VM)  dx  dy, 

where  F  is  again  some  real  function  of  two  real  variables,  was  considered.  A 
heuristic  derivation  indicates  that  again  the  result  (26)  is  implied.  Because  of 
its  inelegance  and  length  this  work  is  not  presented  here. 

These  various  specific  results  lead  one  to  suspect  that  a  corresponding  general 
result  may  exist,  but  it  appears  that  a  different  approach  would  be  required  to 
obtain  the  latter. 

It  should  be  stressed  that  the  postulational  approach  to  the  definition  of 
information  given  in  this  paper  is  by  no  means  the  only  such  poetulaticxial 
method  possible.  One  of  the  customary  alternate  ideas  is  to  postulate  an  ad¬ 
ditivity  for  the  total  information  output  of  independent  information  sources. 
Together  with  other  assumptions  of  a  simple  kind  additivity  postulates  of  this 
type  imply  a  unique  formulation,  at  least  for  the  case  of  discrete  probabilities. 


Thb  Rand  Corporation 

i[Receiyed  October  10,  1960) 

*  Cf.  "A  Mathematical  Theory  of  Communication,”  loc.  cit,  Appendix  2. 
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By  Milton  ABSAMOwm 

The  present  article  is  devoted  to  the  tabulation  of  the  integral 


I{x)  *■  e~"*  du. 


This  function  occurs  in  the  solution  of  the  equation  for  heat  conduction  in  the 
case  of  a  fluid  flowing  past  a  flat  plate/  The  integral  has  been  tabulated  at 
intervals  of  .01  to  eighth  decimal  places  with  second  central  differences.  Since 

e~**  du  ■*  .  .89297  96116  (correct  to  10  decimal  places) 

I(x)  has  been  tabulated  to  the  point  x  —  2.50  where  it  differs  from  r(l/3)/3 
by  one  unit  in  the  eighth  decimal  place. 

The  tabular  values  were  computed  to  ten  decimal  places  from  the  power 
series 

V  1  i,  lx’  1  , 

I(x)  -  X  4^+72!  10  3! 

in  the  range  x  =  0  to  x  =  1.5.  An  independent  check  was  made  for  x  =  1.5 
with  the  aid  of  the  expansion 

/W  +  +  •••} 

For  X  >  1.5,  /(x)  was  obtained  by  numerical  integration  of  the  function  e““  . 
Independent  checks  were  made  with  the  asymptotic  expansion 

/(X)  - 

2  ,  2.5  2.5.8  ,  ,  (-1)"2.5.8  •••  (3n  -  1)1  .  „ 


— *»  r 

—  - —  1  - 
3x*  L 


3x»  3*x« 


+  Rn 


(-l)"(3x*e**)(2.5.8  •••  (3n  -  l)(3n  +  2)] 
3"+‘ 


r  e~**  du 

L  u»»+* 


The  ten  place  values  were  differenced  and  ultimately  rounded  to  8  decimal 
places.  The  tabulated  second  differences  are  those  obtained  by  rounding  the 
differences  of  the  ten-place  values.  Linear  interpolation  will  generally  be  good 
to  four  decimal  places. 

Computation  Labobatort 

National  Bureau  or  Standards 

'  L.  M.  K.  Boelter  and  others,  Heat  tranefer  notet,  (University  of  California  Press, 
Berkeley,  Calif.,  1948). 
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SOME  REMARKS  ON  THE  COUPLING  OF  TWO  DUCTS 


By  Albert  E.  Heins 

1.  Introduction.  A  recent  paper  by  Weitz  and  Keller  (1)  studies  the  effect  of 
surface  waves  on  two  coupled  channels  of  finite  depth.  Elach  surface  on  each  of 
these  respective  channels  has  different  physical  properties  and  hence  different 
boundary  conditions  are  in  effect  for  z  >  0  and  z  <  0.  To  describe  the  geometry 
more  adequately  we  have  the  infinite  strip  — <»  <z<<»,0<y<o.  For 
1/  -«  a,  z  >  0  there  is  a  given  boundary  condition,  for  y  a,  z  <  0  there  is  a 
second  boundary  condition  and  for  all  z  and  y  »  0  there  is  a  third.  Problems  of 
this  nature  have  already  been  considered  by  Feshbach  and  Heins  in  1947  (2), 
and  by  Heins  in  1948  (3)  and  1950  (4).  Such  boundary  value  problems  are  of  the 
mixed  type  because  two  different  boundary  conditions  are  in  force  on  the  line 
y  =  a.  The  experience  of  Feshbach  and  Heins  has  indicated  that  the  method  of 
singular  integral  equations  of  the  Wiener-Hopf  type  is  an  appropriate  form  in 
which  to  formulate  these  problems.  Weitz  and  Keller  do  not  get  the  Wiener- 
Hopf  integral  equation  and  remark  that  the  methods  of  Feshbach  and  Heins  are 
inaoplicable.  This  is  the  case  because  an  appropriate  Green’s  function  was  not 
employed  by  these  authors.  If  care  is  taken  in  selecting  the  Green’s  function  we 
obtain  an  integral  equation  which  is  completely  reminiscent  of  the  investigations 
of  Feshbach  and  Heins.  We  shall  refer  freely  in  this  note  to  the  work  already 
available  (2,  3,  4). 

t 

2.  Statement  of  the  Problem.  The  general  mathematical  problem  of  the  , 
coupling  of  two  ducts  is  dependent  on  the  partial  differential  equation 

(2.1)  aV/di*  +  a*0/dy*  -  fcV  =  0 
subject  to  the  boundary  conditions 

(2.2)  ^/dy  «=0  y*=0,  — Qo<'z<«) 

(2.3)  50/ 5y  =*  ffi  0  y  “  fl,  z  <  0 

(2.4)  50/9y  =“  <ri0  y  “  a,  z  >  0 

For  k  real  we  have  the  problem  of  surface  waves  while  for  k  imaginary  we  deal 
with  acoustic  waves.  Various  cases  of  the  parameters  and  at  have  been  treated. 

For  (Ti  and  at  complex,  and  k  imaginary  we  have  the  work  of  Feshbach  and 
Heins  (2).  For  ffi  >  0,  ai  »  0  and  k  real  we  have  the  “dock”  problem  (3). 

In  addition  to  the  conditions  (2.2),  (2.3)  and  (2.4),  conditions  at  infinity  are 
required.  We  shall  suppose  that  for  z  — »  —  w  (k  real) 

(2.5)  0(z,  y)  »  [ai  exp  (txz)  +  /3i  exp  (-txz)]  cosh  poy/a 
where 

*  -  V(pJ/a*)  -  k* 
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and  po  is  the  real  positive  root  of 

(2.6)  ffia  cosh  p  —  sinh  p  —  0 

It  is  assumed  that  ai  is  sufficiently  large  and  positive  to  insure  that  x  be  real. 
(2.5)  is  the  asymptotic  form  of  ^(x,  y)  for  x  — ►  —  <»  imder  the  assumption  that 
there  is  propagation  in  the  left  duct.  Here  we  see  that  in  the  assumption  (2.5) 
we  are  making  a  specific  statement  regarding  the  form  of  ^(x,  y)  for  x  — ►  —  « . 
While  it  might  be  more  desirable  from  a  mathematical  standpoint  to  merely 
require  an  order  condition  [see  (1),  eq.  (2.5)  and  (3),  p.  732]  we  require  such  a 
specific  condition  to  obtain  the  Wiener-Hopf  integral  equation.  In  (3),  this 
specific  condition  could  be  avoided  because  there  were  two  choices  in  formulating 
the  problem.  Here,  in  order  to  formulate  the  problem  as  a  Wiener-Hopf  integral 
equation,  there  is  only  one  choice.  Finally  for  x  — »  « ,  we  do  not  require  a  specific 
form  of  ^(x,  y)  but  merely  an  order  condition.  To  this  end  we  state  that 

(2.7)  0(x,  y)  «  0[exp  (te)],  x  —>  « ,  $  <  V(pi/o*)  +  k* 

where  pi  is  the  smallest  imaginary  root  of  (2.6).  The  origin  of  the  condition  (2.7) 
will  be  described  in  the  formulation  of  the  problem. 

For  oi  sufficiently  small  and  positive,  x*  is  negative  and  here  we  shall  only 
require  order  conditions  on  0(x,  y)  for  |  x  |  — >  «« .  Such  an  order  condition  is 
^(*1  y)  “  0[exp  (6  I  X I)]  (1, 3)  where  d  <  y/k^  —  (po/o*).  For  <ri  negative  a  similar 
condition  is  in  force.  That  is,  we  now  require  that  ^(x,  y)  »  0[exp  (O'  \  x  [)]  for 
*  I  — ♦  00  where  O'  <  y/k*  (piVo*)*  Here  pi ,  n  —  0, 1,  •  •  •  are  the  imaginary 
roots  of  (2.6),  for  <ri  <  0. 

3.  The  Green’s  Function  and  The  Integral  Equation.  We  desire  a  Green’s 
function  associated  with  the  homogeneous  equation  (2.1).  That  is,  we  desire  a 
solution  of  (2.1)  which  is  finite  everywhere  save  at  x  =■  x',  y  y'.  At  this  point, 
(r(x,  y,  x’,  y’),  the  Green’s  function  has  a  logarithmic  singularity,  since  it  is  a 
two  dimensional  one  associated  with  eq.  (2.1).  Now  as  for  the  boundary  con¬ 
ditions  at  y  »  0  and  y  »  a,  we  recognize  that  we  have  a  certain  degree  of  freedom. 
For  example,  if  we  take  dG/dy  >  0  at  y  »  0,  we  eliminate  any  contributions 
frcnn  the  line  y  »  0  in  the  expression 

(3.1)  Gmdy)  -  ik{dG/dy) 

Further  for  the  line  y  ^  a,  we  can  take  dG/dy  —  <riG  or  dG/dy  «■  a/}.  Let  us 
take  the  first  choice.  Then  for  x  <  0,  the  expression  vanishes,  while  for  x  >  0 
it  becomes 

(<r*  —  (ti)G^ 

Such  a  Green’s  fimction  has  the  expansion  for  x  real  x 

cos  (p»y/o)  cos  (p»y7o) _ 

exp  [—  \  x  —  X  \  y/k-  +  (p|/6*)](o*<r?  +  p\) 

+  Pi  (aVl  +  pi  -  aci) 

*(po  —  o*<ri)  cosh  (poy/g)  cosh  jpty'/a)  exp  [ix  jx  —  x’ I] 
ax(pt  —  ciVf  -1-  dot) 


G(x,y,x',y') 


Z 


(3.2) 
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where  the  p»8  are  the  imaginary  roots  of  (2.6).  This  G  satisfies  the  Sommerfeld 
“Austrahlungsbedingung.”  But  the  presence  of  the  term  exp  [t*  |  x  —  x'  |]  means 
finiteness  at  infinity  and  therefore  (3.2)  is  not  in  a  usable  form  |  x  —  x'  |  . 

However,  if  we  add  an  appropriate  solution  of  (2.1)  to  (3.2)  we  can  retain  the 
eswntial  character  of  G  and  change  the  form  of  G  for  |  x  —  x'  |'— ♦  «.  Such  a 
solution  is 


1  f  ~ ~  ®*P  “  *)!• 


ax(po  —  oV*  +  €uri) 


Then  the  modified  Green’s  function  has  the  properties  that  for  (x  —  xQ  — >  «» , 
it  is  Ofsin  x(x  —  a/)]  while  for  (x  —  xO  — ►  — «  it  is  0[exp  (— +  rf/o*)]* 
This  minor  modification  of  G  contains  the  clue  to  obtaining  the  Wiener-Hopf 
integral  equation  (4).  Let  us  call  the  modified  Green’s  function  G'. 

We  have  then  that  for  —  L  <  x’  <  L'(L,  L'  >  0),  and  x,  y  interior  to  the 
strip  — L  <x'<U,0<y<a 

y)^  j  [G'(a^/dnO  -  ^(dG'/dnOlds' 

=  [ai  exp  (ixx)  +  jSi  exp  (— txx)]  cosh  (poy/a) 

+  (v*  -  Vi)  G'(x,  y,  x[,  a)0(xi',  a)  dx' 

+  0{exp  {((?  -  Vfc*  +  (PiVa»))L')]  +  0[exp  (-LVk*  +  (p,/a*))]. 

Hence  in  the  limit  as  L  and  U  become  infinite,  we  have  the  Wiener-Hopf  integral 
equation 

'  ^(x,  a)  «=  cosh  po[a,  exp  (txx)  -|-  A  exp  (— txx)l 

(3.3)  f-  ,  , 

+  (<rj  -  «ri)  G'(x,  a,  xi,  o)^(xi,  a)  dx'. 

For  X*  negative,  a  minor  change  occurs  in  the  Green’s  function.  We  have  for 
>  0 

^  Tcos  (p,y/o)  cos  (p«y'/o) _ 

G^\x\yixiy’)  -  i  exp  [-  |  x  -  x'  |  %/k'  +  (ff«/o»)](oV?  +  pi) 

‘  i  Vl^'  +  P‘,  (eV?  =1-  fii  -  aai) 

cosh  ipoy/a)  cosh  jpoy  /a)  (j^  —  oV) 

.  _ exp  [-Vk*  -  pg/o«  [x  --  x'  I  ] 

"  "^k^a*  —  pS(<io'i  +  po  ~ 

Here  the  integral  equation  is 

(3.4)  0(x,  o)  -  ((t*  -  ai)  ^  G‘”(x,  o,  x',  a)^(x',  a)  dx'. 

Finally  for  <ri  <  0,  x*  ->  —  [fc*  +  (poVo*)l  and 
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COS  (finV/a)  cos  ipnV/a) 

G^*\x,y,x,y')  *  o  ■ _ exp  [-  [  x  -  |  Vfc*  +  (4Va«)][oV?  +  p«*] 

y'k'a*  +  p*  (eVJ  +  p«  —  aai) 

Here  the  integral  equation  is 

(3.5)  0(x,  o)  =  (ff,  -  <ri)  f  G^'\x,  a,  x',  o)^(x',  a)  dx'. 

JO 

4.  The  Fourier  Transform  Solution  of  Eqs.  (3^),  (3.4)  and  (3.6).  The  actual 
solution  of  these  equations  follows  along  the  lines  described  in  (2,  3,  4)  and  we 
shall  simply  summarize  the  results  here.  We  shall  assume  henceforth  that 
x'*  =  vl/a*  —  A:*  >  0.  Here  vn  is  the  real  positive  root  of 

<rj  a  cos  V  —  V  sinh  i»  =  0 

Then  three  cases  arise  as  we  have  already  noted. 

1.  <ri  >  0,  X*  >  0.  Here 


0(x,  o) 


exp  i—iwx)  dx 


cosh  po  r ai  K+jx)  _j_  0iK+i—x) 
iK-{w)  Lto  —  K 


where 


K-{w) 

K^iw) 


at  cosh  ya  —  y  sinh  ya 
ai  cosh  ya  —  y  sinh  ya  ’ 


y  -  Vk*  +  tc* 


a:-(«;)..- 


(TiPo  {vq  —  y  a) 
oiA  (po  —  7*  a*) 


L_(tc), 


L_(tp) 


1 

L+(-tp) 


n  [Vl  -T-  {k*a*/v\)  -h  iaw/ Pn]  exp  (-taio/nx) 


00 

n 


[Vl  +  {k'a'/p\)  +  totc/pj  exp  (-iaw/nr) 


and  L+(tp)  “  K+(w) 

2.  <ri  >  0,  X*  <  0.  Now 

K_(„)  — ~  , 

01  I'D  [y/ a*  fc*  —  vl  +  Mw] 
l/K+(w)  =  po/L+iw)[\/a*k*  —  vl  —  totp] 


and  L_(tp)  and  L+(io)  have  been  defined  in  the  previous  paragraph. 

3.  ffi  <  0.  Now 

iC_(tp)  -  (at/ai)L-(to)[l  —  (7*0*/ v*)! 

and 


K^(w)  -  L+{w) 

Here  L_(w)  and  L+(u>)  have  already  been  defined.  The  lower  index  in  the  infinite 
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product  depending  upon  the  parameter  <ri  is  now  lero.  For  cases  2  and  3 

♦(is)  -  C/K.(w) 

where  C  is  an  arbitrary  constant. 

For  case  1  the  fc^owing  as}rmptotic  forms  arise.  For  x  — ♦  —  « 

♦(x,  y)  -  cosh  (po  y/a)[ai  exp  (ixx)  +  Pi  exp 
while  for  *  — ►  « 


4>ix,  y)  »  cosh  (n)  p/a)[aj  exp  (tVx)  +  ft  exp  (-t*'x)]. 

This  follows  from  a  residue  calculation  (4).  We  have 

Poatifft  —  <ri)  cosh  po 
a?  —  Ota  —  I'J)  einh  n 

r  .  PiK+i-x)  1 

lix>  -  x)K^{x')  ix'  +  J 

o  P0<rt(<rt  —  <ri)  cosh  po 


x'CsIo*  —  (Tio  —  I'J)  sinh  yo 


f  -aiK+(x)  ,  PiK+(-x)  1 

*  L(*'  +  * 

That  is,  we  have  linear  relations  between  the  amplitudes  of  the  waves  travelling 
to  the  right  and  left  in  the  left  duct  and  those  travelling  in  similar  directions  in 
the  right  duct.  We  employ  the  convention  that  the  wave  exp  (iSx),  5  >  0 
travels  to  the  right  while  the  wave  exp  (—iSx)  travels  to  the  left.  Hence,  for 
ft  0  we  have  an  incident  wave  and  a  reflected  wave  in  the  left  duct  and  a 
transmitted  wave  in  the  right  duct.  The  magnitude  of  the  reflected  wave  is 
given  by 

I  fil  I*  =*  [(x  —  x')/ (x  +  x')]*, 

while  that  of  the  transmitted  wave  in  the  right  duct  (not  normalized)  is  given  by 
,1  4x*(i»o  —  a*<rj)(<rja*  —  <ri  a  —  pi) 


(x  +  x')*(i»j  —  o*ff|)(afo*  —  ffia  —  pI) 


Consider  now,  the  magnitudes  of  ai ,  at ,  ft  and  ft .  Of  these  four  magnitudes, 
only  three  are  independent.  For  since  (4.1)  and  (4.2)  are  solutions  of  —  ibV  ~ 
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0,  which  satisfy  the  boundary  conditions  on  the  various  segments,  we  have  (4) 
(the  asterisk  denotes  complex  conjugate) 

(4.3)  jj [^VV  -  ^•VV]  dA  -  0  -  ^[^(d^Vdn)  -  ^•(d^/dn)]  ds. 


This  implies  a  relation  between  the  four  magnitudes.  When  (4.3)  is  simplified, 
we  get 

x[  I  «1  I*  —  I  ft  1*1  [po  —  a*gi  — qgi]  _  x"[  I  ai  I*  —  I  ft  n  [yp  —  o*(r«  +  0<r«] 

pi  —  G*ffi  ?|  —  a*ffl 

The  expressions  we  have  for  |  ai  |,  |  ft  |,  |  at  |  and  |  ft  |  satisfy  this  relation  (4.4). 
This  identity  provides  us  with  a  means  of  normalizing  |  |,  |  Aj  |,  |  |  and  |  U  |. 

For  example,  if  ft  —  0  (transmission  to  the  right),  we  have 

1  _  1  D  r»  _  Ml  l*(po  ~  Vi)(»'0  —  a'<r\  +  curt)  _  i  /p  i* 

x(r|-aVi)(pS-o*«r?  +  o«r,) 

where  Ti  is  the  normalized  transmission  coefficient  and  is  simply 

1  Ti  I*  -  4x*7(x  +  x')‘ 

In  a  similar  fashion  we  find  that  Tt ,  the  normalized  transmission  coefficient  in 
the  left  duct,  is  given  by 

I  T,  1*  -  4xxV(x  +  *0*. 

It  is  clear  that  |  Ri  \  and  |  Rt  |  are  automatically  normalized. 

Cases  2  and  3  follow  as  in  (3).  In  reference  to  (3)  the  following  comment  may 
be  made.  A  Green’s  function  was  used  which  satisfies  the  boundary  conditions 
that  dO/dy  «  0  at  y  —  0  and  y  ^  a.  This  was  done  so  that  only  an  order  con¬ 
dition  would  be  required  for  x  — »  <»  to  formulate  the  integral  equation.  Actually, 
it  would  have  been  equally  good  to  use  a  Green’s  function  similar  to  O'  used  in 
sec.  3  of  this  note,  and  to  invoke  a  precise  asymptotic  boundary  condition  on  one 
side  as  we  have  done  here. 
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THE  STABILITY  OF  INFINITE  DIFFERENTIAL  SYSTEMS 
ASSOCIATED  WITH  VORTEX  STREETS 

By  E.  a.  Coddinqton 

Introduction.  The  considerations  of  the  present  paper  center  about  a  A;-foId 
infinite  linear  system  of  differential  equations  of  the  type 

(0.1)  (•  =  d/dt). 

The  Anm  {n,m  ==  0,  ±1,  ±2,  •••  )  are  A:  by  fc  constant  matrices  with  the 
particular  structxu^  Anm  “  ,  and  the  f,  (n  =»  0,  ±1,  ±2,  •  •  •  )  are  vectors 

of  one  column  and  k  rows.  If  A  is  defined  to  be  the  infinite  matrix  whose  ele¬ 
ments  are  the  matrices  Anm ,  and  f  is  the  infinite  vector  with  elements  , 
then  (0.1)  may  be  written  simply  as 

(0.2)  t  ~  Ar. 

For  the  case  A;  —  1,  Toeplitz  called  A  a  Laurent  matrix  since  the  study  of  such  A 
is  intimately  related  to  Laurent  series  with  the  A,  as  coefficients  (cf.  [8]).  Under 
the  assumption  that  the  elements  of  the  matrices  A,  are  Fourier  constants  of 
continuous  functions  on  an  interval  0  ^  M  ^  li  we  construct  in  Section  1  the 
imique  analytic  solution  f  —  f(0  of  (0.2)  corresponding  to  any  initial  vector 
f®  —  (fV),  t  “  1>  •  •  •  >  w  =»  0,  zfcl,  ±2,  •  •  •  ,  which  is  in  ordinary  Hilbert 
space,  that  is 

./  •  *  \iii 

II  {*  II  -  (^  §  1  f.'  I*)  <  « • 

In  Section  2  we  study  the  behavior  of  the  solution  f  as  <  — »  -b  « .  The  system 
(0.2)  is  said  to  be  stable,  with  respect  to  the  set  of  all  initial  vectors  f®  for  which 
II  f®  II  <  « ,  if  and  only  if  lim  sup  ||f||  <  »-boo,  holds  for  every  solution 
corresponding  to  such  an  initial  vector.  We  give  necessary,  and  sufficient,  con¬ 
ditions  for  stability. 

The  principal  impetus  in  this  work  has  been  the  possible  application  of  such 
results  to  the  physical  problem  that  von  Kdrm^  considered  in  connection  with 
the  stability  of  parallel  rows  of  vortices  [1],  [2].  In  fact  Wintner,  in  a  short  note 
some  time  ago  [10],  suggested  that  his  work  on  equations  of  the  type  (0.1)  with 
k  1  (cf.  [9])  could  be  amplified  to  treat  the  von  Kdrmdn  problem.  In  Section  3 
we  consider  the  linear  problem  of  the  first  approximation  resulting  from  per¬ 
turbing  two  infinite  rows  of  vortices  originally  situated  at  the  points  in  the 
(.X,  y)  -  plane  (2n6  -b  c,  a),  (2nb  —  c,  —a),  n  ■*  0,  ±1,  ±2,  •  •  •  ;  see  Figure  1. 
The  linear  (infinite)  system  of  differential  equations  resulting  is  of  the  type 
(0.2),  and  if  r  «  a/b,  q  =*  c/b,  it  is  shown  that  the  system  is  unstable  when  q 
^  |.  In  fact  there  exist  initial  vectors  f®  such  that  ||  f (f)  ||  — »  -b  «  at  least  as 
fast  as  some  exponential  e“‘,  o  >  0.  For  the  case  9  =  §  we  construct  the  solution 
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explicitly  and  show  that  a  necessary  condition  for  stability  is  that  cosh*  tt  =  2. 
This  is  the  criterion  obtained  by  von  Kdrm&n.  However,  contrary  to  previous 
beliefs,  we  prove  the  result  that  the  linear  system  is  not  stable  when  q  =  i  and 
cosh*  xr  =  2.  As  a  matter  of  fact  we  show  that  there  exist  initial  perturbation 
vectors  with  arbitrarily  small  magnitudes  |[  ||,  but  for  which  the  correspond¬ 

ing  solutions  f  are  such  that  I|f||  — ♦-|-oo,as<— ♦-l-oo.  The  example  given  to 


Fiqube  1.  Von  K&rmin  Vortex  Street 


Fiqube  2.  Type  A  Double  Vortex  Street 


illustrate  this  shows  that  for  any  /3,  0  <  <  2,  there  exists  a  t*®  such 

that  II  f  (<)  II  — »  «  faster  than  as  . 

If  the  set  of  initial  vectors  is  restricted  to  a  certain  subclass  S,  obtained  by 
imposing  certain  symmetry  relations,  then  it  is  shown  that  the  linear  system  is 
stable  with  respect  to  the  set  S  if  g  *=  J  and  cosh*  xr  =  2.  It  is  not  known  what 
characterizes  the  set  of  all  initial  vectors  f®,  ||  f®  ||  <  oo ,  for  which  the  system 
is  stable. 
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We  compare  our  results  with  those  of  von  Kdnndn.  It  is  easy  to  see  that  the 
solutions  obtained  by  using  his  special  assumptions  are  not  stable  in  our  sense, 
nor  even  according  to  his  definition  of  stability.  Using  the  von  Kdrmdn  type  of 
perturbation  (which  involves  using  initial  vectors  such  that  I|  T®  ||  =  <» ), 
it  can  be  shown  that  there  exist  initial  vectors  such  that  the  correspKinding 
solution  vectors  have  components  which  tend  to  infinity  as  the  first  power  of 
as  <  — »  00 .  Such  solutions,  it  seems,  were  not  observed  by  von  Kdrmdn 

because  he  did  not  discuss  the  possibility  that  a  zero  characteristic  root  of  the 
matrix  determining  the  solution  of  his  system  might  be  associated  with  non¬ 
simple  elementary  divisors. 

We  have  also  considered  the  problem  of  the  stability  of  four  rows  of  vortices. 
The  two  configurations  investigated  are  pictured  in  Figures  2  and  3.  In  Section 


Figure  3.  Type  B  Double  Vortex  Street 


4  we  give  the  explicit  solutions  of  the  linear  systems  corresponding  to  these, 
and  obtain  necessary  conditions  for  stability. 

It  should  be  emphasized  that  the  results  of  Sections  3  and  4  apply  only  to  the 
linear  problem  which  is  obtained  by  ignoring  higher  order  terms  in  the  non¬ 
linear  system  of  differential  equations  which  describe  the  physical  situation. 
Consequently  any  conclusions  about  the  physical  problem  must  be  viewed  in 
this  light. 

L  Solution  of  the  Infinite  Linear  System.  Let  there  be  given,  for  each 
p  *  0,  ±1,  ±2,  •  •  •  ,  a  fc  by  fc  matrix  of  constants  A,  =  (a,),  i,j  =  1,  2,  •  •  •  ,  fc. 
Suppose  that  there  exists  a  matrix  F  =  (/*^,  i,j=  1,  2,  •  •  •  ,  A:,  of  continuous 
functions  on  0  ^  p  ^  1  which  have  the  constants  a*J  as  the  p-th  Fourier  coef¬ 
ficients,  that  is, 
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(1-1) 

If  the  p-th  Fourier  constant  of  an  integrable  function  a  on  0  ^  M  ^  1  is  denoted 
by 

(1.2)  [a],  =  f  ‘  dM, 

Jo 

then  (1.1)  may  be  written  simply  as 

(1.3)  [F]p  =  A,, 

where  [F]p  is  the  matrix  with  elements  [f%.  For  any  n  =  0,  ±1,  ±2,  •*. 
denote  by  the  vector  represented  as  a  one  column  matrix  with  k  elements 
,  t  =  1,  2,  . . .  ,  A;,  In  these  notations  we  now  consider  the  following  A:-fold 
infinite  linear  system  of  differential  equations 

(1.4)  ^  An-m^m  ,  W  =  0,  ±1,  ±2,  *  *  •  . 

IW  to 

As  indicated  in  the  Introduction,  if  A  =  (Anm)  ~  (A»-«)  is  an  infinite  matrix 
and  f  *  (fn)  a  vector,  (1.4)  becomes 

(1.5)  t  “  Ar. 

For  vectors  let  1  |*  =  1  l*»  11  f  11*  =  _ -  1  f«l*  and  for  matrices 

F  let  I  F  I*  =  21  ly-i  1  f*  1*.  Corresponding  to  any  constant  vector  f®  for  which 
11  f”  11  <  *  we  seek  a  solution  f  =  f(f)  of  (1.5)  such  that  f(0)  =  f®.  ^ 

The  initial  assumption  ||  f®  ||  <  oo  implies,  by  the  Riesz-Fischer  theorem,  the 
existence  of  a  vector  function  with  k  components  <po  =  (^i),  i  —  1,  2,  •  •  •  ,  fc, 
of  class  L*(0,  1)  such  that 

(1.6)  f®,  =  ,  n  =  0,  ±1,  ±2,  •  •  •  . 

If  1  v>o  1  *  =  X)  *-i  1  v>o  1*,  then  we  denote  by  ||  ^  ||  the  norm  defined  by 

II  <«)  II*  “  /  I  I*  dfi. 

Jo 

Thus  II  II  =  II  f  II .  Using  ^  as  a  start  try  for  a  solution  to  (1.5)  the  formal 
power  series 

(1.7)  ut)  -  E  Mntyn, 

r-0 

where  the  functions  ,  r  ^  0,  are  as  yet  undetermined  functions  of  class  L*(0, 1). 
Using  (1.3)  substitute  (1.7)  into  (1.4).  This  results  in 

(1.8)  E  [<Pr^iU7rl  -  E  E 

r—O  m— ae  rM> 

From  the  Parseval  theorem,  if  gi  and  gt  are  two  functions  of  class  L*(0,  1),  the 
p-th  Fourier  constant  of  the  product  gjgt  is  given  by  the  convolution 
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oo 

(1-9)  \3iQ^p-  23  . 

op 

Applying  this  remark  to  (1.8),  after  interchanging  the  orders  of  summation  and 
comparing  coefficients  of  T,  we  obtain  formally 

(1.10)  [^r+lln  =  ,  R  =  0,  ±1,  ±2,  •  *  •  ,  f  =  0,  1,  2,  •  *  •  . 

Now  (1.10)  will  certainly  hold  if 

(1.11)  ,pr+i  =  F^r,  r  =  0,1,2,  •.*. 

Since  ^  was  defined  by  the  initial  condition  (1.6),  this  relation  is  a  recurrence 
formula  for  the  vectors  <Pt  .  Because  F  was  assumed  to  be  a  matrix  of  continuous 
functions  on  0  ^  ix  ^  1>  and  ^cL*(0,  1),  it  follows  from  (1.11)  that  all 
<Pr « L*(0,  1).  Solving  for  <pr  in  (1.11)  we  see  that 

(1.12)  Vr^F'ipo,  r  =  0,  1,  2,  •  • .  , 

where  F'  denotes  the  r-th  power  of  the  matrix  F,  =  unit  matrix.  Thus  if 
<Pr  is  defined  by  (1.12),  the  coefficients  [^r]n  in  the  series  (1.7)  are  well  defined, 
and  the  series  for  fn(0  is  absolutely  convergent  for  finite  t  since 

1  I  =  1  1  ^  U  II  , 

where  M  »  max  |  F  |  on  0  ^  ^  1«  Substituting  (1.12)  into  (1.7)  results  in 

f.(l)  -  Z(j[Vw,»W«-”‘”dMV/rl. 

The  order  of  integration  and  summation  may  be  changed  since  we  have  a 
uniformly  convergent  series  of  continuous  functions  multiplied  by  an  integrable 
function.  Thus 

r.(0  =  /'(ZF'(M)<7r!)^(M)e-*'‘"'‘dM, 

which  is  the  same  as 

(1.13)  f.(()  -  f  (1». 

Jo 

From  (1.13)  it  is  easy  to  see  that  satisfies  the  differential  equation  (1.4). 
From  (1.6)  we  have 

^(m) 

and  if  this  is  placed  into  (1.13),  and  the  result  integrated  term  by  term,  there 
results 

(1.14)  f.(l)  -  E  «™«)fi  . 
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where 

(1.15)  R,(t)  -  [c'"],. 

Therefore,  if  R{t)  is  the  infinite  matrix  with  elements  Rnm(t)  =  Rn-m(t),  then  a 
solution  f  of  (1.5)  corresponding  to  any  initial  condition  f(0)  =  f®,  ||  f®  ||  <  <», 
is  given  by 

(1.16)  m  =  «(0f“. 

From  the  representation  (1.13)  it  follows  that  f«(0  =  ,  and  by  the 

Parseval  equality  ||  f(0  ||  =  ||  ||  .  This  shows,  in  particular,  that  f(0  is  in 

Hilbert  space  for  all  finite  t.  The  classical  proof  of  uniqueness  for  finite  systems 
of  differential  equations  satisfjdng  a  Lipschitz  condition  applies  without  change 
to  infinite  linear  systems  having  a  coefficient  matrix  which  is  bounded.  The 
coefficient  matrix  A  (cf.  (1.5))  is  certainly  bounded.  If  jj  =  (n*)  is  any  vector 
for  which  ||  i;  ||  <  <x>,  then  there  exists  a  vector  fimction  —  ^(m)  on  0  ^  ^  1> 

II  ^  II  <  00,  such  that  [^],  =»  Tin  ,  and  ||  ij  ||  =  ||  ^  II .  But  from  (1.3)  it  follows 
that  the  n-th  component  of  A  i;  is  given  by 

ui).  -  f:  m , 

Wl—  -90 

and  hence,  by  the  Parseval  formula,  ||  I|  =*  II II  ^  3/ 1|  ^  ||  =■  ilf  ||  i;  || ,  which 
proves  A  is  bounded.  Thus  the  anal3rtic  solution  (1.16)  of  (1.5)  is  imique. 

We  summarize  the  above  results  in  the  following  theorem. 

Theorem  1.  Let  {A,],  p  —  0,  ±1,  ±2,  •  •  •  ,be  a  sequence  of  k  by  k  matrices 
which  are  Fourier  constants  for  a  matrix  F  of  continuous  functions  on  0  ^  ^  1> 

and  suppose  A  is  the  infinite  matrix  with  elements  Anm  =  A,^m  .  Let  f  =  (fn)  be 
an  infinite  vector  whose  elements  are  k-dimensional  vectors.  Then,  for  every 
initial  vector  f®  for  which  ||  f®  II  <  ,  there  exists  a  unique  analytic  solution  of  the 

infinite  linear  system 

t  =  Af,  r(o)  -  r“. 

which  has  the  form 

.  f(0  -  «(0f“, 

where 

R(t)  =  («,_,»«))  = 

Further,  for  every  t,Q  ^  t  <  oo ,  ||  f  (f)  ||  <  oo . 

2.  Behavior  of  Solutions  at  Infinity.  Since  ||  i{t)  ||  »  ||  ||  it  ms  clear  that 

the  behavior  of  ||  f (f)  ||  as  f  — >  4-  oo  is  entirely  dependent  on  the  nature  of  the 
finite  matrix  of  continuous  functions  F(ji).  Let  X,(m),  i  —  1,  •  •  •  ,  fc,  denote,  in 
some  order,  the  characteristic  roots  of  F(m),  and  let  RXiiu)  denote  the  cor¬ 
responding  real  parts.  The  situation  may  then  be  summarized  as  follows. 
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Theorem  2.  (a)  If  lim  sup  ||  f(/)  ||  <  «>,<—♦  +«,  /or  every  ^  e  L*(0,  1), 
then  R\i{n)  ^  0  holds  for  0  ^  ju  ^  1,  and  i  =  I,  •••  ,k. 

(b)  If  R\i(ji)  <  0  for  all  n,  0  ^  ^  1,  and  all  i,i  =  I,  •••  ,k,  then,  for  every 

4fio  t  1),  II  f  (0  II  =  0(e“*‘),  where  c  is  some  “positive  constant. 

(c)  Suppose  R\i(ji)  ^  0  for  all  n,0  ^  fi  ^  1,  and  alli,i  =  1,  •••  ,k,  and  that 
Rkiiu)  =  0  for  some  n  and  i.  If  all  X,(m)  are  distinct  then,  for  every  tpo  e  L*(0,  1), 

II  f(0  II  =  0(1),  t  —*  +00. 

Remark.  If  F{n)  has  a  multiple  root  \i(n)  at  just  one  point  which  corresponds 
to  non-simple  elementary  divisors,  and  R\i(u)  =  0  there,  it  can  happen  that 
II  f  (0  II  — ^  +  *  I  ^  — »  +  *  for  some  ^  «  L*(0,  1).  As  a  matter  of  fact  this  is  pre¬ 
cisely  the  situation  which  arises  in  the  application  considered  in  Theorem  4 
below.  It  is  not  known  whether  there  exist  F(n)  (k  >  1)  with  this  property,  but 
for  which  lim  sup  ||  i'(t)  ||  <  oo ,  <  — »  +  oo ,  for  all  ^  e  L*(0,  1). 

Proof  of  (a).  Under  the  hypothesis, 

(2.1)  lim  sup  f  \  \*  dft  <  <x>. 

Jo 

This  follows  from  the  fact  that  the  unit  vectors  <poj  =  Mi),  <Poi  =  in ,  are  of 
class  L*(0,  1),  and  for  ipoj 

IlfWir-  /‘EI 

•'O  t-il 

where  (e^^’‘)o  is  the  element  in  the  i-th  row  and  j-th.  column  of  e'^^\  Now 
|groi)i|*  _  where  F*  is  the  conjugate  transpose,  and  tr  = 

trace,  and  it  is  in  general  true  (cf.  e.g.  [6])  that 

(2.2)  tr{e'-^‘‘^*e''^'‘^‘)  ^  E  |  |  *  =  E 

t— 1  1 

The  quantity  on  the  right  of  (2.2)  is  integrable  over  0  ^  M  ^  1>  for  the  X,(m) 
are  the  roots  of  an  algebraic  equation  det(X£f*  —  F(m))  =  0  (Ek  =  fc  by  fc  unit 
matrix)  whose  coefficients  are  continuous  functions  of  m  on  0  ^  M  ^  1-  Conse¬ 
quently,  from  (2.1)  and  (2.2)  we  have 

k 

(2.3)  lim  sup  /  E  c**^’^^*  <  *i 

and  therefore,  by  virtue  of  the  continuity  of  the  X,(m),  it  must  be  true  that 
Rhiifk)  ^  0  for  all  Ml  0  ^  ju  ^  1|  and  t  =  1,  •  •  •  ,  fc. 

From  the  proof  it  can  be  seen  that  if  R\i(ji)  >  0  for  some  t  and  m  then  there 
exists  a  ^  c  L*(0,  1)  such  that  ||  f  (0  ||  — »  +  «>  at  least  as  fast  as  some  exponential 
e",  c  >  0. 

Proof  of  (b).  By  virtue  of  the  hypothesis,  and  because  of  the  continuity  of  the 
R\i{p),  there  exists  a  positive  constant  c  such  that  /2X,(m)  ^  —  c  for  all  Mi  0  ^ 
M  ^  1,  and  all  i,i=  1,  •  •  •  i  k. 

First*  it  will  be  shown  that  for  every  particular  mo  ,  0  <  mo  <  1,  there  exists 
*  This  argument  was  suggested  by  Professor  N.  Levinson. 
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an  open  interval  /(/lo)  in  0  ^  ^  1  containing  |xo  in  its  interior,  and  a  constant 

K{no),  such  that 

(2.4)  le"'"’'!*  ^  A:(mo)c-“ 

holds  for  all  n  in  /(/lo).  In  order  to  prove  this  we  note  that  for  a  fixed  m»  the  columns 
of  represent  k  linearly  independent  solution  vectors,  Xi{t,  m),  •  *  •  ,  x*(<,  n), 
of  the  finite  linear  system 

(2.5)  X  =  F{ji)x, 

that  is,  is  a  fundamental  matrix  for  (2.5).  It  is  that  particular  one  which 
reduces  to  the  unit  matrix  at  ^  0.  Therefore 

(2-«)  El *<«,/<)  1’, 

and  consequently  we  appraise  |  x,(f,  m)  1  *•  Note  that  |  x<(0,  m)  1  *  =  !• 

To  do  this  let  TOio)  be  a  non-singular  matrix  such  that 
has  the  normal  form 

Ji  0  •  ••  0 
0  • 

(2.7)  j(iio)  , 

.  .  0 
O'*  0  J, , 

where  the  matrices  Ji  are  of  the  form 

0  ••••  0 
a  •  • 

0  •  •  • 

(2.8)  Ji  . . »  Xi  (>*o)  “  •  •  •  =  X>+,<  (/ig),  a  >  0. 

•  0 

0  •••  Oa 

It  is  understood  that  any  (or  all)  of  the  Ji  may  be  matrices  of  one  row  and 
column.  Since  Fin)  is  continuous  at  no ,  the  matrix  Gin,  no)  =  'F~\no)Fin)Tino) 
will  be  also.  Hence  we  write 

(2.9)  G  =  Gin,  po)  “  •/ (w)  +  A(m), 

where  each  element  of  Ain)  tends  to  zero  aa  n—*  tto  • 

Now  consider  the  system 

(2.10)  y  =»  Gy. 

From  (2. 10)  it  follows  that  y*y  ==  y*Gy  and  y*y  *  y*G*y,  and  by  addition 
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(2.11)  {d/dt)  1 1/ 1  *  =  (d/dt){y*y)  -  y*(G  +  G*)y. 

But  from  (2.9),  G  G*  J (no)  +  J*(jto)  +  ^(n)  +  ^*(m)i  and  J (no)  +  J*(n«) 
is  a  matrix  with  diagonal  elements  2R\i(no)  and  at  most  2(k  —  1)  a’s  off  the 
diagonal.  Since  2R\i(no)  ^  —2c,  it  follows  from  a  straightforward  calculation 
that 

(2.12)  1  y*(G  +  G*)y  -  (-2cy*y)  \  ^  ([2(fc  -  !)]>'*  a  +  1  A(m)  +  A*(m)  1  )y*y. 

Now  a  can  be  made  small  by  a  proper  choice  of  T(no),  and  |  A(n)  +  A*(m)  1  — » 0 
as  n—*  tM>.  Therefore,  there  exists  a  5  >  0  and  a  T(no)  such  that 

(2.13)  [2(k  -  1)]*'*  a  +  I  A(m)  +  A*(m)  I  <  c 
holds  on  I  (no):  |  m  —  #*0 1  <  5.  Hence,  from  (2.12), 

(2.14)  y*(G  +  G*)y  ^  -cy*y,  n  on  I  (no), 
and  on  account  of  (2.11), 

(2.15)  (d/dt)  \y\*  ^  -c\y\*,  c  >  0,  m  on  I(no). 

From  (2.15)  it  now  follows  by  integrating  that,  for  any  non-zero  solution 
y(t,  n)  of  (2.10), 

(2.16)  .  1  y(t,  m)  1  *  ^  1  y(0,  n)  1  n  on  I(no)- 

If  y(t,  n)  is  a  solution  of  (2.10),  then  x(t,  n)  =  T(no)y(t,  n)  is  a  solution  of  (2.5), 
and  conversely.  We  are  interested  in  those  solutions  x(t,  n)  of  (2.5)  for  which 
1 1(0,  m)  1  *  =  !•  For  these  [j/(0,  m)  I  *  ^  1  T~\no)  1  *,  and  hence,  from  (2.16), 

(2.17)  I  y(t,  m)  1  *  ^  I  T-\no)  \  V*‘,  n  on  I(no). 

If  K(no)  -  k  I  T(no)  |  ’  1  7^\no)  \  *,  then 

(2.18)  I  x(t,  m)  r  ^  (K(no)/k)e-\  n  on  I(no), 

and  if  (2.18)  is  applied  to  each  of  the  k  linearly  independent  solution  vectors 
Xi ,  •  •  •  ,  X*  which  comprise  the  columns  of  ‘,  then  (2.4)  obtains.  Clearly 
open  intervals  7(0)  and  7(1)  can  be  constructed  containing  m  =*  0  and  m  =®  1 
which  have  the  property  (2.4). 

We  apply  the  Heine-Borel  theorem  to  the  open  covering  {7(aio))  and  obtain 
a  finite  sub-covering.  Let  these  be  denoted  by  7i ,  •  •  •  ,  7, ,  and  let  the  associated 
constants  be  Ki ,  •  •  •  ,  TC, .  Then,  if  7C  «  max  ,  i  =■  1,  •••,«,  it  follows  that 

(2.19)  ^  Ke-' 

holds  for  all  n,  0  ^  n  ^  1-  From  the  fact  that  |1  7(0  ||  *  =  ||  e'*ifio  ||  *  and  since 
1  1  *  ^  1  1  *  1  ^  1  *f  it  follows  from  (2.19)  that 

II  7(0  V^Ke-^^  Ull 

Hence  (b)  is  proved  for  the  constant  c/2. 

Proof  of  (c).  Since  ail  X<(m)  are  distinct  (for  all  0  ^  ^  l)i  it  follows  that 
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there  exists  a  non-singular  matrix  T  **  T(fi)  such  that  =  T{n)J(jt) 

where  7(/<)  is  a  diagonal  matrix  with  the  characteristic  roots  along  the 
diagonal.  If  the  colimm  vectors  of  T  are  denoted  by  ,  •  •  •  ,  v* ,  then  we  have 
{\iE  —  F)vi  =  0,  t  =  1,  •  •  •  ,  fc.  Clearly  the  can  be  so  chosen  that  |  w,- 1  =  1. 
Also,  since  \iin)E  —  F(fi)  is  a  continuous  matrix  in  ft,  Vi(fi)  is  continuous  in  n. 
This  implies  that  T{n)  is  continuous  and  hence  boimded  on  0  ^  M  ^  !•  Now 
is  also  bounded  on  0  ^  ^  1,  for  otherwise  there  would  exist  a  sequence 

,  n  =  1, 2,  •  •  •  ,  such  that  /Xn  — » /io  for  some  mo  ,  0  ^  Axo  ^  1,  and  det  T(nn)  —*  0, 
n  00.  But  det  T(n)  is  continuous,  and  therefore  det  T(po)  —  0.  This  con¬ 
tradicts  the  fact  that  the  columns  of  T(ao)  are  the  unit  vectors  Vi(jio)  which  are 
linearly  independent,  for  they  are  characteristic  vectors  corresponding  to  distinct 
characteristic  roots  of  F(mo). 

Now  F  =  TJT^^  implies  that 

e"*  -  =  Te'*T\ 

and  thus  |  ^  /C  |  |*  =  where  K  is  &  constant  independent 

of  M  and  t.  But  flX,  ^  0  implies  that  |  c^‘  |*  ^  Kk,  and  hence  ||  ||*  ^  Kk  ||  <po  |1*, 

which  proves  (c). 


3.  The  von  K&rmdn  Vortex  Streets.  We  now  apply  the  results  of  the  preceding 
two  sections  to  the  physical  problems  considered  by  von  K^rmdn  and  Rosenhead 
(cf.  [1],  [2],  [5]).  In  two  dimensions  (x,  y)  consider  a  system  consisting  of  an 
infinite  row  of  vortex  filaments,  all  of  equal  strength  F  >  0,  situated  at  the 
points  / 

(3.1)  (2nb  -4-  c,  o),  n  =  0,  ±1,  ±2,  •  •  •  , 

and  another  infinite  row  of  vortices,  each  of  strength  —  F,  located  at  the  points 
(see  Figure  1) 

(3.2)  (2n6  —  c,  —a),  n  =  0,  ±1,  ±2,  •  •  •  . 

Now  consider  the  vortices  at  (3.1)  displaced  to 

(3.1')  {2nb  c  x\  ,  a  +  y\),  n  =  0,  ±1,  ±2,  •  •  •  , 

and  the  vortices  initially  at  (3.2)  displaced  to 

(3.2')  (2n6  —  c  +  x\  ,  —a  -|-  y\),  n  =  0,  ±1,  ±2,  •  •  •  . 


The  x-component  of  velocity  of  the  n-th  vortex  of  the  upper  row  due  to  the 
motion  of  the  other  vortices  is  then  given  by  (cf.  e.g  ,  [3],  p.  219) 


(3.3) 


y  (t/  +  il: 


_  ~  y«)  _|_  ^  (i/n  ~  +  2a) 


(rU)* 


(rU)* 


where 
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(o  4\  =  [(x',  —  xl,)  +  2(n  —  m)6]*  +  [y\  —  j/J,]*, 

^  ^  ^  \(rU)*  =  [ix\  -  xl)  +  2(n  -  m)h  +  2c\*  +  [y\  -  yl  +  2a]\ 

In  (3.3)  U  represents  the  translational  velocity  of  the  vortex  system  in  the 
x-direction,  T!!  denotes  summation  over  all  integral  m(m=  — ootom  =  +  «) 
excluding  m  =  n,  $3*  denotes  summation  over  all  integral  m.  The  corresponding 
equation  for  the  j/-component  of  velocity  is 


(3.5) 


YiV  +  y\) 


'•  (x^,  —  xj,  +  2(n  —  m)h) 


-z 


(xi,  -  xl  +  2(n  -  m)b  +  2c) 

(rU)* 


where  V  is  the  velocity  of  the  vortex  system  in  the  y-direction.  By  changing  the 
sign  of  r,  a,  c,  and  interchanging  superscripts  1  and  2,  the  equations  for  the 
motion  of  the  n-th  vortex  in  the  lower  row  may  be  obtained.  What  thus  results 
is  an  infinite,  non-linear,  system  of  simultaneous  differential  equations  in  which 
every  unknown  occurs  in  every  equation. 

We  shall  consider  the  linear  equations  which  result  from  (3.3),  (3.5),  and  those 
for  the  lower  row,  when  terms  of  the  second  and  higher  orders  in  the  displacements 
I  y\ ,  x\,  y\  are  neglected.  For  example,  the  linear  equation  corresponding 
to  (3.3)  is 


(3.6) 


—  (r;  -I-  xM  -  y _ - _ y*  ~  y" 

r  VU  T  ^  2[oi  +  ((n  _  m)b  +  c)*]  V  46*(n  -  m)* 


y  [((n  -  m)b  +  c)*  -  g*]  .  i  _  , . 
^  ir  4[a*  +  ((n  -  m)b  +  c)»]* 

a((n -m)b c) 

V  2[a*  -1-  ((n  -  m)b  +  c)*]*  ^  * 


Since  the  first  term  on  the  right  of  (3.6)  is  independent  of  the  disturbances  we 
identify  it  with  2x1/!  T.  In  the  corresponding  relation  for  (3.5)  there  appears 
the  sum 


z 

m 


((n  —  m)b  +  c) 

2(a*  +  ((n  —  ni)b  +  c)*] ' 


It  will  be  assumed  that  this  is  summed  symmetrically  about  m  =  n.  After  some 
rearranging  of  terms  the  linear  system  of  differential  equations  for  the  dis¬ 
turbances  can  be  placed  in  the  form 


ao 

(3.7)  f,  =  n  =  0,  ±1,  ±2,  •••  , 

where  fm  is  a  vector  with  the  four  components  xl ,  y\,  xl,,  yl,,  and  A,  is  a 
four  by  four  matrix  with  elements  which  can  be  described  in  terms  of  the  follow¬ 
ing  defined  coefficients: 
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(3.8) 


h,(r,  q) 
'  c,(r,  q) 
C(r,  q) 


^  (p  +  q)'  -  r* 

((P  +  9)*  +  r*)*  ’ 
_  2r(p  +  q) 

“  ((p  +  9)*  +  r»)»’ 

=  H  c,ir,q),  r 


6d(0,0)  -  0, 

m 

Bir,  q)  -  6,(r,  ?), 

a/6,  q  -  c/6. 


Let  5p  be  1  or  0  according  as  p  =  0  or  p  ^  0.  In  terms  of  the  coefficients  (3.8), 
the  elements  of  the  matrix  A,  =  (o^^  are  calculated  to  be  those  shown  in  Table  1. 

Since  the  series  defining  B{r,  q),  C(r,  q)  are  absolutely  convergent  the  matrices 
Ap  may  be  regarded  as  Fourier  constants  of  a  matrix  of  continuous  functions 
F  on  0  ^  M  ^  1.  Therefore  Theorem  1  may  be  now  applied  to  solve  the  system 
(3.7).  To  this  end  define  the  functions  q(r,  q)  =  g(fi;  r,  q),  h(r,  q)  =  6(/i;  r,  q) 
by  the  relations 


(3.9)  lq(r,  ?)],  -  6p(r,  q),  [6(r,  ?)],  »  c,(r,  q). 

Then  it  is  clear  that 


(3.10) 


ls(r,  q)lp  -  6_,(r,  q),  [K(r,  q)],  -  c_,(r,  q), 


where  the  bar  denotes  the  complex  conjugate  fimctions.  In  terms  of  the  functions 
g  and  h,  the  matrix  F  —  if*),  which  determines  the  solution  f  (f)  (cf.  Theorem  1), 
is  given  as  shown  in  Table  2. 

We  shall  now  investigate  the  stability  of  the  linear  system  (3.7).  It  will  be 
convenient  to  do  this  separately  for  the  cases  q  3^  and  9  =*  §. 


3J.  The  Case  9  7^  Theorem  3.  The  linear  system  (3.7)  where  Ap  =  (a^^ 
is  given  as  in  Table  1,  is  unstable*  when  q  ^ 

Proof.  In  order  to  show  this,  it  is  sufficient,  by  Theorem  2(a)  to  exhibit  one 
value  of  M  lor  which  at  least  one  characteristic  root  of  FQi)  has  a  positive  real 
part  when  q  ^  h-  The  characteristic  roots  of  Fin)  are  the  roots  of  the  fourth 
degree  equation  det  i\Ei  —  Fin))  =*  0,  Et  being  the  four  by  four  unit  matrix, 
and  this  equation  is  readily  calculated  to  be  of  the  form 

((8T6*X/r)*  -  iigi  +0  -  ihh-h  gs))? 

+  igU  -  ho)*  +  4(%  -  Cg)iJigo  -  Cd)  =  0. 

In  (3.11)  go  is  the  real  function  defined  by 

(3.12)  go  »  goir,  q)  =  B(r,  q)  -  B(0,  0)  +  9(0,  0), 

and  g,  h  are  defined  by  (3.9).  At  n  h  oB,  the  functions  go,  g,  h  are  real,  and 
consequently  (3.11)  then  takes  the  form 

(3.110  [(SxbVr)*  -  iig'o  +  c*)  -  (h*  +  g*))]*  +  Hhgo  -  Cg)*  -  0,  p  = 

*  Unless  stated  otherwise  “stable”  and  “unstable”  are  always  meant  with  respect  to 
all  initial  vector  functions  ««,  ||  ||  <  «. 
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It  is  easily  seen  that  the  roots  of  (3.11')  must  be  of  the  form  d=(Xr  ±  fXt),  K,  X* 
real.  From  this  fact,  in  order  to  prove  instability,  it  is  sufficient  to  show  X,  0 
at  M  =  i,  and  this  will  certainly  be  the  case  iS  hgt  —  Cg  ^  0  &t  fi  We  prove 
the  latter  inequality. 

Assiune  hgo  =  Cg  &t  n  =  i,  and  that  C  9^  0.  (The  latter  assumption  is  equiv¬ 
alent  to  the  fact  that  q  9^  See  the  explicit  form  of  C(r,  q)  in  (3.18)  below.) 
Then  gl  —  g*  =  gl  —  (h*go/C*)  =  (gl/Cl*)(C!*  —  h*),  and  consequently  g*  —  g' 
must  have  the  same  sign  as  C*  —  A*,  if  C  0.  This  will  be  shown  not  to  be  the 
case. 

Now 

(3.13)  ^(§;r,g)=  ^  (-1)’’M»'»  9)  =  ^  bi,(r,  q)  -  q), 

and  a  similar  relation  holds  for  A(|;  r,  q).  It  is  easily  verified  that  the  coefficients 
9)  and  c,(r,  q)  satisfy 

(3.14)  46,,(r,  q)  =  6p(r/2,  q/2),  4c,(r,  q)  =  c,(r/2,  q/2). 

Therefore 


(3.15)  4  ^  5„(r,  q)  =  B(r/2,  q/2),  4  ^  c,(r,  q)  =  C(r/2,  q/2), 

and  since 

(3.16)  B(r,  9)  =  S  *>ip(»‘.  9)  +  S  bi,+i(,r,  q). 


it  follows  from  (3.13),  (3.15),  (3.16)  that 

|9(i;  r,  q)  =  ifi(r/2,  q/2)  -  B(r,  q), 

Wi;  r,  q)  =  iC(r/2,  q/2)  -  C(r,  q). 

The  explicit  forms  of  B{r,  q)  and  C(r,  q)  are  given  by  (cf.  [5]) 

iofn  */o  D/  \  o  *  1  ~  COS  2x5  cosh  2irr 

B(0,  0)  =  X  /3,  B(r.  ,)  =  2x  • 


(3.18) 


(cos  2x9  —  cosh  2xr)* 

N  o  1  '  sin  2x0  sinh  2xr  .  ^ 


<  0. 


Therefore,  from  (3.17),  (3.18),  at  m  “  (C'  =  9))» 

(3.19)  e-h‘=  -x‘.  f’ririgh'xr, 

(cos*  rq  —  cosh*  xr)* 

After  much  tedious  reduction  it  can  be  shown  that  at  m  = 

/o  _  »■*  (2  -  (cos*  rq  +  cosh*  xr)*)*  ^  ^ 

(3.20)  >  0. 

Therefore,  comparing  (3.19)  and  (3.20),  if  9  5^  0,  i,  hgc  ^  Cg  a.t  n  =  i,  and 
this  implies  the  instability  of  (3.7)  in  these  ca-ses. 
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For  the  case  g  «  0,  we  have  C(r,  0)  ■=  0,  and  hence  h(\;  r,  0)  =«  0  (cf.  (3.17), 
(3.18)).  Therefore  the  characteristic  equation  at  m  =  i  (3.11')  reduces  to 

(3.11")  [(SxhVr)*  -  (gl  -  g*)?  =  0, 

and  since  goi^]  r,  0)  >  g{\',  r,  0)*  it  follows  that  there  exists  a  characteristic 
root  X(m)  such  that  ftX(i)  >  0,  and  this  is  sufficient  for  instability  by  Theorem  2(a). 

Remarks.  The  contradiction  (3.19),  (3.20)  is  patterned  after  Rosenhead  [5]. 
He  considered  disturbances  of  a  very  particular  nature,  namely,  x^,  =  a‘(0 
cos  (n  +  q)<a,  y\  =  §^{t)  cos  (n  +  9)«,  x*  =  o*(0  cos  (n  -  })«,  y\  =  /3*(0  cos 
(n  —  </)<!>,  where  0  ^  w  ^  2ir.  By  stability  Rosenhead  meant  that  the  amplitudes 
o‘(0>  /^(0»  «*(0»  /3*(0  should  remain  bounded  as  <—►+<» .  Under  his  assumption 
of  equal  amplitude  for  all  vortices  it  is  clear  that  ||  ^(0)  ||*  =  <» ,  if  cd  =  0,  for 
example.  However,  his  result  was  that,  with  respect  to  these  disturbances,  the 
only  possible  case  of  stability  (in  his  sense)  is  the  von  KdrmAn  case  oi  q  =  \, 
coeh^nr  2.  Actually  the  system  in  the  latter  case  is  not  stable  in  his  sense  or 
ours.  See  the  comments  following  Theorem  4. 

3.2.  The  Case  q  =  V^.  For  this  spacing  C(r,  |)  =  0,  6p-i(r,  |)  =  6_,(r,  §), 
and  c^i(r,  §)  =*  —C-p{r,  \),  Therefore 


(3.21)  }(r,  })  =  J),  I(r,  })  -  -.’"'/.(r,  }), 


and  hence  e'*'^g{r,  i)  is  real,  e’'^h{r,  J)  is  pure  imaginary,  while  go  is  always 
real.  These  functions  at  9  =  ^  are  expressible  in  terms  of  elementary  functions 
as  follows  (see  (3.8),  (3.9),  and  [3],  p.  228) 


(3.22) 


e'^i?(M;  r,  i)  = 


goifi;  r,  i)  = 


T*  cosh  2irr/i  2r* n  cosh  irr(l  —  2n) 


cosh*  xr 


cosh  xr 


cosh*  xr 


—  2x*m(1  —  m)» 


riM,/  ,v  .  /2xV  sinh  xr(l  —  2/i)  ,  x*  sinh  2xr/x 
‘  ’  ’i - -  +  coeh-Vr' 


The  four  roots  of  the  characteristic  equation  (3.11)  are  then  calculated  to  be 
(3.23)  8x6*X/r  =  ±  (gl  -  c*’V)''*l,  ?  =  i 


Therefore,  in  order  that  no  root  have  a  positive  real  part, 

(3.24)  gl  g  (e’^g)\  q  =  i, 

must  hold  for  0  ^  M  ^  1.  At  M  =  ii  =  0,  and  therefore  a  further  necessary 
condition  for  stability  is  that  goi^ :'',))  =  0.  From  the  definition  of  go  this  con¬ 
dition  becomes 

(3.25)  cosh*  xr  -  2. 


See  the  calculation  in  Lamb  [3],  pp.  227-228. 
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Lamb  ([3],  pp.  228,  229)  has  shown  that  when  r  satisfies  (3.25),  then  gl  <  (e'^gr)* 
for  0  <  /i  <  i  and  i  <  m  <  L  For  ^  ”  0  and  m  “  1»  =*  0  and  gl  (fi’*^g)*, 

and  at  M  =  i,  e"^h  =  iT/2.  Thus,  when  (3.25)  is  true,  all  characteristic  roots  of 
(3.11)  are  pure  imaginary  for  0  <  m  <  L  and  zero  for  /x  =  0  and  m  “  L  Thus 
(3.25)  implies  (3.24).  However  (3.25)  is  not  sufficient  for  stability,  and  in  fact 
instability  actually  occurs. 

In  order  to  exhibit  this  we  first  calculate  the  solution  explicitly,  that  is,  the 
matrix  e^‘.  For  q  =  \  the  matrix  F  has  the  form 


(3.26) 


8t6*F 


0  go  h  —g 
go  0  —g  —h 
-Iso  -go 
S  ^  —go  0 


We  write  F  —  Fi  +  Fi ,  where 

(3.27) 


0 

go 

0 

-g 

0 

0 

h 

0 

0 

-g 

0 

8t6*F, 

0 

0 

0 

-h 

0 

s 

0 

-go 

’  r 

-1 

0 

0 

0 

s 

0 

-go 

0 

0 

1 

0 

0 

It  is  easy  to  see  that  Fi ,  Ft  commute,  and  hence 

(3.28)  e'*  = 

Also 

(3.29)  F\  =  (gl  -  c*'V)F4  ,  (^J  Fl  =  . 

Therefore,  by  a  direct  substitution  of  (3.29)  into  the  series  for  and  e'*‘,  we 
have,  on  putting 

(3.30)  (8T6Vr)g  =  (e*'V  -  gSf\  (Srbym  =  e'% 


the  following  formulae 


(3.31) 


(cos  00^4  +  (sin  Qi/6)Fi , 
(cos  ^)F4  +  (sin  Wt})^i , 


where  it  is  understood  that  all  functions  are  evaluated  at  ^  ^  and  cosh*  tt  =  2. 

From  (3.22)  and  (3.26)  it  follows  that  F(0)  ^  0,  and  therefore  F(/i)  has  non¬ 
simple  elementary  div'isors  associated  with  the  characteristic  root  X  =  0  at 
/i  =  0.  Therefore  Theorem  2  cannot  be  applied  in  this  case.  However,  we  show 
directly  that  this  behavior  at  /<  =  0  is  enough  for  instability  in  the  present  case. 

The  definition  of  Ft  (3.27)  implies  F?  =  —Ft,  and  hence  (e"**)*  = 
that  is,  is  a  unitary  matrix.  Consequently  if  ipo  t  L*(0,  1)  we  have  (  |*  = 

I  I*.  Let  ^  be  a  vector  with  first  component  equal  to  ipo  and  all  other  com¬ 
ponents  zero.  Then  from  (3.31), 
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w 


1  1*  =  I  ^  1*[C08*  it  +  (sin*  0//0*)(|  9o\*  +\g  |*)], 

which  is  greater  than  or  equal  to  [  ^  1*  (sin*  0</0*)(|  {/o  1*  +  \g  1*).  Since  ffo(0)  = 
g(0)  »  ir*/2,  and  because  goM  and  g(fi)  are  continuous  at  /u  =  0,  there  exists  a 
Ml  >  0  <  Ml  <  i,  such  that 

I  S'#  1*  +  1  1*  ^  ^*/4,  0  ^  M  ^  Ml  • 

Then  for  fixed  f  >  0, 

(3.32)  II  r(0  II*  »  II  s"  V II*  ^  (xV4)  r  (sin*  0</0*)  |  ^  I*  dM- 

Jo 

In  order  to  appraise  the  integral  in  (3.32)  we  investigate  the  behavior  of  0 
near  m  “  0.  Let  @  =  0*.  By  direct  calculation  from  (3.22)  we  have  @(0)  =  0, 
(d@/dM)(0)  =  0,  and  (d*@/dM*)(0)  =  2t\  (tV  +  2\/2irr  -  2)(r/8T6*)*  which 
is  positive,  for  nr  =  .8814  •  •  •  .  Thus  ®(m)  is  increasing  for  n  sufficiently  close 
to  M  ==  0,  say  for  0  ^  M  ^  Ms  *  If  M<  =  nain  {m  ,  /u),  and  t  is  chosen  so  large  that 
t*/4<*  <  @(mi),  then  there  exists,  by  continuity,  a.  6,  0  <  S  <  m ,  such  that 
@(6)  =  ir*/4<*,  and  0  ^  ®(m)  <  t*/4<*  for  0  ^  m  <  «•  Clearly  6  =  «(<)  +0, 

as  <  — >  4- « .  Also,  by  Taylor’s  formula 

~  -  @(J)  -  0  (O).S’  +  o(J^,  «  +0, 

or 

(3.33)  «*«*  T  ^  Q  (0)  +  o(l)) 

Now,  returning  to  (3.32),  we  see  that  since  i(6)t  —  t/2,  and  (sin  it/Qt)  >  J 
for  0  ^  0<  ^  t/2,  that  is,  for  0  ^  /x  ^  5,  then 

(3.34)  II  f(0  II’  2  (xV/36)  _(*  I  ».  1’  df. 

If  I  ^  1*  =*  <fM*t  where  <r  is  a  positive  constant  and  —  1  <  p  <  1,  then  from  (3.33) 
and  (3.34)  it  follows  that  ||  f  (0  ||— ►4-oo,<— ♦-j-oo.  This  example  proves  that 
the  system  (3.7)  is  unstable  for  g  =  J  even  though  cosh*  xr  —  2.  Also,  since  a 
can  be  made  as  small  as  desired,  this  example  shows  that  instability  occurs  for 
perturbations  f(0  whose  initial  magnitudes  ||  f(0)  ||  =  ||  ||  are  arbitrarily 

small. 

Unlike  the  cases  where  q  ^  however,  when  g  =  i,  cosh*  xr  =  2,  and  the 
initial  vector  function  ^  is  restricted  by  certain  symmetry  considerations,  then 
the  system  (3.7)  (and  Table  1)  becomes  stable  with  resjject  to  this  subclass  of 
initial  functions. 

Definition.  The  sub-set  S  of  initial  vector  functions  ^  =  (^)  e  L*(0,  1)  is 
defined  to  be  all  those  ^  for  which  there  exists  a  p,  0  <  p  <  i,  such  that 

V>o  =  e  >Po ,  U^P^P, 

>Po  =  I  —  pspSl. 


(3.35) 


'Po 


B  ipo 


o'*** 

—e  ^ 
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We  prove  (3.7)  is  stable  with  respect  to  the  set  S  if  g  **  J  and  cosh*  nr  *  2. 
In  fact  we  show  that  if  ^  c  S,  then  |  e'*<po  |*  ^  JIf  |  ^  |*,  0  ^  n  ^  1,  where  M  is 
a  constant  independent  of  n  and  t.  As  mentioned  previously  e'**  is  unitary  and 
hence  it  suffices  to  show  that  |  c^‘‘^  1*  ^  M  \(po  1*.  If  ^  €  S  and  0  ^  M  ^  M> 
then  from  (3.31) 

e'^‘<Po  *  (cos  it)ipo  +  (fl  sin  » 

where  §  =  (e^'^g  —  go)/STb\,  and  $o  is  the  vector  with  components  — ^  , 
e'*^^  ,  e'*^^  .  Clearly  j  ^  |  =  |  |t  and  therefore  1  e^‘*v>o  |  ^  (1  +  1  §  |)  |  vjo  |  for 
0  ^  M  ^  M-  From  the  definition  of  g  (cf.  (3.30))  we  have 

9  -  («■*»  -  g^fw^g  +  g,)"’. 

Since  gS  <  (e'^g)*,  0  <  m  <  ii  and  e’^^g  =  go  —  ir*/2  at  ^  =  0,  it  follows  that 
6'’"^  +  go  5^  0, 0  ^  M  ^  M-  Also  e^'^g  —  go  — » 0,  m  “♦  +0.  Therefore  g  is  bounded 
on  0  ^  ^  Ml  and  there  exists  a  constant  Mi  >  0,  independent  of  m  and  t, 

such  that  I  1*  ^  Mi  |  <po  1*,  for  <po  t  S,  and  0  ^  M  ^  M-  A  similar  argument 
shows  that  this  is  true  on  the  interval  1  —  m  ^  M  ^  1,  for  a  second  constant 
Mf  >  0.  Now  consider  the  interval  m  ^  M  ^  1  ~  m-  Here  the  components  of 
ipo  are  not  restricted  other  than  that  |  tpo  [*  must  be  integrable.  By  a  direct  calcula¬ 
tion  from  (3.31)  we  have 

=  (cos  +  (r  sin  0</8x6*8)xo , 

where  xo  is  the  vector  with  com{>onent8  ^go  —  ^g,  ^go  ~  </^g,  ~  vogo » 

<Po§  -  <fiigo .  Therefore  [  xo  |  ^  (|  go  |  +  1  g  |)  |  v!>o  |,  and  hence 

1  I  ^  (1  +  r(|  go  I  -f  1  g  1)78x6*0)  |  ipo  |. 

On  the  interval  m  ^  M  ^  1  ~  Mi  (8x6*/ r)0  =  («*’^’^g*  —  g*)'^*  vanishes  only  at 
M  “  ii  and  both  e*'‘‘g  and  go  vanish  there.  However,  it  is  not  difficult  to  see  from 
(3.22),  when  cosh*  xr  =  2,  that  go/e^'^g  — »  0,  m  Thus  F  |  go  |/8x6*0  — »  0, 
and  r  I  g  |/8x6*0  — >  1,  as  /«  — >  i.  Consequently  1  -1-  r(|  go  |  +  |  g  |)/8x6*0  is 
bounded  on  4  ^  M  ^  1  ~  Mi  and  the  existence  of  a  constant  M  >  0  such  that 
I  1*  ^  Af  I  VJo  1*1  0  ^  M  ^  li  is  proved. 

We  summarize  our  results  for  the  case  g  =  i  in  the  following  theorem. 

Theorem  4.  (a)  //  g  =  i,  a  necessary  condition  that  the  linear  system  (3.7), 
where  Apis  given  as  in  Table  1,  be  stable  with  respect  to  all  initial  vector  functions 
iPo «  L*(0,  1)  is  that  cosh*  xr  =  2. 

(b)  Corresponding  to  any  such  <po  {if  q  =  \  and  cosh*  xr  =  2)  the  solution 
f  =  (f«)  of  (3.7)  is  given  by 

fii(0  =  [e^*^]i. ,  n  =  0,  ±1,  ±2,  •  •  •  , 

where  e'*  is  determined  by  (3.27),  (3.28),  (3.30),  (3.31). 

(c)  The  condition  cosh*  nr  =  2  is  not  sufficient  for  stability  when  g  *  §,  for  there 
exist  initial  functions  <f>o  for  which  ||  <po  ||  is  arbitrarily  small,  and  such  that  ||  f(i)  ||  —> 
-{-  oo ,  /  — »  oo . 
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(d)  If  q  ^  cosh*  rr  =  2,  then  the  linear  system  (3.7)  (and  Table  1)*m  stable 
with  respect  to  the  set  S  of  initial  vector  functions  (cf.  (3.35)). 

Clearly  S  is  not  the  largest  set  of  ^  «  L*(0,  1)  for  which  lim  sup  1|  f  (<)  ||  <  « » 
i  — +  +  * .  The  characterization  of  the  set  of  all  ^  «  L*(0,  1)  for  which  (3.7)  (and 
Table  1)  is  stable  when  9  =  §,  cosh*  rr  =  2,  remains  an  open  question. 


/ 


3.3.  Discussion  of  von  K&rmihi’s  result.  It  should  be  pointed  out  how  Theorem 
4  compares  with  the  result  von  Kdrmdn  obtained  [1],  [2].  He  considered  only 
the  cases  9  =  0,  and  assumed  that  the  displacements  were  of  the  form 

(3.36)  X*,  -  aW^.  y\  -  X*.  -  a*(0e‘-,  y\  =  /J*(0«‘"*'. 


where  0  ^  w  ^  2t.  This  assumption  reduces  the  system  (3.7)  (with  Table  1) 
to  a  system  of  four  first  order  linear  differential  equations  for  o*,  jS*,  o*,  /8*.  He 
defined  this  finite  system  to  be  stable  if  each  of  the  amplitudes  a,  dS  <**»  /3*  is 
bounded  as  f  — »  +  « ,  for  all  w,  0  ^  w  ^  2r.  Then  assuming  that  all  solutions 
were  proportional  to  he  concluded  that  when  9  =  0  the  system  is  unstable 
for  all  values  of  r,  and  when  9  =  stability  occurs  if,  and  only  if,  cosh*  xr  =  2. 
The  latter  (“if”)  conclusion  is  imwarranted  due  to  the  fact  that  it  is  not  true 
that  all  solutions  are  proportional  to  for  off  (<>,  0  ^  u  ^  2t.  For  q  —  \  the 
assumption  (3.36)  reduces  (3.7)  to  the  following  S3rstem 


(3.37)  u  =  P{oi/2r)u, 

where  u  is  the  vector  with  components  a‘,  j8\  a*,  /3*.  A  fundamental  matrix  for 

(3.37)  is  given  by 

(3.38)  e'‘“'*'^‘. 

At  w  =“  0,  Fj  =  0,  Pi  ^  Fi  9^  0,  and  in  fact,  since  9o(0)  =  9(6)  =  t*/2, 

(3.39)  (166*/rT)Fi(0)  = 


0 

1 

0 

-1 

1 

0 

-1 

0 

0 

1 

0 

-1 

1 

0 

-1 

0 

From  (3.31)  it  follows  that 

(3.40)  =  El  +  tFiiO), 


and  since  the  columns  of  (3.38)  form  four  linearly  independent  solution  vectors 
of  (3.37),  it  is  obvious  from  (3.39),  (3.40)  that  the  system  (3.37)  is  unstable 
when  w  =  0. 

On  the  other  hand  if  (3.36)  is  assumed,  then  ||  f (0  ||  =  +<*>  for  aU  t  ^  0, 
imless  f(0)  =  0,  and  in  view  of  energy  considerations  this  is  a  further  objection 
to  the  von  K&rmdn  procedure. 

Of  course,  the  stability  of  the  motion  of  the  vortex  street  itself  is  governed 
by  the  stability  of  the  solutions  of  the  infinite  non-linear  system  (cf.  (3.3),  (3.5)) 
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for  which  (3.7)  is  only  the  linear  approximation.  It  remains  to  determine  the 
connection  between  the  stability  of  (3.7)  and  that  of  the  non-linear  system.  We 
expect  to  return  to  this  later. 


4.  Double  Vortex  Streets.  We  now  consider  a  pair  of  von  Kdrmdn  vortex 
streets,  each  having  the  spacing  9  «  and  confine  our  attention  to  the  two 
configurations  illustrated  in  Figures  2  and  3.  For  the  double  vortex  street  of 
T3rpe  A  there  are  four  rows  of  vortices  located  in  the  (x,  i/)-plane  as  follows: 


Type  A  Double  Vortex  Street 


Vortex 

Row  Streniftk  Vortex  Dietribution 


1 

Ti 

((2n  -  1)6,  2a-\-d) 

2 

-r, 

(2nb,  d) 

3 

r, 

((2n  —  1)6,  —  d) 

4 

-r, 

(2n6,  -  (2a  -f-  d)) 

n  = 

0,  ±1,  ±2,  . 

The  double  street  of  Type  B  is  described  by  the  following  table. 

Type  B  Double  Vortex  Street 


Vortex 


Row 

Strength 

Vortex  Dietribution 

1 

r, 

(2n6,  2a  -f-  d) 

2 

-r. 

((2n  -  1)6,  d) 

3 

r, 

((2n  -  1)6,  -d) 

4 

-Ti 

(2n6,  —(2a  -1-  d)) 

n  =  0, 

±1,  ±2,  •••  . 

The  principal  reason  for  considering  these  two  types  is  that  both  patterns  have 
actually  been  observ’ed  in  the  wake  of  adjacent  cylinders  (see  the  exp>erimental 
reports  [4],  [7]). 

Let  the  n-th  vortex  in  the  t-th  row  be  displaced  by  the  amount  (xi  ,  j/!,), 
t  =  1,  •  •  •  ,  4.  Let  (^raote  the  x-distance  from  the  m-th  displaced  vortex 

in  the  t-th  row  to  the  n-th  displaced  vortex  in  the  j-th  row.  Similarly  define 
(y)  to  be  the  corresponding  j/-distance.  Let  be  the  distance  defined  by 
(r«,)*  =  (Ai/n(x))*  +  (Ai!n(y))*-  For  a  Type  B  vortex  street,  for  example, 

Ai\(x)  *  26(n  —  m  -H  i)  -h  (x‘,  —  xi),  A*«(j/)  —  20-1-  (y\  —  yl,). 


The  X-  and  j/-components  of  velocity  of  the  n-th  vortex  in  the  j-th  row  are 
given  by 


(4.1) 


2,(x.  +  u‘).  +  r,^  -  r,^+  r.  - 

..i  ^n{x)  ^  Ai',(x)  ,  ^  Ai',(x)  ^  Ai'»(x)l 


2iry 
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Here  U’  is  the  translational  velocity  of  the  j-th  row  in  the  x-direction,  summa¬ 
tions  are  from  m  =  — ootom  —  +*,  excluding  m  =  n  when  a  term  contains 
or  ^n,{y). 

We  consider  the  infinite  linear  system  resulting  from  (4.1)  if  terms  of  second 
and  higher  orders  in  the  displacements  xt ,  y\  are  neglected.  If  denotes  the 
vector  with  the  eight  components  x\,y\,  •  •  •  ,  x\ ,  ,  then  this  infinite  linear 

system  can  be  placed  in  the  form 

■0 

(4.2)  U  =  ,  n  =  0,  ±1,  ±2,  •  •  •  , 

where  ^4,  is  a  matrix  with  eight  rows  and  columns. 

In  the  transition  from  (4.1)  to  (4.2)  certain  sums  of  the  general  nature 
y^t^o(l/m)  are  encountered,  and  these  are  assumed  to  be  summed  symmetrically 
with  respect  to  m  =  0.  Also  the  velocities  U’  are  identified  with  the  terms  which 
are  independent  of  the  disturbances  xt ,  i/l . 

We  shall  determine  the  explicit  form  of  the  matrices  A,  ,  or  what  is  the  same 
thing,  the  matrix  F  *=  F{n)  which  determines  the  solution  of  (4.2).  We  then 
find  necessary  conditions  for  the  stability  of  the  system  (4.2).  It  will  be  con¬ 
venient  to  consider  the  two  cases  separately.  The  following  ratios  will  be  con¬ 
stantly  used : 

(4.3)  r  =«  a/6,  s  -  d/6,  7  =  Ti/r, . 


4.1.  Type  A  Double  Vortex  Street.  In  terms  of  the  parameters  introduced  in 

(4.3)  the  velocities  U>  are  given  by 

r,r  r,(r  -f  s)  r,(2r  -1-8)  1 

(m  -  i)»  -f  r»  m*  -h  (r  -H  s)*  (m  -  i)*-l-  (2r  -j-  8)*J’ 

_ r,8  rx(r-b8)  1 

L(m  -h  §)*  +  r*  (m  -i-  i)*  +  ^  m*  -H  (r  -f  8)*J  * 

[U*  -  U\  U*,  -  U\ 

Using  the  well-known  expansions  for  tanh  mo  and  coth  mo,  the  formulae  in 

(4.4)  may  be  written  as 

f46t/‘  -  r*tanh  xr  —  T*  coth  T(r  -f  s)  -b  Fi  tanh  ir(2r  -|-  s), 

^  ^  [461/*  =  Fi  tanh  xr  —  F*  tanh  t8  -1-  Fi  coth  T(r  -1-  s),  U*  =  U*,  U*  =  f/‘. 

In  order  that  the  vortex  system  preserve  its  form  independent  of  t  we  must 
have  17*  *  U*,  and  this  results  in  the  following  condition  for  the  ratio  7  =  F1/F2 , 


(4.4) 


4x617* 


4x6l7‘  -  Z 


(4.6) 


tanh  xr  —  coth  x(r  -f  s)  -f  tanh  x8 
^  tanh  xr  -1-  coth  x(r  -!-«)  —  tanh  x(2r  -|-  s)  * 


Note  that  negative  7  are  not  ruled  out  by  (4.6). 


i 
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We  turn  now  to  the  description  of  the  matrix  F.  All  the  elements  of  Ap  can 
be  described  in  terms  of  the  following  coefficients: 


(4.7) 


.  /  X  (p  +  i)*  —  w*  /V  2u>(p  +  J) 

'  ((p  +  i)*  +  tc*)*  ’  "  ((p  +  i)*  +  tc*)‘ 


Bi{w)  =  X  bp-i(w). 


We  define  functions  Qi ,  hi  on  0  ^  n  ^  1  as  follows: 
bi(«>)]F  -  bp(w),  \gt{w)]p  =  hp-iniw), 

[hi(u>)]p  =  Cp{w),  [A*(tc)]p  =  Cp-in{w), 

\gi(^,  u>,  7)]p  =  7(&j»-i/j(0)  +  i5o(2t)  +  'w)6p  —  Bi/2(0)ip) 

■f  (flo(v)  —  But{v  -f=  «>))«, , 

I  \gh{v,  w,  7)]p  =  yiBiniv  +  w)  -  Boiv))Sp  -  6,_i/*(0) 

+(fii/*(0)  —  Bo(w))5p  . 


(4.8) 


Whenever  a  coefficient  is  not  defined  at  p  =  0  (for  example,  6p_i/i(0))  it  is  under¬ 
stood  that  the  corresponding  function  has  0  as  its  0-th  Fourier  coefficient.  In 
terms  of  elementary  functions  it  is  easy  to  show  that  (cf.  [3],  pp.  227-228) 


(4.9) 


c' V(m;  ip) 

(m;  tp)  = 


T*  cosh  2irwti  _  2t* n  cosh  irtc(l  —  2m) 
cosh*  TW  cosh  mo  ' 

—  T*  cosh  2irWfi  2rV  sinh  tw  (1  —  2m) 


sinh*  TW 


sinh  TW 


•  /  \  2t*m  sinh  xu>(l  —  2m)  ,  x*  sinh  2twm 

—  xe  h\\n\w)  =«  - 7- - h  - r-T - 

cosh  TW  cosh*  TW 

2t*m  cosh  Tw{\  —  2m)  t*  sinh  2TWti 


sinh  TW 


-ihiin;  *p)  - - - 

smh  TW  smh*  tw 

».(«  IT,  t)  -  T  [2,V(m  -  1)  +  eo.h»x(’2..  +  «,)] 

2 
T 


+ 


+  ^ 


cosh*  TV  sinh*  t(v  -h  w)  ’ 


9»(m;  p,  ip,  7) 


r  » 
r 

Lcosh* 


+  ^ 


TV  sinh*  t(v  -f  w)_ 


—  2tV(m  —  1)  — 


cosh*  TW  ’ 


In  terms  of  the  functions  in  (4.9)  the  elements  of  the  matrix  F  =  (J*^  turn  out 
to  be  given  as  shown  in  Table  3. 

The  stability  properties  of  ||  f  ||  are  not  affected  by  replacing  Fhy  f"  ^  U~^FU, 


TABLE  3 
{8wb*/rt)f'i 

Type  A  Double  Vortex  Street 


t! 
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00 

+  ^  +  +  ^ 
u  +  +  ^  ^  •  o 

£J-  w  w  i-  “ 

ias  a^  •aS'^ 

i',2  r-  o» 

\'t  \  1  \''t  \ 

- 

“S'  '•'  _ 

+  4-  ^ 

^  •  4- 

V.  k  1  ^  a  * 

NN+kl-W®  . 

^  'i  . 't;  i, 

!•<  >«kO  Q>l'«  >eg  ^ 

f-  "  f-  ?-  ?-  o» 

1  1  1  1  1  1 

- 

'<0  •  *o‘  _ 

++ 

i. i-SS  a  S-s 
a  •f  a  •«  'I  a  1 

IF> 

+  '•_  o  • 
i-  nS  ^ 

■<  sS  ai-sb- 

1  a  1  a  1  p«  a 

• 

^  <0 

?-  4- 

-  O  ^  ^  ^  , 

w  '*  .2.  w  w 

a  w  >2-  '  ■ai>«  a  >b- 
1  !•«  a  1  1  1  ^ 

**> 

^  10  ^ 

_  o  *:  +  + 

2  *•  3  >b>  w 

!■«  a  3  w  a  <  a 

II  ai.<  1  1  1 

ro 

^.o  T;t+A 

®o 

•  ^  -OS  w  "C  ^  "Ci 

a  ^  a  ^  a  ^ 
a  f-  1  ?>  1  ?>  1 

- 

'S"  'oo 

o^.  ;;t+ 

i-  s  ^ 
a  •a  a  •«  a 

o  ?•  r-  ?»  »“  ?-  r- 

^Neo^«o«or»oo 

+  +  ^ 


?f  - -f 
i  X.  i 
I  I  £  I 


®  «  r- 

^  *0  J. 

t  +  +  ? 

*•  •«  ol 

w"  »  >  V. 

X,  X.  r 

«»  ?-  f-  I 


-  VI  s 

•  ^ 

+ '  + 1 

«  w  w 


S  •«  •»  S’ 


•«  +  + 
j.SS'? 
f  f  • 

f  X.  i  ^  , 

Xg  I  I  Qt  iC 


•  +  ^ 
+  ? 
.b  a  i 

I  I 


•#■'5  •#■  c 

5  »  5 

Xg  I  Xg  Q> 


<N  '^  + 

U^f 

1'+  ^  I 

JL^ ' s 

^  *5 

•  t 

a  I  ?•  I 


+ 

^  ^  W 

•  V-^  s 

4-  ^  r-  j' 

v-  +  I  + 

5  'ISS 

1  •  ? 

Xg  .“  5  5 

I  C»  #'  ?■ 
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where  U  ia  a,  unitaiy  matrix.  We  make  use  of  this  remark  in  order  to  simplify 
matters.  Let  the  unitary  matrix  U  be  given  by 


V2U 


1 

0 

0 

0 

0 

0 


0  0  0  e'*"  0  0  O' 

1  0  0  0  c'^  0  0 

0  0  0  0  1  0 

0  0  0  0  0  1 
0  1  0  0  0  0 
0  0  -1  0  0  0 

0  0  0  -1  0  0  0 

0  0  0  1  0  0  . 


Then  a  calculation  shows  that  P  assumes  the  simple  form 


where  O4  =  four  by  four  aero  matrix,  and  Fi ,  Ft  are  given  by  Table  4. 

Since  det  (\Et  —  /')*=  det  (\Et  —  Fi)*det  (\Et  —  Ft),  it  is  sufficient  to  consider 
the  characteristic  roots  of  Fi  and  F*  separately. 

We  investigate  the  characteristic  roots  of  Fi  at  /u  =  As  can  be  seen  from 
(4.9),  gi(J;  w)  =  0,  w)  =  0.  If  S  is  the  unitary  matrix  * 

1100] 

1-10  0 

0011’ 

0  0  1-1 


then  (8ir6*/rt)  S~‘Fi(l/2)  S  =  Gi,  where 


Gx 


ai  0  0  61 

0  Oi  0 

0  yht  at  0 

•ybi  0  0  04 


and 


(4.10)  { 


Oi  =  «,  7)  +  iyhi(2r  +  «),  0|  -  -gi{r,  «,  7)  +  iyhii2r  -{-  «), 

a*  =  gi(r,  a,  y)  -  ihxia),  04  »  -gtir,  a,  y)  -  ihi(a), 
bi  =  ihi{r)  -1-  gtir  -|*  a),  6,  -  t7u(r)  -  gtir  +  a). 
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and  these  functions  are  evaluated  at  m  =  At  this  point  the  characteristic 
roots  of  Fi  are  (rj/8ir6*)  times  those  of  0i ,  and  hence  it  suffices  to  discuss  the 
latter.  The  characteristic  equation  for  Gi  is  given  by  det  (vEt  —  Gi)  = 
=  0,  where 

♦i(i»)  -  v'  —  (ci  +  04)*'  +  (oiOi  —  yb\), 

^{v)  =  i»*  —  (oj  +  a^v  +  (ojOj  —  ybl). 

From  (4.10)  it  follows  that  a*  =  —  di ,  Os,  =  —^4,6*=  —  61 ,  and  therefore 
♦*(!»)  =  $i(  —  p).  Hence,  if  i>  is  a  characteristic  root  of  Gi ,  —  9  is  also.  Thus  a  neces¬ 
sary  condition  for  stability  is  that  Rv  =  0.  If  v\ ,  vt  are  the  roots  of  ^i(y)  =  0, 
then  clearly  yi  +  y»  =  Ci  -f-  a« ,  vivj  =  0104  —  ybl ,  and  for  stability  we  must 
have  Oi  -f  04  pure  imaginary  and  at<u  —  ybl  real  and  non-positive.  But 

01  +  04=  (gt(r,  8,  y)  -  s,  y))  +  i(yhi(2r  +  «)  -  hiia)), 

and  at  M  ^  it  is  easy  to  see  from  (4.9)  that  gA,g% ,  hi  are  real.  Thus  a  necessary 
condition  for  stability  is  that  gi(r,  s,  y)  =  gi(r,  s,  y)  at  ft  =  + 

If  Gt  *  (8ir6Vri)<Sr‘F|5,  then  the  characteristic  equation  of  (rj  at  /x  =  i  is 
det  (yEi  —  Gt)  =  ♦»(y)*4(»')  =  0,  where 

♦i(y)  =  y*  +  (oi  +  a4)y  +  (0404  —  ybl), 

4>4(y)  «  y*  +  (oi  +  Oi)y  +  (otOt  —  ybl). 

Therefore,  4>i(y)  =  #i(p),  4»4(»')  =*  ^(p)»  and  hence  at  m  *  §  we  obtain  no  new 
information  from  Gt . 

We  summarise  our  results  for  the  double  vortex  street  of  Tjrpe  A  in  the 
following  theorem. 

Theorem  5.  (a)  The  double  vortex  street  of  Type  A  preserves  its  form,  inde¬ 
pendent  of  the  time,  if  and  only  if 

tanh  yr  —  coth  y(r  +  s)  +  tanh  rs 
tanh  xr  -f  coth  T(r  +  s)  —  tanh  T(2r  -H  s) ' 

(b)  Corresponding  to  any  initial  f®,  |1  f®  ||  <  <x>,  (he  solution  of  the  infinite 
linear  system  (4.2),  in  the  case  of  the  Type  A  street,  is  given  as  in  Theorem  1  where 
F  is  the  matrix  given  in  Table  3. 

(c)  Necessary  for  stability  of  the  system  (4.2),  in  the  Type  A  case,  is  that 

g*{\\  «.  y)  “  (7»(i;  «>  7)  (c/-  (4.9.))  and  that  aiOi  —  ybl  be  real  and  non-positive, 

where  Oi ,  04 ,  are  given  by  (4.9),  (4.10). 

Remarks.  The  ratio  7— »lass— »+«,  and  the  condition  gii^’,  r,  s,  y)  = 
gt(h ;  »■»  t)  becomes  in  the  limit,  as  s  — ►  + « ,  the  von  Kdrm^  rela¬ 
tion  cosh*  nr  —  2.  As  was  seen  in  Theorem  4,  this  condition  is  not  sufficient  for 
stability  in  the  single  street  case,  and  therefore  it  would  be  surprising  if  (74  =  9k 
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at  M  =  i  was  sufficient  for  stability  for  the  double  vortex  street  of  Type  A.  The 
conditions  cited  in  Theorem  5  (a),  (c)  limit  the  possible  pairs  of  values  (r,  s), 
and  in  order  to  ascertain  whether  stability  actually  occurs  with  these  allowable 
values  (even  for  a  subclass  of  initial  perturbations)  one  must  first  check  to  see 
that  every  characteristic  root  of  F  has  a  real  part  which  is  non-positive  at  every 
0  ^  M  ^  1.  In  view  of  the  complexity  of  F  it  app>ear8  that  this  is  a  job  for 
some  computing  device,  and  so  we  do  not  pursue  this  situation  further. 


4.2.  Tjrpe  B  Double  Vortex  Street.  The  method  of  dealing  with  this  case  is 
parallel  to  that  used  for  the  Type  A  double  vortex  street. 

The  velocities  are  given  by 

f4b[/^  =  Ti  tanh  nr  —  Tt  tanh  T(r  +  s)  -1-  Fi  coth  T(2r  -1-  a), 

(4.11)  •<4617*  ==  Ft  tanh  nr  —  Ft  coth  t«  -f  Fi  tanh  T(r  -f-  s), 

(C7*  =  f/*,  U*  ~  U\ 


and  from  this  it  follows  that  the  vortex  configuration  keeps  its  form  independent 
of  t  if  and  only  if 


(4.12) 


tanh  xr  tanh  rir  -{-«)  —  coth  T(2r  -1-  «) 
tanh  xr  —  tanh  x(r  -H  «)  -h  coth  x« 


We  note  that  y~^  can  be  0  for  non-zero  r  and  «. 

In  order  to  describe  the  matrix  F  in  this  case  it  is  necessary  to  introduce 
two  new  functions  defined  by 


(4.13) 


\g*iv,  W,  7)]p  =  hp-i/iiO)  -  Bi/i(0)«p 

^  4-  w)6p  -1-  y  *(Bo(t>)  —  Bo(v  -|-  w))Sp  , 

\gi{v,  w,  7)1,  =  Bo(v  -I-  w)6p  —  Boiv)Sp 
^  +  7  *(Bi/»(0)5,  —  Bi/t(w)6p  —  6,_i/i(0)). 


An  easy  calculation  sho\i's  that  gt ,  gy  may  be  expressed  in  terms  of  the  hyperbolic 
functions  as  follows: 


-  2,V(m  -  1)  - 

_ t’  ] 

^  Lcosh*  rv  cosh*  x(t>  -f  w)  J  ’ 

V,  w,  y)  gQgjj*  cosh*  xr 

4-  7”*  r  -r-rj - 2x*m(m  “  1)1 . 

Lsmh*  vw  J 

The  elements  of  F  =  if*)  may  now  be  expressed  in  terms  of  the  functions  (4.9), 
(4.14),  and  this  is  shown  in  Table  5.  As  before,  the  investigation  of  the  charac- 
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teristic  roots  of  F  may  be  simplified  by  considering  the  similar  matrix  P 


where  V  is  the  unitary  matrix  defined  by 

ri 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

V2  F  = 

0 

1 

0 

0 

1 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

-1 

0 

0 

0 

0  - 

•  1 

0 

0 

0 

1 

1 

0 

0 

0 

-1 

0 

0 

0 

Then 

[0 

-1 

0 

0 

0 

1 

0 

0 

O4 

Ft 


). 


where  Fi ,  Ft  are  the  matrices  given  in  Table  6. 


At  M  =  i  the  characteristic  equation  of  (SxhVrOFi  is  the  same  as  that  for 
(8x6*/ Ti)^* »  Mid  this  is  given  by 

(4.15)  X*  +  aX*  +  /3  =  0, 
where 

(4.16)  “  27“*/3i/8j  —  oioj  —  aiou  , 

=  aiatctttu  —  y~'(atat/3i  +  atonfit)  +  7~*/3i/3* , 

and 

fai  =  gt(r,  s,  7)  +  gti2r  +  s),  at  =  gt(r,  8,  7)  -  flf^(2r  +  a), 

(4.17)  joa  =  gtir,  «,  7)  +  7"Vj(»).  “4  “  giir,  s,  7)  -  7  ‘f^j(«), 

l/3i  =  6i(r)  +  hiir  +  «),  ft  =  6i(r)  -  hi(r  +  «). 

It  is  understood  that  the  functions  in  (4.17)  are  evaluated  at  p  =  ^,  where  they 
are  all  real.  From  (4.15)  it  follows  that  if  X  is  a  root  then  so  are  —X  and  X. 
Hence,  for  stability,  X  must  be  pure  imaginary,  that  is  X*  must  be  real  and  non¬ 
positive.  But  2X*  =  —a  ±  (a*  —  4/3)*'*,  and  therefore  we  must  have  a*  —  4/3  ^  0, 
a  ^  0,  and  o  ^  (a*  —  4/8)*'*,  or  /3  ^  0. 

We  summarize  our  discussion  on  the  Type  B  vortex  street  in  the  following 
theorem. 

Theorem  6.  (a)  The  double  vortex  street  of  Type  B  preserves  its  form,  independent 
of  the  time,  if  and  only  if 

-1  tanh  XT  -H  tanh  x(r  +  a)  —  coth  x(2r  -j-  s) 

^  tanh  xr  —  tanh  x(r  -|-  «)  +  coth  x« 

(b)  If  f®,  II  f®  II  <  00 ,  is  any  initial  vector,  the  solution  of  the  infinite  linear 
system  (4.2),  in  the  case  of  the  Type  B  street,  is  given  as  in  Theorem  1  where  F  is 
the  matrix  given  in  Table  6. 


TABLE  5 
i8»fcvr,)/-< 
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00 

'S'S^  'P 

1 1  +  ^  •{  0 

w  SJ  ^  sb- 

5  •«  i«t  w  «>  vb  » 

1  1  1  !■<  1  !■<  1 

- 

“S'?  ^ 

*  +  +  + 

+  w  *  ^  ^  0 

U  3  W  ^  W  sb  W 

£l-e  i<atl><  A 

«  1  1  1  1  1  1 

>e 

'S'?  ^  ^ 

5  ■«  S  €»  1 

1  1  1  1  1  1  1 

^  1  ^  I 

10 

5b.5v2. 

1^  o»  7  S  '^  •< 

^  ^  -  Q|  ••  •• 

1  V  1  1  V  V 

«o 

^  +"• 

'S  ^ 

€*.<  •»*  £<b«>b' 

IIS  1  1  V 

•n 

•e  ^ 

'S  'P  •  '3'  w  w 
i-  »  »  ^  0»  ;«  0* 

^  “f-  i  V  '»*  'j* 

V  1  s  1  1  1  1 

ro 

f 

<0 

^  ^  y— ^  -L. 

•  ••  1 

*'  ^  T  ^ 

>b  SSvbwS.*^ 

S  iSi-<  S  1 

- 

_  'S 

4. **  * 

*  S  >b  + 

bi^b-SS 
SI  iS  1  iS ■<  s 

X 

^weo'^»o<er^oo 

V 


Q 

n 

I 

H 


■^  +  S 

li. 

Ok 

+ 


i,  s 

’ll 


I 

w  'v'  ^ 

#1  "3 

T  r  *  - 
^  V  i,  V 
\  \  &  \ 


w  w  I  • 

r  7 

I  s 


+ 

*  +  + 

+  ^  ^ 

7;  'S' 

,“  +  +  I 

^  ^  'w 
K3>l>< 


K 

S5  +  'S 

'•i,+ 
I  !•«  ^ 

t  •  s ' 

^.bi^S 

»  I  >«• 


M 


(8>6Vr.)F« 

—  ht{2r  +  «)  g*(r,  $,  7)  —  pt(2r  +  8)  7~*(fci(r)  +  fci(r  +  s))  —y~'igi(.r)  —  gi(r  +  «)) 

?•(»■,  8,  7)  +  ff*(2r  +  8)  — fc»(2r  +  8)  — 7“‘(yi(r)  +  ffi(r  +  «))  y~^{hi{r  +  8)  —  fci(r)) 

— Ai(r)  +  Si(r  +  8)  £ar)  -  ?i(r  +  8)  7“***(«)  yiCr,  s,  7)  +  7"‘y*(8) 

&i(r)  +  5i(r  +  8)  Ai(r)  +  A,(r  +  8)  »7(r,  8,  7)  -  7"'fft(«)  7"*fc«(«). 
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(c)  Necessary  for  the  stability  of  the  system  (4.2),  in  the  Type  B  case,  is  that 
a*  —  4/3  ^  0,  a  ^  0,  ^  ^  0,  where  a,  /3  are  functions  defined  by  (4.16),  (4.17). 

Remarks.  As  s  — ^  —*  1,  and  the  relations  in  Theorem  6  (c)  reduce 

to  the  von  Kdrm^  relation  cosh*  xr  =  2.  A  preliminary  exploratory  calculation 
shows  that  when  cosh*  xr  =  2,  then  /S  <  0  for  values  of  xs  from  0  to  approxi¬ 
mately  xs  *  1.36.  Therefore,  instability  actually  exists  for  r  =  .28, 0  <  s  <  .43. 
Landweber  [4]  observed  a  double  vortex  street  of  Type  B  in  the  wake  of  two 
adjacent  parallel  cylinders  at  values  of  r,  s  given  by  r  *  .33,  s  =  .53. 

REFERENCES 

[1]  Th.  t.  KAkmAn,  “tjber  den  Mechanismus  des  Widerstandes,  den  ein  bewegter  Korper 

in  einer  FlUssigkeit  erf&hrt,”  Odttingen  Nachrichten  (1912),  pp.  547-556. 

[2]  Th.  V.  KXrhIn  and  H.  Rubach,  “Uber  den  Mechanismus  des  FlOssigkeits  und  Luft- 

widerstandes,”  Phyaikaliache  Zeitschrift,  13  (1912),  pp.  49-59. 

[3]  H.  Lamb,  Hydrodynamics,  6th  edition,  Cambridge,  1932. 

[4]  L.  Landwebeb,  “Flow  about  a  pair  of  adjacent,  parallel  cylinders  normal  to  a  stream,” 

The  David  W,  Taylor  Model  Basin  Report  485  (1942). 

[5] .  L.  Rosenhead,  “Double  row  of  vortices  with  arbitrary  stagger,”  Proceedings  of  the 

Cambridge  Philosophical  Society,  25  (192S-1929),  pp.  132-138.  ^ 

[6]  I.  ScHUR,  “Uber  die  charakteristischen  Wurseln  einer  linear  Substitution  mit  einer 

Anwendung  auf  die  Theorie  der  Integralgleichungen,”  Mathematische  Annalen, 
66  (1909),  pp.  488-510. 

[7] .  H.  Spitack,  “Vortex  frequency  and  Oow  pattern  in  the  wake  of  two  parallel  cylinders 

at  varied  spacing  normal  to  an  air  stream,”  Journal  of  the  Aeronautical  Sciences, 
IS  (1946),  pp.  289-301. 

[8] .  O.  Toeputs,  “Zur  Theorie  der  quadratischen  Formen  von  unendlichvielen  Verinder- 

lichen,”  Odttingen  Nachrichten  (1910),  pp.  489-506. 

[9] .  A.  WiNTNER,  “Uber  gewisse  Eigenschwingungen  mit  kontinuierlichem  Spektrum,” 

Anntden  der  Physik,  8i  (1926),  pp.  577-586. 

[10].  A.  Wintner,  “Bemerkung  Uber  die  Eigenwellen  der  K5rm5nschen  Wirbelstrassen,” 

Mathematische  Zeitschrift,  30  (1929),  pp.  283-284. 

Massachusetts  Institute  of  Technology 

(Received  April  2,  1951) 


ON  SUPERSONIC  FLOW  PAST  A  SLIGHTLY  YAWING  CONE. 

II* 


By  a.  H.  Stone 

Introduction.  This  paper  continues  the  analysis'  of  the  flow  produced  by  a  cir¬ 
cular  cone,  of  not  too  blunt  an  angle,  moving  through  air  at  high  speed  in  a  di¬ 
rection  making  a  small  angle  e  (the  “angle  of  yaw”)  with  its  axis.  In  [5]  this  flow 
was  worked  out  on  the  assumption  that  e*  is  negligible.  Here  our  principal 
object  is  to  investigate  the  terms  in  c*,  which  are  also  of  ballistic  interest;  for 
example,  we  shall  determine  the  effect  of  the  yaw  on  the  head  drag,  and  the 
second-order  effects  of  the  yaw  on  the  shock-wave  configuration.  As  a  by-prod¬ 
uct,  it  will  be  shown  that  the  main  differential  equation  of  [5]  is  solvable  in 
terms  of  quadratures. 

The  method  is  essentially  the  same  as  in  [5],  familiarity  with  which  will  be 
taken  for  granted.  However,  a  complication  arises  (apart  from  the  greater  com- 
Si^lexity  of  the  equations),  in  that  the  flow  exhibits  some  unexpected  singularities, 
essentially  because  its  fundamental  equations  are  nonlinear.  Thus,  whereas  in 
[5]  it  was  possible  to  justify  the  approximations  which  were  made  there,  such  a 
justification  is  lacking  here  and  the  final  results  rest  on  physical  assumptions 
which,  while  plausible  in  most  cases  of  ballistic  interest,  may  well  break  dowm 
at  high  Mach  numbers.  For  numerical  results  we  refer  to  the  extensive  tabula¬ 
tions  in  [3]. 

1.  Expansions.  As  in  [5],  we  consider  the  motion  relative  to  the  solid  cone, 
and  use  spherical  co-ordinates  (r,  d,  0),  with  the  axis  0  =  0  parallel  to  the  flow 
at  infinity,  the  axis  of  the  cone  having  equation  {0  =  e,<f>  =  0).  The  velocity- 
components  at  the  point  (r,  6,  4>),  in  the  directions  of  increasing  r,  0,  0,  respec¬ 
tively,  are  u,  v,  w,  and  the  pressure  and  density  are  p  and  p.*  We  are  concerned 
with  a  “conical”  flow,  in  which  u,  v,  w,  p,  p  are  independent  of  r;  and  the  Mach 
number  of  the  undisturbed  flow  is  assumed  fixed  throughout.  It  will  be  as¬ 
sumed  throughout  that  e*  is  negligible. 

It  was  shown  in  [5]  that^  u  =  u  +  ex  cos  0  4-  o(e),  etc.,  where  tZ  and  x  are 

*  This  paper  is  baaed  on  work  done  at  the  Geophysical  Laboratory,  Carnegie  Institution 
of  Washington,  Washington  D.  C.,  for  the  Office  of  Scientific  Research  and  Development, 
under  contract  OEMsr-fil.  Grateful  acknowledgements  are  due  to  the  Computing  Section, 
Center  of  Analysis,  Massachusetts  Institute  of  Technology,  and  to  the  Ballistic  Research 
Laboratory,  Aberdeen,  Maryland,  for  their  cooperation. 

*  See  [6]  in  the  bibliography  at  the  end  of  the  paper. 

*  Note  that  p  is  the  absolute  pressure,  and  not  (as  usual  in  ballistics)  the  excess  of  pressure 
over  atmospheric. 

*  The  basic  differential  equations  are  homogeneous  in  the  other  harmonics,  essentially 
because  they  involve  the  first  order  quantities  x,  y,  etc.,  only  to  the  second  degree,  and  these 
involve  (apart  from  z)  only  cos^.  The  boundary  conditions  are  homogeneous  in  the  other 
harmonics,  essentially  because  the  equation  of  the  surface  of  the  solid  cone  involves  only 
sinV  (cf.  (4)). 
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certain  functions  of  9  only;  u  is  of  course  the  “non-yaw”  value  of  u  when  f  =  0. 
We  could  now  expand  u  —  U  —  ex  cos  0,  etc.,  in  Fourier  series  in  much  as 
was  done  in  [5],  taking  for  example 

u  =  u  +  ex  cos  ^  -f  S(a»  cos  -f-  A,  sin  n0), 

with  similar  expansions  for  v,  w,  p,  p.  However,  it  will  follow  (again,  much  as  in 
[5])  that  the  boundary  conditions  can  be  satisfied  by  (and,  in  general,  require) 
taking  A„  =  0  for  all  m,  and  =  0  unless  n  =  0  or  2.  This  is  because  the 
differential  equations  and  boundary  conditions  to  be  satisfied  by  A. ,  a,  ,  etc., 
will  be  of  the  same  nature  as  those  derived  below  for  the  non-zero  terms  (cf. 
(12)-(16)  and  (17)-(22))  but  homogeneous*  Further,  Oo  and  Ot  will  turn  out  to 
be  of  order  e*.  Hence  we  expand  the  values  of  u,  v,  etc.  at  the  point  (r,  6,  <f»),  as: 

w  =»  tZ  -4-  cx  cos  0  -f-  e*(uo  -f-  ut  cos  20), 
p  =  »  +  fy  cos  0  +  c*(vo  +  P»  cos  20), 
tr  “  cz  sin  0  -|-  e*tPt  sin  20,  [•  (1) 

p  =  p  -H  f  cos  0  -H  e*(po  -f  Pi  cos  20), 
p  =  p  -f  f f  cos  0  -H  e*(po  -b  Pi  cos  20), 

where  tZ,  r,  •  •  •  ,  p,  x,  y,  •  •  •  ,  f,  t/o  i  ,  *  *  *  f  P*  are  functions  of  0  only,  and 
where  iZ,  •  •  •  ,  Zf,  x,  •  •  •  ,  {  may  be  regarded  as  known.*  Similarly  the  shock-wave 
surface  will  have  equation 

0  0^  -h  ea  cos  0  -f  e*(^  4-  /Si  cos  20),  (2) 

where  ,  a,  /% ,  /Si  are  constants,  of  which  and  a  are  knov^m. 

It  will  be  convenient  to  use  also  a  second  system  of  spherical  co-ordinates 
(r,  6,  0)  in  which  the  axis  6  »  0  is  the  axis  of  the  solid  cone,  and  the  planes 
0  =  0,  0  *  0,  are  the  same  (the  “plane  of  yaw”).  We  shall  obtain  similar  ex¬ 
pansions  for  p,  p,  and  the  velocity  components  u,  V,  W  in  the  directions  of  in¬ 
creasing  r,  0,  0,  at  the  point  (r,  0,  0),  say‘ 

M  *  tZ  -b  cX  cos  0  -b  e*(Uo  4*  Ut  cos  20), 

V  *  p  -b  cF  cos  0  4-  f*(F’o  -b  Vt  cos  20), 

W  =  cZ  sin  0  4-  e*Wi  sin  20,  -  (3) 

p  =  p  -b  fH  cos  0  4-  e*(Po  4-  Pt  cos  20), 

p  —  ZJ-beEcos0-b  f*(Po  +  Pj  cos  20), 

where  here  the  functions  tZ,  •  •  •  ,  ?,  X,  F,  •  •  •  ,  Z,  t/o ,  •  •  •  ,  Pi  have  0  as  inde¬ 
pendent  variable. 

It  is  easy  to  derive  the  relations  between  these  co-ordinates  and  expansions. 

*  They  are  extensively  tabulated  in  [1]  and  [2]. 

*  The  usage  of  capital  letters  here  departs  from  the  notation  of  (5). 
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For  this  purpose  we  introduce  rectangular  Cartesian  co-ordinates  x'*\ 

with  the  origin  at  the  cone  vertex,  the  x^‘^-axis  along  ^  =  0,  and  the  x^®-axis 
in  the  plane  of  yaw  (chosen  so  that  the  axis  of  the  solid  cone  is  in  the  positive 
quadrant),  and  find 

x^'V*"  =  cos  d  =  cos  0  cos  f  —  sin  0  cos  sin  e, 
x^V^’  =  sin  0  cos  ^  *  cos  0  sin  f  -f  sin  0  cos  $  cos  e, 
x^^/r  =  sin  d  sin  ^  =  sin  0  sin 

Thus,  if  ^  =  Q  +  he  +  ke*  (neglecting  e*,  of  course),  the  first  of  the  above  equa¬ 
tions  gives 

cos  ^  *  cos  0  —  (Af  +  ke*)  sin  0  —  cos  0  (by  Taylor’s  theorem) 

“  cos  0  •  (1  —  ie*)  —  c  sin  0  cos  4>, 

whence 

h  =*  cos  <I»,  A*  -f  2A  tan  0  —  1,  so  A  —  §sin*  cot  0. 

Similarly  the  third  of  the  above  equations  gives  0  in  terms  of  0  and  <I>,  and  we 
have,  for  each  point  (r,  d,  0)  *  (r,  0,  f>), 

®  “  0  -H  f  cos  ♦  -H  J  c*  cot  0  sin*  ^ 

,  ,  (4) 

4t  ^  ^  —  e  cot  0  sin  4>  -f-  sin  <I>  cos  4>  (2  cot  0  -1-  1). 

Again,  if  the  velocity-components  in  the  Cartesian  frame  are  m^*\  u‘*\ 


we  obtain 

=  u 

cos  B  — 

v  sin  B, 

=  u 

sin  ^  cos  0  -h  V  cos  ^  cos  0  —  to  sin  0, 

»  u 

sin  0  sin 

+  V  cos  B  Bin  ^  w  cos  0, 

and 

U  ' 

=  (cos  0 

cos  £  —  sin  0  cos  4>  sin  e) 

+  M^*’  (cos  0  sin  £  +  sin  0  cos  cos  e)  +  u”’  sin  0  sin  ♦, 

V  =»  — (sin  0  cos  e  ’-1-  cos  0  cos  ^  sin  e) 

-h  m”’  (—sin  0  sin  £  +  cos  0  cos  cos  e)  +  cos  0  sin 
W  *  sin  4>  sin  £  —  m‘*'  sin  cos  £  +  cos 
whence  (from  (4)) 

V  *t>-l-£u>sin<I>C8C0  —  \t\  CSC*  0  sin*  4>  and 

—  £i;8in4>C8C0  +  0(£*). 

On  equating  (1)  and  (3),  and  using  Taylor’s  theorem,  we  finally  obtain  the 
relations  between  X,  x,  etc.,  for  the  same  values  of  the  independent  variables 
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(i.e.,  0=0  here): 

X  X  +  u,  Y  —  y  V,  Z  =  2  —  »  CSC  0, 

,  (5) 

*  =  {  +  H  =  ij  +  P  I 

and,  on  writing  ±  for  (—1)"^*,  where  n  takes  the  values  0  and  2  only, 

F,  =  Vn  ±  iz  CSC  0  T  is  CSC*  0  ±  iv'  cot  0  +  iv''  +  ^y'  ±  ^y  cot  0 

(6) 

Pn  “  Pn  ±  in  cot  0  +  iV  ±  cot  0  +  Jp", 

together  with  expressions  for  Un  ,  etc.,  which  will  not  be  needed.  Here,  as  in 
[5],  '  denotes  differentiation  with  respect  to  the  independent  variable. 

The  ranges  of  0  and  0  for  which  the  expansions  (1)  and  (3)  are  assumed  to  l)e 
valid,  will  require  further  examination  later. 


2.  Integration  of  the  Equation  for  the  First  Approximation. 

In  [5]  it  was  shown  that  x  is  given  by  a  differential  equaion  ([5,  (41)])  which 
can  be  written  (with  a  change  of  notation)* 

x"  +  Ax'  +  Bx  +  Cd  =  0,  (7) 

together  with  certain  boundary  conditions  ([5,  (43),  (45)]).  Here  A,  B,  C  are 
kno^vn  functions  of  0  (see  [5,  (38),  (41)]),  and  d  is  a  constant  equal  to 

v/P  —  y^/P- 

Since  the  same  reasoning  applies  equally  well  to  the  (r,  0,  4>)  coordinates,  X 
must  satisfy  the  same  differential  equation  (though  with  different  boundary 
conditions);  note  that  the  constant  d  is  unchanged,  since 

v/P  -  yi/P  =  H/p  -  yS/P 

from  (5)  and  the  relation  p/jT  =  constant.*  Thus  X  —  x  satisfies  the  homo¬ 
genized  form  of  (7);  that  is,  from  (5), 

H"'  -H  AH"  -b  =  0  (8) 


(as  may  also  l)e  verified  directly  on  using  [5,  (l)-(5)]).  It  is  now  a  routine  mat¬ 
ter  to  “solve”  (7).  We  write  (x/H')'  =  f,  and  obtain  f'  -|-  f(il  A-  2u"/il')  = 


-Cd/U',  i.e.,  (Pf)'  =  -CdElH',  where  =  exp||  (A  +  2il"/ii')d^. 

■-'[•-{JttT-t*.}] 


Thus 


(9) 


*  The  notation  here  agrees  with  [2]  and  [3|.  In  the  notation  of  [5],  x  is  xi/f , 
and  the  equation  is  x*  -I-  fix'  -|-  (C  —  D)x  ■■  dDT/(y  —  1). 

^  The  function  C  really  depends  on  the  boundary  conditions;  but  C  =  D(x  -I-  z  sin 9)  in 
'the  notation  of  [5],  and  so  is  also  invariant,  from  (5).  The  method  does  not  apply  to  the 
differential  equation  for  the  second  approximation  (30),  since  the  constant  term  there  in¬ 
volves  the  first  order  quantities  and  is  not  invariant  under  the  change  of  co-ordinates. 
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where  the  constants  ki ,  kt  are  found  from  the  boundary  conditions  [5,  (43)]; 
simplifying  by  using  [5,  (2)  and  (8)],  we  obtain 

ki  =  —dp/(y  —  l)pv(iZ  -|-  v  cot  0) 

,  _  _ dEp _  ( _ Bn  cot  0 _  _  2iZ  +  t)  cot 

9(y  —  l)p(u  +  V  cot  O)  \(7  +  l)(fl  +  J  cot  0)  v 

all  evaluated  with  0  =  0»  .  Finally,  on  using  the  relations  between  the  non-yaw 
quantities  [5,  (l)-(5)],  we  find  (to  within  an  immaterial  multiplicative  con¬ 
stant) 

E  =  V*  CSC*  0/pp'(ii  -|-  V  cot  0)*  (11) 

In  a  sense,  equations  (9)-(ll)  completely  solve  the  problem,  to  the  first 
approximation  considered  in  [5];  but  they  are  not  well  adapted  to  numerical 
computation,  since  the  quantity  between  square  brackets  in  (9)  becomes  in¬ 
finite  when  0  —  0,  (the  semi-angle  of  the  solid  cone),  because  tl'  (=  v)  then  van¬ 
ishes. 

3.  The  differential  equations.  Returning  to  the  second  approximation,  the 
fundamental  equations  are:  the  first  and  third  of  the  equations  of  motion  [5, 
(11)1  (the  second  equation  of  motion  is  conveniently  replaced  by  the  Bernoulli 
equation),  vis. 

V  du/d0  w  cac  0  du/d<t>  —  i>*  —  tp*  —  0, 

V  dw/d0  w  CSC  0  dw/d0  -|-  (dp/d4)/p  sin  0  -f-  w(u  -|-  v  cot  0)  ■=  0. 

the  equation  of  continuity  ([5,  (12)]), 

2ptt  sin  0  -b  d(pv  sin  0)/d0  -f-  d(ptp)/d0  =*  0, 
the  Bernoulli  equation  ([5,  (14)]) 

i(u*  -f  p*  -f-  tp*)  -f-  yp/(y  —  l)p  =  constant, 
and  the  adiabatic  equation  (cf.  argument  leading  to  [5,  (13)], 

TP//.  -  ^  <*0  «  g} /{4J  +  «■  C8C  0  g}. 

We  substitute  from  (1)  in  these  equations;  the  terms  independent  of  e,  or  of 
order  e,  will  of  course  cancel;  and,  on  equating  the  coefficients  of  cos  rup  in  the 
terms  of  order  e*,  we  obtain  the  equations  which  follow.* 

—  p„  “  dz  zt  C8C  0/2il*  (12) 

where  t  =  x  z  am  0  (cf.  [5,  (38)]), 

PtpJ  -|-  (ti  -b  P  cot  0)wt  —  2pt/p  sin  0 

+  i { j/2'  4-  2(a:  -j-  y  cot  0  z  cac  0)  +  sin  fl)  *  0  (13) 

'  Throughout,  n  takes  the  values  0  and  2  only,  and  db  means  (— 1)*^*. 
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Vn  +  t>n(C0t  6  +  P'/P)  +  2Un  +  TlWn  CSC  d 

+  v(Pn/py  +  Uy  -  H/pK^/py  =F  iz/2p  sin  0  =  0  (14) 

flu,  +  w,  +  i(x*  +  J/*  ±  2*)  +  +  =  0  (15) 

7  -  1  P  I?  P  P  \P  P/j 

and 

HyP'Pn  -  PnP  +  ypnp  “  P'pn) 

=  h{yWP  +  p'f  -  7f'p  -  yfv)  ±  2  CSC  0(y^p  -  nP)  +  »(»»'{  -  7i'n)}. 

In  this  last  equation,  the  relations  [5;  (3),  (19)]  show  first  that  the  expression 

multiplied  by  y  vanishes,  and  then  enable  the  equation  to  be  integrated,  giving 

-Pn/p  +  ypn/p  +  \iv/py  -  7({/p)V4  ±hd  ® 

where  eo  and  Ct  are  constants. 

Essentially  the  same  equations  will,  of  course,  hold  for  Un,Vn,  etc. 

In  deriving  these  equations,  we  have  however  neglected  not  merely  e*  but 
£*/■&' ;  and  since  u'  vanishes  at  0, ,  the  procedure  is  invalid  near  the  surface  of  the 
solid  cone — as  is  shown  by  the  fact  that  terms  in  (12)  and  (16)  become  inhnite 
at  0, .  We  shall  therefore  define  w, ,  v* ,  etc.,  by  the  equations  (12)  — (16),  to¬ 
gether  with  the  boundary  conditions  to  be  considered  below,  and  similarly 
define  Un  ,  Vn,  etc.,  by  the  analogous  equations,  so  that  (6)  continues  to  hold. 
The  expansions  (1)  and  (3)  will  then  be  assumed  to  be  (approximately)  valid 
except  in  the  neighbourhood  of  the  solid  cone.  More  precisely,  we  assume  that 
(3)  holds  in  the  region  between  the  shock-wave  and  the  conical  surface  S  =  0*  , 
where  0*  >  0,  and  0*  —  0,  is  very  small.  This  assumption  is  plausible,  in  most 
cases  of  ballistic  interest,  since  the  divergent  terms  in  (12)  and  (16)  are  multi¬ 
plied  by  the  quantities  t  and  d,  which  will  be  very  small  for  all  but  strong  shocks 
(cf.  [5,  §8]  and  the  tabulated  values  in  [2]).  We  shall  return  to  this  point  later, 
showing  that  the  applications  made  in  §8  below  are  not  sensitive  to  the  particular 
value  adopted  for  0*.* 

4.  Boundary  conditions,  (a)  At  the  shock-imue.  These  are  derived  from  the 
Rankine-Hugoniot  equations  just  as  in  [5,  §4].  The  only  point  requiring  care  is 
that  the  normal  vector  n  to  the  shockwave  surface  (cf.  [5,  (26)])  is  no  longer  a 
unit- vector  to  the  present  approximation;  in  fact, 

n  Y{0  —  0v  —  ca  cos  —  e*(fio  -b  /3j  cos  2^) } 

=  {0,  1,  CSC  0(ea  sin  <l>  +  2e*0t  sin  2(P)}, 

so  that  I  n  I  =  1  -|-  C8C*0  sin*  0.  The  unit  tangent  vector  of  [5,  (28)]  needs 

modification  accordingly.  As  before,  we  substitute  from  (1)  in  [5,  (21)-(25)], 

*  In  confirmation  of  the  assumption  made  here,  the  divergence  of  the  inhnite  terms  is  so 
slow  that  in  (3)  reasonable  values  for  />n  and  Un  at  B,  are  obtained  by  extrapolation,  though 
these  quantities  are  theoretically  infinite. 
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using  (2)  and  Taylor’s  theorem  to  express  all  quantities  in  terms  of  values  when 
0  =  (?*  ;  and  the  terms  in  c*  give: 

When  0^6^, 

0n(ii'  +  a  tan  =  0, 

2/3f(il'  +  a  tan  0)  —  to*  sin  +  ia*(u''  +  il)  +  ia(y  —  z  cos  6  —  z'  sin  d)  *0, 
/8,(p'  -  »  cot  0  +  vp'/p)  +  vPn/p  +  V,  +  +  ia(y'  ±  2  esc  0 

+  iyp'  +  n  +  m/JS)  +  Wiv"  +  V  +  (2v'p'  +  vp")/?)  =  0, 
^,{p'/pu'  +  u"  +  a'  cot  e  2il\  Pn/pu'  +  —  ia*{(TJ  tan  0  +  fiO 

•  (1  ±  2  C8c*d)  —  2(m"  +  tZ)  cot  ®  —  0"  +  iZ  tan  6] 

pu 

+  i«{»jVZhZ'  4-  I/'  ±  2  CSC  0  -f  y  cot  flj  =»  0, 

/3,{»'  +  »  cot  d  +  2(7  —  l)tZ/(7  4-  1)}  +  fi.  +  ialv"  4*  V  -2(  1  ±  1  ) 

•(v  4-  ((7  —  l)/(7  4-  l))iZ  tan  $]  csc*fl}  4-  ia(y*  ±  z  esc  0)  =  0. 

These  equations  can  now  be  simplified  (a  process  which  uses  most  of  the  equa¬ 
tions  in  [6]),  and  the  first  of  them  can  be  used  to  eliminate  j8,  from  the  others. 
This  gives: 

When  0  ^  8w  , 

(tZ'  4-  M  tan  0)Pn  +  Un  =  a*{(7  -  7)u  -|-  (7  4-  3)fi'  cot  0\/^{y  4-  1) 

2m*  -|-  u)*  sin  ®  =  a*  tan  0(il  -1-  tZ'  cot  0)*l2il' 

2ut  cot  0  Vo  u'poIp  =  “  o*(tZ  tan  0  -1-  tZ’)  [a/ (7  4*  1)]* 

•  {2(7  -  l)*tzVtZ'  4-  (37*  +  7  -  10)iZ  cot  0  +  (7*  4-  &y  4-  6)tZ'  cot*0} 

2u*  cot  0  -1-  v*  4-  mW?  =  l«/(7  4:  1)]*{2(7  —  l)*tzVtl' 

+  (47*  4-  37  -  9)m  cot  0  4- (27*  +  77  4-  7)m'  cot*<?) 

-  M,  cot  4- 1),  4-  • 

=  -  a*{(7  4-  l)tZVM'  4-  271Z  cot  -h  (7  -  !)«'  cot*  »j/2(7  4-  1) 

(4tZ  —  2m'  cot  0)uol^  -|-  1)  +  (m  tan  0  -f  tZ')i;o 

=  —  2o*tZ  tan  0{u  tan  0  4*  ^')/iy  4-  1)  4*  af*|  (7*  +  47  —  21)tZ* 

4-  (27*  4-  47  4-  14)tZM'  cot  0  4-  (7*  -  1)m  *  cot*<l}/2(7  4-  1)* 

(4tZ  —  2iZ'  cot  0)ttt/iy  4"  1)  4-  (m  tan  0  4-  Hlvo  =  a*{(7*  4-  87  —  17)fi* 

■  4-  (27*  4-  87  +  18)tZm'  cot  #  4-  (7*  -  1  )«'*  cot*0 )  /2(7  4- 1  )* 

(b)  At  the  solid  cone  Here  the  normal  velocity,  V,  is  zero.  Now  if  temporarily 

we  return  to  the  original  definition  of  T,  ,  (3)  shows  that  F»  =  0  when  ©  =  d, , 
so  that  when  0=0*,  where  the  two  definitions  approximately  coincide,  Vn  is 


(17) 

(18) 

(19o) 

(19,) 

(20) 

(21o) 

(21,) 
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presumably  small.  Thus  the  right-hand  side  of  the  first  of  equations  (6)  is  small 
when  0  *  ,  and  it  is  natural  to  assume  that  it  remains  small  at  0, We 

therefore  take  the  boundary  condition  to  be  that,  when  0=0,, 

±  CSC  T  \v  cac*0  db  \v'  cot  5  -f  Jv"  -f  iy'  ±  cot  0  =  0. 

On  simplification  by  means  of  equations  1,  2,  5,  6,  18,  35  of  [5],  this  reduces  to: 

When  0  =  0,,  Vo  =  X  and 

=»  il  cot  0  X  -|-  2  CSC  ^  (22) 


6.  Reduction  of  the  equations.  To  avoid  singularities  at  0, ,  we  write" 


8n 


where  (from  (12)) 


(23) 


Thus 


8„  =  Vn  ,  (an)*  —  (R»)»  •  (24) 

We  shall  convert  (14)  into  a  differential  equation  for  s.  .  The  first  step  is  to 
evaluate  u>i .  We  write  (cf.  [5,  (36))) 


Tj  =  2si  -h  t»i  sin  0 


(25) 


and  eliminate  pi  and  pt  between  (13),  (15)  and  (16)  (by  adding  (15),  J  sin  0  times 
(13),  and  p/(y  —  1)?  times  (16)).  The  result  can  be  written,  after  simplification 
by  means  of  (5,  (17),  (19),  (20)], 

a'Ti  UTi  =  S  -  2etp/{y  -  l)j5, 


where 

.  =  +  i  <  (f  -  .)  +  (40  +  I  -  (26) 

and 

Q  =  /  (z/2v  sin  0)  dd 

The  integration  of  (26)  follows  on  multiplying  through  by 

(-  vp  sin  0)~^/v  (cf.  [5,  §6]),  giving 

T,  ,  ,  ,  f*  Sd0  2e,  f*  pd0 

\/(“  Sin  0)  J$„v  y/  (—  vp  sm  0)  7  ~  1  ‘’P  v  (~  vp sm 0) 

This  assumption  will  be  justified  at  the  end  of  (7  below. 

»  The  notation  (un)*  means  the  value  of  u,  when  0  —  P.  ;  similarly,  e.g.,  (in),  means  the 
value  of  Sn  when  0  »  0. . 
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The  last  integral  on  the  right  is  a  numerical  multiple  of  t{  =  tje  in  the  notation 
of  [5];  see  [5,  (38)]),  and  the  constant  of  integration  is  determined  by  (18).  Thus 

T*  =  a  +  2ett/d,  where  t  - - (-  t>p  sin  9)*  f  ,  / 

7  —  1  J$^vpy/  {—  VP  sm  d) 


<r  =  a*  tan  d»(u«,  +  K  cot  $„)* 


vp  sin  0  V  /o-  t  /  -  •  a\i  f*  d0 

SfcST./  /  2-.  +  (--<■  “n  »)'  I ('"arsi^ 


and,  from  (25),  we  now  have 

tPi  =  (<T  +  2e*</d  —  2«f)  CSC  $ 
Next  we  evaluate  {pJpY  .  From  (15),  (16)  and  [5,  (19)], 

—  pn/ p  =  -^  i  (a;*  +  y*  ±  z*)^ 

.  7-2/A*  . 


+  —  j  ^  j  ±  —  Q  +  constant, 

from  which  it  is  easy  to  express  (p«/?)'  in  terras  of  s»  and  its  derivatives.  We  find, 
after  some  simplification. 


-  (pn/py  =  A  +  {t»'  -  (7  -  D^p'/p  +  ^)«» 

yp  L 

+  {p  -  (7  -  l)flpvp}(«»  ±  R)  +  ^  (xx  +  yy'  zt  zz') 

+  I  {(7  -  2)  ^  ±  dz/2{.y  -  Dv  sin  0  (29) 

/ 

Finally  we  substitute  from  (28)  and  (29)  in  (14)  to  obtain  the  desired  differ¬ 
ential  equation  for  s„  .  It  is  simplified  much  as  in  [5,  §6],  and  can  then  be  written 

Sn  +  i4«;  -f  {B  +  (1  -  n*)Cd/t]8n  ±  (B  +  Cd/t)R 

nC{ffdft  "1“  2cj)  -|-  Dn  =  0,  (30) 

where  A,  B,  C  are  the  same  as  in  (7)  above  (i.e.,  are  B,  C-D  and  Dt/d  in  the 
notation  of  [5,  (41)]);  that  is, 

A  —  cot  ®  -+-  Xj2iJ  +  3i;  cot  ®  +  (7  +  l)Xt>(i2  v  cot  fl)}, 

•  B  “  1  —  cot*  0  -h  X{  —  S  cot*  d  +  (7  —  1)Xm(m  4-  v  cot  0)}, 

C  —  (t/d)(l  +  Xp)  csc*fl. 
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where 

X  =  p'/pia  +  V  cot  d)  =  2i>/{(7  -  l)(c*  -  u*)  -  (7  +  !)»*}  =  v/(a*  -  v*), 

a  here  denoting  the  local  sound  velocity  "s/yp/p  (and  not,  as  in  [5],  the  velocity 
of  sound  in  the  undisturbed  flow).  Further,  in  the  first  instance  we  find 

2Dn  =  — X{xa;'  +  1//  ±  —  (7  —  l)(x*  +  ±  z*)p' I2p  ±  iizt/v  sin  0} 

-(1  +  \v)  0  |(7  -  i)v^-  +  dv  -^±zcsc  +  0] 

This  can  be  converted  to  a  form  more  suitable  for  computation,  by  using  the 
results  of  [5]  to  express  the  first-order  quantities  and  their  derivatives  in  terms 
of  X,  x'  (=  y),  x",  t  and  z  (=  (<  —  x)  esc  0).  In  this  way  we  find  (with  some 
trouble)  that 

2Dn  =  i(y  -  l)X*(x*  +  l/*)(fi  +  V  cot  0)  - 

(1/a*)  ■  [vx"  {(2  -f  (7  +  l)Xp)y  +  (7  —  DXtlrj  —  y*  (u  +  v  cot  d)(l  -f  7X1;)  * 
-f-  xy{2v  -f  (7  +  l)Xt>*  —  2(7  —  l)tiX(l  -t-  7Xt>)(iJ  +  V  cot  9)}  (31) 

+  (7  —  l)XiJx*{v  —  (7  —  l)TiX(ii  -f-  V  cot  d)}]  ± 

zcac0  ’  +  X{2y  +  z(co8®-|-  §(7  —  l)X(Msin0  -f  »C08«)}  j 

Next,  the  values  (u,),  (=  («»)»)  and  (t>,)»  (=  («1)«)  of  u,  and  r,  when  0  = 

•  0„  can  be  found  from  (19),  (20)  and  (21),  on  using  (16)  to  eliminate  pn  and  pn  . 

*  To  illustrate  the  process,  we  sketch  the  case  n  =  2.  By  adding  p/p  times  (16), 
yp/pv  times  (19t)  and  —v  times  (20),  we  obtain,  for  0=0^,, 

ut  cot  0  +  cot  ^  +  Vi(—  V  +  yp/pv) 

‘  ' 

-f  (27*  +  77  +  7)5  cot*(?  +  I  ■  7  (1)*  +  4e,|] 

+  a,  X'~r\  {(t  +  1)  +  (7  -  1)  »  cot  0\(il  +  V  cot  0) 

^\y  +  1) 

which,  on  using  the  boundary  conditions  satisfied  by  the  non-yaw  and  first  order 
quantities  ([5,  (7),  (8),  (30)-(33),  (43)]),  can  be  written 

2ui  cot  0{(y  -h  l)iJ  -f  (7  —  2)5  cot  5}  -f-  wi(7  -f  l)(u  -f  5  cot  0) 

-  { (7  +  !)«  +  (7  -  Dw  cot  5}  ^  -  2x  cot  5^  - 

-{(1-  +  1)«  -  (3„  +  4)8  oot  81  +  A  |(|y  _  „  (ly  +  4e,|] 
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This  and  (20)  give  simultaneous  linear  equations  for  (uj).  and  (vt)„  .  In  this  way 
we  find  (after  some  arduous  simplification). 

When  6  ^  , 


where 


¥  [i  {7  (i)  +  (1)}  “  «  cot  S)  (tan  »  +  ^  cot »)] 

—  |(7  +  3)ti  +  (7  —  l)t>  cot  ^  +  2iZ  tan  0  —  2  tan 

■  T  [1  (1)’  +  (i)  }  -  ;^i  ] 


i^u 


4(7  -  1)  {x 


tan  +  (7  +  7)iZ  +  (7  —  l)p  cot  0 


(32) 


(33o) 


(33,) 


Ho  =  yFo/x  +  ^  {2m  tan  0  —  2  tan 


2(7+1) 


+  (7  +  3)m  +  (7  ~  l)p  cot  d I 


(34) 


Hi  =  yFi/x  +  1)  M  tan  d  +  (7  +  7)iZ  +  (7  -  1)»  cot 

6  The  problem  for  computation.  In  the  differential  equation  (30)  and  boun¬ 
dary  conditions  (32),  all  the  coefficients,  except  for  the  constants  eo ,  c, ,  may  be 
regarded  as  known.  To  determine  eo  and  e, ,  we  define  auxilliary  functions  /« , 
p,  (n  =  0,  2)  of  0  in  such  a  way  that 


«»“/»  +  e,p„ . 

This  can  clearly  be  achieved  by  taking 

!fo  +  Afo  +  (fi  +  Cd/0(/o  +  ft)  +  Do  =  0 
\When  0  =  0w  ,fo  =  Fo  ,fo  ==  Ho 

fpo  +  .4^0  +  (ft  •\~iCd/t)go  =  0 

(When  0  ^  0y, ,  go  ^  X,  g'o  ^  y 

{ft  +  Aft  +  (ft  -  3Cd/0/t  -  (ft  +  Cd/t)R  +  2Cad/t  +  D,  =  0 
(When  0  =  0y, ,  ft  =  F, ,  ft  =  H, 

(gt  +  Ag,  +  (ft  -  3Cd/t)gt  +  4C  -  0 
(When  0  =  0» ,  gt  =  X,  gt  =  y. 

Now,  from  (22)  and  (24),  we  have: 

When  0  =*  0,,  =  (x  —  fo)/go 

and 

e,  =  (iZ  cot  0  +  X  +  ZC8C0  —  ft)/gt 


(35) 

(36o) 

(37o) 

(36,) 

(37,) 


(38) 
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It  is  now  practicable  (though  very  laborious)  to  compute  /»  and  numeri¬ 
cal  case,  from  (36)  and  (37),  and  thus  to  determine  eo  and  €> ,  and  thence  So  >  > 

and  the  whole  flow.  It  should  be  remarked  that  the  constant  terms  in  (36)  be¬ 
come  infinite  at  d,  ;  in  fact  one  can  show  that  they  are  of  order  (0  —  0,)”*  as 
0-^0,.  Thus  will  be  infinite  at  0, ,  though  and  /,  will  be  finite  and  con¬ 
tinuous  there. 

We  can  now  to  some  extent  check  the  assumptions  on  which  (22)  (and  so  (38)) 
was  based.  The  argument  leading  to  (22)  shows  that,  under  plausible  physical 
hypotheses,  (38)  holds  approximately  when  0  =  0*  H  0i .  Since  the  quantities 
appearing  on  the  right  in  (38)  are  continuous  at  0, ,  (38)  will  continue  to  hold 
approximately  when  0=0,  also,  provided  that  the  denominators  are  not  too 
Small  at  0, — a  point  which  is  confirmed  by  the  computations  for  all  but  large 
Mach  numbers.** 

7.  Applications,  (a)  Effect  on  the  shock-wave.  As  can  be  seen  from  (2),  the 
second-order  effect  of  the  yaw  on  the  shock-wave  surface  (which  remains  a 
circular  cone,  yawed  through  an  angle  ea,  if  e*  is  neglected)  is  to  make  it  some¬ 
what  “elliptical.”**  The  quantities  /So ,  /S*  are  readily  computable  from  (17),  once 
So  and  Si  are  found.  The  computed  values  of  /So  and  /Si  agree  with  experience  in 
predicting  that  this  effect  is  small ;  it  is  probably  too  small  to  be  capable  of  giving 
an  accurate  check  on  the  theory  at  present. 

(b)  The  yaw-drag  coefficient.  In  order  to  determine  the  resultant  pressure  on 
the  surface  of  the  solid  cone,  we  first  show  that  pn  is  continuous  at  0, .  We  shall 
consider  only  po  explicitly.  Eliminating  p,  between  (15)  and  (16),  we  express  po 
in  terms  of  Uo  and  vo ,  and  thence  (using  (23))  in  terms  of  So  and  sq  .  The  result 
(simplified  by  means  of  [5,  (19)])  is 

-  Po/p  “  (P/P)lwto  +  vso  +  i(x*  -1-  I/*  +  s*)}  -  (n/P)lv/P  -  2d}/4y 

+  (d*  -H  4yeo)/4y(y  -  1)  -f  [tipR/p  -|-  dQ/(y  -  1)]. 

The  integrals  Q  and  R  occurring  here  are  both  infinite  at  0,  ;  but,  on  using  [5, 
(39)],  the  bracket  [  ]  in  (39)  can  be  written 

^  r*  ztde  d  f*  zd0 
2^  8  sin  d  7  —  1  i#,  2v  sin  0 

^  f*  zjt  -  t.)  d0  d  /P_  _  f*  zd8  \ 
2?  I  A,  8  sin  ^  7—1  P»  J$,^^0j 

Now,  from  [5,  (38)],  it  can  be  shown  that  <  —  f ,  is  of  order  (0  —  8,)*  as  8— ►  0, , 
while  V  is  of  order  (0  —  0,).  Hence  the  bracket  [  ]  converges  to  the  finite  limit 

f*  zjt  -  U) 

^pt  9  am  0  ’ 

**  Indirectly.  The  values  of  g'  are  not  given  in  [3],  but  the  fractions  So  and  St  in  (38)  are 
small,  except  for  very  large  Mach  numbers. 

**  The  cross-section,  however,  is  not  a  true  ellipse  but  a  curve  of  the  sixth  degree. 
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and,  on  defining  (po).  =  lim  po,  we  obtain  that  po  is  continuous  at  0,.  Further, 
(39)  gives  (if  we  use  [5,  (6),  (20)]  to  express  jj,/p,  in  terms  of  x,): 


When  0  =  0,, 
p#  _  7  /tiV  ^  uxd 

^  ^  7  -  1 


2mo  -  +  z*)-u  f*  ^-^^d0] 

t;  sm  e  J 


(40) 


4(7  -  1)*  7  -  1  ' 


Similarly  pj,  and  so  Po  and  P*,  will  be  continuous  at  0,.  Further,  equation  (6) 
simplifies  considerably  when  0  =  0„  since  v,  p',  p  vanish  (cf.  [5,  (6)]).  Thus, 
from  [5,  (2),  (16)]  we  have — uy  +  ijV?  =0  there,  so  that  rj'  =  jUiy  =  2pu^  at  0, 
(using  [5,  35]).  And,  from  [5,  (1),  (2)],  p''/jf  =—u''(u  +  u")  =  —2m*  at  0, . 
Hence  we  find : 

When  0  = 


Po/p  =  (po/p)  +  (y/2a*)(u*  —  ux  cot  0)  —  (d/2(y  —  1))  cot  0  (41) 


Now  consider  an  actual  projectile  having  a  conical  head  of  semi-angle  0„ 
slant  length  R  and  diameter  D  (=  2R  sin  0,),  moving  through  air  at  small  yaw 
£.  If  its  Mach  number  is  sufficiently  greater  than  1,  the  flow  relative  to  the  cone 
will  be  locally  supersonic  and  approximately  steady,  and  so  the  preceding 
theory  should  apply  in  the  neighbourhood  of  the  conical  head.  The  component 
of  the  force  due  to  air  pressure  on  the  conical  head,  parallel  to  the  axis  of  the 
cone,  will  then  be 


pr  sin*  0,  dr  d^  =  \irD'{p,  -f  £*(Po).), 


provided  that  the  expansion  (3)  for  p  is  valid  at  0, .  This  should  be  the  case,  at 
least  approximately,  since  the  expansion  (3)  is  assumed  valid  at  0*  =.  0, ,  and 
Po ,  P*  are  continuous,  and  so  nearly  the  same  at  0,  as  at  0*. 

iThe  component  of  the  air  resistance  parallel  to  the  direction  of  motion  of  the 
cone,  is  obtained  by  combining  the  above  component  with  the  component,  of 
magnitude  |rD*£i;.  cot  0,  (cf.  [5,  (54)]),  perpendicular  to  the  axis,  and  is  found 
to  be  < 

1tD*p{1  -f  £*I(Po/p)  -  i  +  (>?/2p)  cot  0]}, 

evaluated  with  0=0,.  Since  ij./p.  =  —  (ytix/a*  +  d/(7  —  1))  (cf.  [5,  (56)]), 
this  result  can  be  expressed*^  by  saying  that  the  “head  drag”  has  its  non-yaw 
value  multiplied  by  1  -]-  c'Kdtb  ,  where 

Kdyh  =  Po/p  -  \[{yilx/a')  cot  0  -]-  {d/{y  -  1))  cot  »  -j-  1] 

,  ,  0.)  (42) 

*  Po/p  +  (7/2a*)(M*  —  2mx  cot  0)  —  Id/(7  —  1)]  cot  0  — 

“  As  was  pointed  out  to  the  author  by  Dr.  A.  C.  Charters,  a  form  more  convenient  for 
applications  is:  increase  in  head  drag  coefficient  —  K^gC*,  where  K'^g  =  Kd^Rdyh  “  Rsh 
—  KDt/2  -f  ■■(P«),/4pit/*,  and  Kd^  is  the  head  drag  coefficient  based  on  absolute  pres¬ 
sures.  Thus  Kd,  is  related  to  the  usual  head  drag  coefficient  Kg  (tabulated  in  [1])  by: 
Kot  =  Kp  -i-  rlAyM*,  M  being  the  Mach  number. 
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From  (40)  we  obtain,  finally, 

,  d*  1  d  cot  0  +  go 

4(7  -  1)*  *  7-  1  ’ 

evaluated  with  =  0. . 

One  feature  brought  to  light  by  the  computations  [3]  deserves  comment: 
though  Kora  is  always  positive  (as  it  should  be),  (Po)t  is  negative  for  the  smaller 
Mach  numbers.**  Thus,  at  Mach  numbers  up  to  limits  which  increase  as  0, 
decreases,  yaw  theoretically  decreases  the  axial  drag,  though  not  the  drag,  on 
the  conical  head.  In  this,  the  present  theory  agrees  qualitatively  with  the  linear¬ 
ized  theory,  for  small  0,  and  not  too  large  M,  as  one  would  expect.** 
Observations  of  conical  projectiles  in  flight,  carried  out  and  analyzed  at  the 
Ballistic  Research  Laboratories,  Aberdeen,  Maryland,  show  that  the  increase  of 
total  drag  with  yaw  is  somewhat  larger  than  that  predicted  by  (43).*^  As  one  would 
expect  yaw  to  increase  the  skin  friction  and  base  drag  also,  it  seems  that  here 
again  the  theoretical  effect  is  of  the  right  order  of  magnitude,  and  that  a  more 
precise  check  would  be  difficult. 
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“  (Po)*  is  not  given  in  (3],  but  may  easily  be  derived  from  the  formula  2(Po/P)«  4- 

(po/P)»  -b  1/2  +  y(il,/e)*/(y  —  1)  (1  —  (d./c)*).  If  9,  -  15®,  for  example,  (Po).  is  negative 
for  M  <  2.2,  and  positive  for  M  >  2.2;  if  9,  —  5®,  the  corresponding  value  of  M  is  about  5. 
It  is  found  that  (po)«  is  always  negative. 

See  (4,  pp.  82, 83).  On  the  linearized  theory,  the  increase  in  head  drag  coefficient  due  to 
yaw  («■  KdoI^dth^)  would  be  approximately  xf’/S.  On  the  present  theory,  this  increase 
itself  increases  with  M,  varying  from  roughly  a  third  of  irf*/8  (for  M  u,  i)  to  roughly  twice 
a-r*/8  in  the  tabulated  range. 

By  a  factor  of  nearly  2,  with  an  uncertainty  of  about  20%,  when  —  10®  and  M  2. 
The  observations  lead  to  no  deBnite  conclusion  about  the  sign  of  (Pa),  . 


A  HYPERELLIPTIC  FUNCTION  AS  A  NON-LINEAR 
OSCILLATION* 

By  F.  R.  Erskine  Crossley 


1.  Oscillatory  Motion  on  an  Ellipse.  A  particle  is  constrained  to  move  along 
an  elliptical  path  without  friction,  under  the  action  of  gravity  force.  The  ellipse 
is  in  a  vertical  plane  (fig.  1),  with  major  x-axis  vertical;  the  major  semi-axis  is 
of  unit  length,  and  the  eccentricity  is  e.  Its  geometric  equation  is  therefore 

X*  -H  [j/V(l  -  e*)]  =  1  (1) 

If  the  particle  in  motion  reaches  a  maximum  height  x  —  A,  the  energy  relation 
gives 

r*  =  2g{h  —  x)  —l<h<l 

and  when  this  tangential  velocity  v  is  expressed  in  terms  of  x,  it  becomes 

(1  -  e'x')(dx/dt)'  -  2gih  -  x)(l  -  x*).  (2) 

For  any  initial  x  in  the  limits  h  ^  x  >  —  1,  this  has  obviously  a  periodic  solu¬ 
tion.  Two  special  cases,  of  eccentricity  zero  and  imity,  reduce  the  equation  to 
simpler  forms,  which  allow  integration  respectively  in  terms  of  elliptic  and 
trigonometric  fimctions.  The  former  of  course  is  the  common  case  of  simple 
penduliun  motion,  for  the  ellipse  of  no  eccentricity  is  a  circle.  But  the  general 
case  0  <  e  <  1  has  a  solution  only  in  the  hyperelliptic  functions  (Bibl:  1), 
which  it  is  the  purpose  of  this  paper  to  present. 

2.  Differential  Equations  Soluble.  Hyperelliptic  functions  are  a  group  which 
solve  the  general  differential  equation 

(dx/dt)*  =  ®»x" 

where  the  polynomial  may  have  an  infinite  number  of  terms  with  real  coefficients 
a.  As  just  previously  implied,  if  the  degree  of  the  polynomial  is  less  than  four, 
the  equation  degenerates,  so  that  a  solution  may  be  found  in  circular  or  elliptic 
functions.  But  where  n  >  4  only  a  few  isolated  cases  may  be  so  solved.  Refer¬ 
ences  may  be  found  (Bibl:  2,  3)  which  suggest  a  solution  by  integration  in  a 
power  series;  but  the  rapidity  with  which  such  a  series  converges,  determines 
the  usefulness  of  this  method. 

An  equation  of  the  type 

(dx/diy  -  «*  (3) 

(o  -  X*) 

may  be  divided  out  to  show  a  polynomial  of  infinite  degree. 

If  in  equation  (2)  the  substitution  x  »  —  cos  ^  and  h  ^  —  cos  ^  is  made, 

*  Being  part  of  a  dissertation  presented  by  the  author  to  the  faculty  of  the  School  of 
Engineering  of  Yale  University  in  partial  fulfillment  of  the  requirements  for  the  degree  of 
Doctor  of  Engineering. 


214 


A  HYPERELLIPTIC  FUNCTION  AS  A  NON-LINEAR  OSCILLATION  215 

the  following  appears: 

(1  —  e*  COS*  tp){dip/dt)*  =  2  «*(cos  ^  —  oos  ^).  (4) 

It  happens  that  this  represents  the  relative  angular  motion  of  a  simple  pen¬ 
dulum,  eccentrically  mounted  and  frictionless,  rotating  in  a  centrifugal  force 
field.  This  was  the  initial  investigation  of  the  author.  The  limits  on  the  param¬ 
eters  in  this  equation  are  (for  an  oscillation) 


—  T  <  ^  <  T, 

and  w  may  be  a  function  «(e,  >fK,). 


0  <  e  <  1 


(5) 


•  Fio.  1.  Ellipse  and  particle. 

The  meaning  of  the  substitution  x  =  —  cos  ^  may  be  seen  geometrically  in 
Fig.  1. 

Before  proceeding  with  the  solution,  note  that  the  following  equations  ma}'' 
be  reduced  to  the  form  of  equation  (2)  or  (4): 

(1  -  2y  -  hy')y'  =  c*(l  -  aj/)(l  -  2y)y  (6) 

dn*  u  •  li*  —  w*(a  —  sn  m)  =  0  (7) 

_  ,  ifl-f/ccos^-l-e*  cos*  ^1 

”  +  "  L - J 

^  +  .w  “  +  2ft(o  -  l)x  ±  (3a  -  l)x*  ±  =  0  (9) 

2(a  —  X*)* 


sin  ^  =  0 


(8) 
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where  the  parameter  limits  are  as  in  (5)  and 

l<o<oo,  0<6<1 

and  k,  w  are  not  limited,  except  to  be  real. 

There  are  of  course  many  other  forms  which  can  be  found  by  various  substi¬ 
tutions;  for  instance,  a  tan  <p/2  substitution  can  reduce  certain  equations  contain¬ 
ing  eighth  and  seventh  degree  polynomials  of  the  form 

(P.)  f  -1-  (Pt)  X*  =  0. 

3.  Solution  of  the  Equation.  Consider  the  equation  (4).  Quite  apart  from  the 
relation  to  the  motion  on  the  ellipse  (eq.  1)  it  can  be  seen 

1.  that  if  the  initial  value  of  <p  is  anywhere  within  the  strip  <  <p  <  <f>o , 
the  function  ip  =  «>(0  is  boimded  by  the  sides  of  this  strip. 

2.  that  tp{t)  is  symmetrical  about  the  points  of  tangency  with  the  boundary 
lines. 

It  follows  that  the  period  of  the  oscillation  must  be  four  times  the  time  re¬ 
quired  to  move  from  ^  =  0  to  ^  ,  or 

Period  - 

With  the  function  x  of  equation  (2),  the  bounding  strip  is  —  1  <  x  <  h,  and 
it  can  be  seen  from  hg.  (1)  that  the  period  is  half  that  of  the  p  function,  or 

2  /•» 

The  same  integrals  with  the  same  lower  limit  but  a  general  upper  limit  will 
give  the  time  to  reach  any  value  of  ^  or  x  from  the  bottom,  and  in  this  manner 
define  time  as  a  fimction  of  <p  or  x.  Inversion  of  the  solution  will  give  p  =  p(t) 
or  X  =  x{t). 

However,  the  equations  (11)  and  (12)  are  not  suitable  for  integration,  for  the 
integrand  becomes  infinite  upon  reaching  the  upper  limit  A  or  ^  .  This  is  avoided 
by  using  the  same  substitution  as  with  elliptic  integrals  (Bibl:  4,  5). 


Vin-  f  -Ap. 

Jo  y  cos  —  cos  ipo 

(12) 

Let 

sin  <p/2  —  A;  sin  ^ 

(13) 

where 

k  am  ipol2 

(14) 

Jo  V  1  -  Jb*  sin*  f  ^ 

(15) 

and  the  solution  is  defined  as  the  hyperelliptic  integral  function  L(e,  k,  ^)  having 
the  two  moduli  e,  k,  where  k  is  the  modulus  of  the  associated  elliptic  integral. 
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Tables  of  the  function  for  thirty  values  of  the  parameters  are  given  in  the 
appendix.  This  is  thought  sufficient,  for  interpolation  is  simple — the  variation 
of  either  parameter  causes  a  smooth  change  in  the  value  of  the  function.  Simp¬ 
son’s  rule  was  used  in  the  evaluation. 

4.  Periods  of  the  Oscillation.  The  period  of  the  oscillation  given  by  equations 
(10)  and  (11)  are  respectively  four  times,  and  twice  the  value  of  the  complete 
integral  U  when  divided  by  «.  This  complete  integral  is  the  right-hand  side  of 
equation  (15)  when  the  upper  limit  i^T/2. 

Here  the  value  is  most  easily  found  by  reading  the  bottom  line  of  the  tables. 
Alternatively  it  may  be  approximated  by  expanding  equation  (15)  in  a  power 
series: 

Period  T,  =  (4/«)L'  (20) 

where 

L'  =  r^’  [1  -  c*  (1  -  2jk*  sin’  f)*]>'’  [1  -  lb’  sin’  f]’*'’  df 

=  hr  [(1  -  he*  -  ...)  +  ifc’  (1  -  h*  +  ••*) 

+  Afc*  (3  -  Vc’  -  •••)  +  •••]  approx. 

E.  G.  Keller  in  his  reference  to  these  functions  (Bibl:  2)  has  an  alternative 
substitution  leading  to  a  similar  series. 

But  if  we  confine  ourselves  to  comparing  the  effect  of  changing  the  param¬ 
eters,  note  first  that  for  the  special  case  e  »  0  the  function  deteriorates  to 
elliptic  form,  so  that  the  solution  in  <p  is 

sin  ^/2  =:  sin  ^/2  sn  (d  (21) 

and  the  period  will  increase  with  the  amplitude  ^  .  The  same  holds  for  any  other 
value  of  e. 

With  the  elliptic  function  case,  we  have  a  further  degeneration  of  the  fimction 
when  the  angle  ^  is  very  small — it  will  represent  the  small-angle  motion  of  a 
simple  pendulum,  so  that  equation  (21)  reduces  to 

^  ^  sin  (22) 

The  ratio  of  the  periods  of  (21)  to  (22)  is  well-known  to  be  given  by 

TJT,  =  ii:/(x/2)  (e=  0)  (23) 

where  is  the  period  with  amplitude  ^  ,  To  is  the  period  with  small  angle  and 
K  is  the  value  of  the  complete  elliptic  integral  F(l;,  t/2)  for  the  modulus  k 
(eq.  14). 

Now  if  we  call  the  complete  hyperelliptic  integral  V,  as  already  suggested, 
since  the  elliptic  is  only  a  particular  case  of  the  hyperelliptic,  we  may  generalize 
equation  (23)  as 

r,/To  »  L’(c,  fc)/(T/2)  (24) 
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provided  that  <■>  is  a  constant.  If  u  is  itself  a  function  of  the  parameters,  there 
is  a  modification  of  the  above,  depending  on  the  relation.  Suppose  w  is  a  function 
of  e,  k,  another  parameter  a,  and  a  constant: 

u  =*  «(e,  k,  a,  c) 

In  equation  (22)  we  get  down  to  the  simplest  form 


w  =  «(0,  <po/2,  a,  c)  =  (do  ^  » 0 


Fio.  5.  Period  variation  from  circular  function  period 
In  equation  (21)  the  fundamental  frequency  will  be 
/  -  (1/2t)[(t/2K)w] 

so  following  the  same  reasoning  as  before,  equation  (24)  is  fully  expressed  as 

Tf  ^  L  (g,  fc)  ^  (dp _ 

T»  ir/2  u{e,  k,  a,  c) 

Fig.  5  shows  the  relation  of  equation  (24),  using  the  tabulations  for  values  of 
V. 

5.  Extension  of  the  Parameter  Limits.  If  in  equation  (2)  the  parameter  h  is 
greater  than  unity,  then  the  consideration  of  energy  shows  that  there  is  still 
some  potential  left  when  the  particle  reaches,  the  top  of  the  ellipse.  It  will  there- 
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fore  have  a  velocity  at  the  top  and  that  will  convert  the  oscillation  into  a  con¬ 
tinuous  varying  rotation. 

The  equation  (4)  transformed  is 

(1  —  e*  cos*  ^)  ^*  =  2  a>*(cos  <p  h)  (26) 

and  for  A  ^  1  it  has  therefore  a  solution  corresponding  closely  to  the  amplitude 
function,  instead  of  to  the  sine-amplitude. 

Ab  k  —*  <xi ,  the  function  ^(0  approaches  the  elliptic  of  the  second  kind. 

(1  —  e*  cos*  <f>)  <p*  =  2h  w* 

^  (27) 

E(e,  <p  +  t/2)  =  for  A  — >  « 

The  x-function  is  not  so  changed,  for  again  considering  energy,  no  matter 
with  what  velocity  the  particle  reaches  the  top,  at  that  point  x  =  0,  as  x  can 
only  vary  between  ±1.  Hence  the  x-function  is  always  an  oscillation  having 
shorter  periods  as  h  increases. 

For  all  /i  >  1  the  parameter  k  does  not  enter.  No  calculations  of  the  functions 
of  this  type  are  presented. 

6.  Representation  on  the  Poincare  Phase-plane.  The  phase-plane  diagram 
(Bibl:  6,  7)  is  used  for  plotting  the  velocity  against  the  displacement  of  oscilla¬ 
tions;  for  a  simple  harmonic  vibration  it  appears  as  an  ellipse.  This  can  be  seen 
from  the  energy  equation 

imx*  -f  Jfcr*  =  const 
or 

y*  w*x*  =  c  for  y  =  i 
which  is  an  equation  of  an  ellipse. 

Three  diagrams,  corresponding  to  the  values  of  e*  =  0,  0.5,  0.75,  are  shown  in 
fig.  (6)  for  equations  (4)  and  (26).  The  borderline  case,  h  =  1  or  ^  =  t  forms 
the  separatrix.  The  curves  of  e  *=  0  are  of  course  the  elliptic  motion,  the  others 
the  hyperelliptic.  Note  that  the  scale  of  the  ordinate  varies  between  the  diagrams. 

The  center  of  the  vortices,  y  ^  =  0  and  ^  =  0,  ±2t  etc.  show  points 
of  stable  equilibrium  about  which  the  oscillations  occur.  The  cross  of  the  saddles, 
y  SB  ^  _  0  and  -*  ±ir,  ±3t  etc.  show  points  of  unstable  equilibrium.  The 
lines  for  A  >  1  never  reach  ^  =  0,  and  are  seen  to  include  large  second-harmonic 
terms  as  e  gets  large. 

7.  Conclusion.  These  hyperelliptic  functions  appear  then  to  be  a  larger  class, 
of  which  elliptic  and  circular  functions  are  a  degenerate  form;  they  themselves 
are  members  of  the  still  larger  group  of  Abelian  functions.  (Bibl:  8-14).  Two 
other  examples  of  their  occurrence  may  perhaps  be  mentioned:  the  equation  of 
motion  of  a  top  spinning  on  a  smooth  table  is  given  by  Webster  (Bibl:  15),  and 
secondly  the  Schwartzian  transformation  is  often  in  the  same  differential  form. 

Any  numerical  integration  method  is  not  as  accurate  as  could  be  desired.  An 
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attempt  was  made  to  find  another  way,  but  unsuccessfully:  in  case  someone 
should  be  interested,  the  approach  still  seems  promising.  It  is  to  find  some 
transformation  similar  to  Landen’s  transformation  used  in  elliptic  function 
evaluation  (Bibl:  16,  17),  or  by  use  of  Gauss’s  arithmetico-geometrical  mean 


-• 


Fia.  6.  Phase-plane  representation* 

series,  to  move  the  parameter  e  in  value  progressively  nearer  unity  or  zero.  For 
just  as  the  elliptic  integral  curve  is  bracketted  between  the  straight  line  and 
the  log  tangent  curve,  so  this  hyperelliptic  L  function  is  bracketted  between  the 
elliptic  F  function  and  the  curve  2k{\  —  cos  f)  corresponding  to  e  =  0  and  c  =  1. 

•  In  each  case  the  lines  shown  are  those  for<p«  ■■  »/4,»/2, 3  ■•/4,  the  separatrix  xorh  -•  1, 
and  A  —  2  and  3. 
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APPENDIX 


HYPERELLIPTIC  FUNCTIONS 
TABLE  I 

^  -  10%  ifc  -  0.08716 


L(«,  A,  f )  or  wl 

luuil 
f  rad 

f* 

sham  ttt 
sin  t 

<•  -  0.10 

0.2i 

0.50 

0.75 

0.90 

1.0 

0.1656 

0.1512 

0.1234 

0.1745 

10 

0.1736 

1“44'24' 

0.3312 

0.3024 

0.1749 

0.3491 

0.3420 

3"25'  0' 

0.4970 

0.4538 

0.2629 

0.1676 

0.6236 

30 

0.5000 

4*59'42' 

0.6628 

0.6054 

0.3516 

0.2253 

0.6981 

40 

0.6428 

6“26'24' 

0.7672 

0.6196 

0.2842 

0.8727 

50 

0.7660 

7*39'24* 

0.9951 

0.7446 

0.6311 

0.3444 

■WiTT?! 

60 

8*39'28' 

1.1614 

0.8699 

0.6218 

0.1147 

1.2217 

0.9397 

9*23'44' 

1.3278 

1.2139 

0.9955 

0.4676 

1.3963 

0.9848 

9*50'52' 

1.4943 

1.3664 

1.5708 

90 

10*  0'  O' 

Note;  In  each  table  the  last  line  gives  L'  for  L(e,  k,  f). 
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TABLE  II 
^  .  45%  k  -  0.38268 


L{e,  k,{)  or  ut 

ham  w/ 
r  rad 

f 

shun  ai 
un  [ 

1^* 

«•  -  0.10 

0.25 

0.S0 

0.75 

0.90 

1.0 

0.1658 

0.1514 

0.1239 

0.0881 

0.0567 

0.0116 

0.1745 

10 

0.1736 

7*37'14' 

0.3325 

0.3043 

0.2504 

0.1809 

0.1213 

0.0462 

0.3491 

20 

0.3420 

0.5013 

0.4601 

0.3817 

0.2820 

0.1988 

0.1025 

0.5236 

30 

22*  3'44' 

0.6728 

0.6197 

0.5193 

0.3934 

0.2909 

0.1790 

0.6981 

40 

0.6428 

28°28'48' 

0.8473 

0.7837 

0.6639 

0.5155 

0.3972 

0.2734 

0.8727 

50 

34*  5'36' 

1.0251 

0.9520 

0.8151 

0.6474 

0.5161 

0.3827 

1.0472 

60 

38*42'34' 

1.2057 

1.1241 

0.9720 

0.7875 

0.6450 

0.5036 

1.2217 

70 

0.9397 

42*  9'  8' 

1.3885 

1.2990 

1.1331 

0.9334 

0.7809 

0.6325 

1.3963 

80 

0.9848 

44*16'48' 

1.5724 

1.4755 

1.2963 

1.0822 

0.9204 

0.7654 

1.5708 

90 

45*  0'  0' 

TABLE  III 
^  _  90%  *  -  0.70711 


L{i,  k,  [)  or  ai 

• 

ham  mt 
f  rad 

f 

iham  ut 
sin  C 

P* 

H  -  0.10 

0.25 

0.50 

0.75 

0.90 

1.0 

0.1662 

0.1520 

0.1250 

0.0900 

0.0600 

0.0212 

0.1745 

10 

0.1736 

14*41 '40' 

0.3360 

0.3093 

0.2586 

0.1950 

0.1429 

0.0853 

0.3491 

20 

0.3420 

27*59'28' 

0.5127 

0.4762 

0.4077 

0.3237 

0.2575 

0.1895 

0.5236 

30 

0.5000 

41*24 '36' 

0.6994 

0.6552 

0.5758 

0.4790 

0.4047 

0.3309 

0.6981 

40 

0.6428 

54*  4'  6' 

0.8985 

0.8504 

0.7643 

0.6606 

0.5819 

0.5052 

0.8727 

50 

0.7660 

65*35'44' 

1.1114 

1.0615 

0.9724 

0.8656 

0.7851 

0.7071 

1.0472 

60 

0.8660 

75*3r20' 

1.3383 

1.2879 

1.1978 

1.0900 

1.0089 

0.9305 

1.2217 

70 

0.9397 

83“16'66' 

1.5770 

1.5265 

1.4362 

1.3283 

1.2471 

1.1686 

1.3963 

80 

0.9848 

88*16'20' 

1.8226 

1.7720 

1.6818 

1.5739 

1.4927 

1.4142 

1.5708 

90 

1.0000 

90*  0'  0' 

TABLE  IV 
«>•  -  135*,  k  -  0.92388 


18*27 '50' 
36*60'26' 
55*  1'30' 
72*51 '46' 
90*  6'  6' 
106*16'46' 
120*29'32' 
130*58'  4' 
135*  0'  0' 
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TABLE  V 
-  170%  k  -  0.99620 


M*,  ip  f)  or  «l 

ham  «< 
f  rad 

f 

tham  «< 

lin  f 

V* 

e>  -  0.10 

a2S 

0.50 

0.75 

0.90 

1.0 

0.1668 

0.1529 

0.1264 

0.1745 

10 

0.1736 

19*65'23' 

0.3161 

0.2696 

0.3491 

0.3420 

39‘’50'29' 

0.6295 

0.4985 

0.4411 

0.2669 

30 

0.5000 

50"44'55' 

0.7414 

0.7083 

0.6474 

0.4661 

40 

0.6428 

79®38'  5' 

0.9881 

0.9648 

0.8936 

0.7656 

0.7117 

0.8727 

0.7660 

99*28'48' 

1.290 

1.254 

1.188 

1.062 

0.9962 

WESEi 

0.8660 

119*14'56' 

1  692 

1.643 

1.554 

1.462 

1.378 

1.311 

1.2217 

70 

0.9397 

138'’49'  7* 

2.328 

mM 

2.079 

1.893 

1.760 

1.646 

1.3963 

0.9848 

157“39'45' 

3.689 

3.121 

2.671 

2.334 

1.992 

90 

1.0000 
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ON  APPROXIMATE  EXPRESSIONS  FOR  THE  EXPONENTIAL 
INTEGRAL  AND  THE  ERROR  FUNCTION* 


By  Richard  Bellman 

1.  Introduction.  In  many  important  applications  of  mathematical  physics,  the 
final  numerical  answer  depends  upon  the  evaluation  of  a  Laplace  transform 


(1) 


giy) 


e~**f(x)  dx, 


Re  (y)  >  0. 


Integrating  by  parts  n  times,  the  result  is 


(2) 


m  /‘(o) 


g(y)  -  •'-^7  + 
y 


+  . . .  +  +  1  r  dx. 

y"  j/"  h 


r  y' 

If  /(O)  ^  0,  we  may  use  the  first  n  terms  as  an  approximation  to  g{y).  The  error 
term  is  the  integral  on  the  right-hand  side  of  (2)  which  is  bounded  by 

Max  I  /‘"’(x)  I 


(3) 

for  y  real  and  by 


y 


05>s<« 


(4)  \y 

in  case  y  is  complex.  In  many  cases  of  importance,  the  series 


Max  1  /‘"Tx)  I  /Re  (y), 

0£S<N 


(5) 


k-O 


is  divergent  for  all  y.  Consequently,  in  order  to  make  maximum  use  of  (2),  n 
must  be  chosen  as  a  function  of  y  to  minimize  the  expressions  in  (3)  or  (4).  The 
fact  that  S{y)  is  a  divergent  asymptotic  series  hs  y  x  imposes  a  lower  bound 
on  the  magnitude  of  the  error  term. 

The  question  arises  then  as  to  whether  it  is  possible  to  obtain  a  better  approxi¬ 
mation  to  g(y)  than  that  given  by  (2)  using  some  rational  function  of  l/y, 
w’ith  coefficients  determined  by  the  /^*’(0).  One  way  of  obtaining  those  rational 
approximations  is  that  of  expanding  S{y)  into  a  formal  continued  fraction  and 
using  the  n-th  convergent^. 

The  purpose  of  the  present  note  is  to  indicate  another  method  which  under  all 
circumstances  yields  an  error  term  less  than  or  equal  to  that  given  by  (3)  or 
(4),  and  in  general  may  be  expected  to  improve  it  considerably.  After  indicati 
ing  the  general  method,  we  apply  it  to  the  two  most  commonly  encountered 
non-elementary  transcendents 


(6) 


1  -  Erf  (y) 


1  r 


dx 


e  Viig  e“*v^  j 


*  The  above  results  were  obtained  in  the  course  of  research  sponsored  by  the  Rand 
Corporation. 
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The  following  result  is  obtained: 

Theorem:  If  y  >  0,  there  exist  for  each  n  >  1,  'polynomials  in  \/y,  Qniy), 
Rn(.y)  voith  the  properties  that 


(7) 

'where 


(a) 

(b) 

(8) 

(c) 

(d) 


1  +  X 


dx  — 


Rniy) 

Qniy) 


< 


n!  ^  n! 


Qniy)  “  1  +  2  Oil/ 

2-*^^  /(n  +  i)»  _ 

*  '  [(n  +  1  -  A:)!]*  li  V  ST+l  /  ’ 

Rniy)  =  Pniy)  +  t.aiy~*Pn-iiy)  -  a^iy-^\ 

i-l 

Pkiy)  =  A:  -  1,2, 


0 


If  y  is  complex,  the  right-side  of  (7)  is  replaced  by 

(a\  _ JL] _ 

2*-+‘  1  y  1-  1  Qniy)  1  Re  (2/)  • 

A  similar  result  holds  for  any  integral  of  the  form 

Applied  to  the  integral  in  (7),  hiy),  the  method  discussed  in  (2)  et  seq.  yields 
the  bound  nl/j/"'*’*.  The  best  possible  bound  is  obtained  by  taking  n  =  [y], 
yielding  an  error  term  approximately  equal  to  e”*  '\/2iry.  The  best  possible 
bound  obtained  from  the  above  theorem  is  obtained  by  taking  n  =  2y  and  is 
approximately  e~**  y/2'iry. 

Although  these  functions  in  the  cases  a  =  §  and  1  have  been  extensively 
tabulated  for  real  y,  there  may  still  be  some  practical  application  of  the  inequal¬ 
ities  we  obtain,  since  in  several  important  applications  these  functions  occur 
with  complex  argument.  We  discuss  below  a  device  which  may  be  employed  if 
Re  iy)  is  small. 


2.  The  method.  Let  us  consider  first  the  simplest  case  where  /(O)  0,  y  is 
real^  and  we  will  be  satisfied  with  an  approximation  with  an  error  of  order 
l/y*  as  y  — »  00 .  Integrating  by  parts  once,  we  obtain 


giy) 


r  e-^f\x)  dx 
y  y  JQ 

’t  +  i  C  -  V-  f  ^  • 


(1) 
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From  this  follows 


(2)  g{y) 


whence 


(3) 


+ 1)  -  (t  f 

(‘  +  j)  ■  f-F  +  1)1-  ‘  ‘ 


The  parameters  a  and  b  are  now  to  be  chosen  so  as  to  minimize  the  right-hand 
side.  In  general,  this  is  a  difficult  problem,  which  we  do  not  propose  to  discuss 
here.  Nevertheless,  in  many  cases,  a  few  trials  will  yield  values  of  a  and  h  which 
appreciably  reduce  the  error  term. 


Let  us  now  proceed  to  the  general  case.  After  n-integrations  by  parts,  we  have 


(4)  giy)  -  P,(k)  +  i  I'  <to. 

where  we  have  set 


(5) 


P.(y)  =  ZV 

t-0 


'm- 


1,2, 


We  now  write  g{y)  as  follows; 
g(y)  -  Pniy) 

)  +  J‘  -  “■  W  +  •  •  •  +  O,  /W  +  o-hI  dx 

-  i/v’  t,air  dx  - 

»-i  Jo 


Utilizing  (4)  to  eliminate  the  integrals  /  e  **  dx,  this  leads  to  the 

Jo 

inequality  ' 


g(y)  - 


Rniy) 


Max  l/‘"’(x)  +  a,/‘-‘(x)  +  •  •  •  +  a,/(x)  + 
1  Qn{y)  1 


Qniy) 
where  we  have  set 

Qniy)  =  1  +  llaiy~' 

Rniy)  -  Pniy)  +  'Ey  aiy~*P»-iiy)  - 


(8) 
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The  error  term  depends  upon  the  polynomial  Qniy)  and  the  functional 

(9)  Cnif)  -  Min-  Max  +  ai/<-‘’(x)  +  . . .  +  a,/(x)  +  a^-i  1 . 

•{  02:x<w 

We  may  conceive  of  c„(/)  as  a  measure  of  the  deviation  of  /(x)  from  a  function 
of  the  form 

(10)  hix)  =  £  p*(x)e“', 

k-\ 

where  each  pt(x)  is  a  polynomial  in  x. 

In  the  succeeding  section  we  determine  Cn{f)  for  the  case  where /(x)  =  1/1  +  a:. 


3.  Application  to  the  Exponential  Integral.  Referring  to  (6)  of  §1,  we  see  that 
it  is  sufficient  to  treat  the  Laplace  transform 


(1)  giy)  -  /  T—r—  dx. 

Jo  1  +  X 

Consequently,  we  wish  to  determine 


(2)  Min  Max 

0$x<« 

Upon  setting 


n! 


Oi(n  —  1)! 


(1  +  x)»+‘ 

1  +  x^ 


+ 


(1  +  xy 

,  this  reduces  to 


+  +  (-1)"om.i 


1  +  a; 


(3)  Min  Max 

at  — l^xSl 


I  +  X  2 

nld  +  x)""^*  (n  -  1)!  Old  +  x)" 


2»+i  . 


_|_  ...  (  —  1)"  a*fi 


Since  the  degree  of  the  polynomial  is  (n  +  1)  and  the  coefficient  of  the  highest 
degree  term  is  n!/2’‘‘^',  it  follows  that  the  minimal  polynomial  is  the  (n  -j*  l)8t 
Chebychev  polynomial 


(4) 


n!  T^iix) 
2»+‘ 


n!  cos  (n  +  1)  arc  cos  x 


n!  (1+  x)"+‘ 
2»+» 


in  —  1)1  Old  +  a;)" 
2- 


+  •  •  •  +  (— l)"OiH-l» 


and  that 

(5)  Cnd/d  +  x))  =  n!/2*"+‘. 

Referring  to  (7)  of  the  previous  section,  we  see  that  before  we  can  apply  the 
inequality  with  confidence,  we  must  know  something  about  the  location  of  the 
roots  of  Qniy)  =  0.  Using  (4),  we  shall  determine  the  o,-  and  show  that  they  are 
all  positive,  whence  Qniy)  >  1  for  y  >  0. 

For  n  “  1,  2,  3,  the  roots  of  Qniy)  =  0  are  all  negative,  and  we  hazard  a 
guess  that  this  is  true  in  general.  This  result,  if  valid,  would  be  of  importance 
in  applying  the  inequality  to  the  case  where  y  is  complex. 
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Since 

(6)  T^^(x)  -  W-1  +  (1  +  x))  -  E 

t-0  Kl 

we  obtain  from  the  identity  of  (4), 

(-l)-*+‘a^ifc!  _  n!  T<^x(-1) 

^  ^  2— *+‘  “  2-+‘  jbl 

To  determine  we  use  the  fact  that  Tn+i(x)  satisfies  the  differential 

equation 

(8)  (1  -  x*)r:+x(x)  -  xTUt(x)  +  (n  +  D*  Tn+i(x)  -  0. 

Hence  ri^i(x)  satisfies  the  equation 

(9)  (1  -  x*)7’‘^,«(x)  -  (2k  +  l)xT\t^i^\x)  +  ((n  +  1)’  -  k*)T^^i(x)  -  0. 
Thus 

(10)  TSr.'>(-I)  -  -  [*”  7  *’] 

whence  finally 

(11)  ra.(-i)  -  ■*’’). 


-  (-1)**'. 

Substituting  in  (7),  we  obtain 

‘  [(n+ 1  -  fc)!]*  ii  \  2f+l  /’ 

-  nl, 


Jfc  -  1,  2,  •  •  . 
k  ~  0, 

k  9^  n  -j-  If 
A:  —  n  +  1. 


This  completes  the  proof  of  the  theorem  stated  above. 

If  Re  (y)  is  small,  the  term  1/Re  (y)  may  greatly  increase  the  error  term,  par¬ 
ticularly  for  small  n.  We  may  overcome  this  to  some  extent  by  writing 


(13) 


[  e-*7<“^(x)dx 
Jo 


1  r  r. 

y-  Jo  (1  +  x)*  L( 


(~l)"nl  ,  ai(n  -  1)1 


(1  -h  x)*  L(1  +  x) 
minus  the  appropriate  terms. 

From  this  we  obtain  as  a  boimd 


(1  +  x)-» 


+ 


+  ( 


-1)-Vi] 


(14)  Min  Max 

•j  0£a<<e 


nl 


which,  if  Re  (y)  is  small,  will  be  less  than  nl/2*"'''’!  y  |"  Re  (y). 


APPROXIMATE  EXPRESSIONS  FOR  THE  EXPONENTIAL  INTEGRAL  231 


4.  Application  to  the  Error  Function.  Referring  to  (6)  of  §1,  it  is  sufficient  to 
consider 


(1) 


giy)  -  / 

Jo 


dr. 


'o  (1  +  xyi' 

In  this  case,  we  have  the  problem  of  determining 

(2)  Min  Max  |/‘"^(x)  +  Oi/‘"“‘’(x)  +  •••  +  o,/(x)  +  0*4.1!, 

•1  0£a<<o 

where  /(x)  =  (1  +  x)~‘^*.  Taking  o,+i  —  0,  we  obtain  as  a  bound 


(3)  Min  Max 

•  i  0£s<« 


/2n  -  1\  \ 


<  Min  Max 

•t  0Ss<« 


1-3- 


(2n  -  1) 


+  o* 


1-3- 


(2n  -  1) 


2"(1  +  x)" 

Similarly,  we  can  obtain  boimds  for  the  general  integral 


2»2*-i 


(4)  I.(y)  -  / 

Jo 

or  integrals  of  the  form 

(5)  J.iy)  -  f 

Jo 


0  (1  +  x) 


-  dx, 


Stanpobd  Univebsitt 


0  (1  +  x) 
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ON  THE  NUMERICAL  EVALUATION  OF  FREDHOLM 
INTEGRAL  EQUATIONS  WITH  THE  AID  OF 
THE  LIOUVILLE-NEUMANN  SERIES 

By  Carl  Wagner 

We  consider  the  numerical  evaluation  of  a  Fredholm  integral  equation  of 
second  kind 

ipix)  =  fix)  +  ><  j  K{x,z)  <piz)  dz  (1) 

where  a,  b  and  X  are  given  constants,  f(x)  and  K(x,  z)  are  given  functions,  and 
ifi{x)  is  to  be  determined.  The  solution  may  be  found  by  successive  approxima¬ 
tions  Replacing  <p(x)  in  Eq.  (1)  by  we  may  calculate 

the  difference  of  the  left-hand  and  the  right-hand  member  as 

-  X  /  Kix,  z)  dz  -  fix).  (2) 

Here  and  in  the  following  equations  the  limits  of  integration,  o  and  6,  are 
omitted  for  the  sake  of  brevity.  Let  <^"\x)  be  the  deviation  of  the  n***  approxi¬ 
mation  4'^’'\x)  from  the  true  solution  ^(x), 

*'-’(x)  =  ^'->(x)  -  ^(x).  (3) 

Upon  substituting  Ek].  (3)  in  Eq.  (2)  and  using  Eq.  (1),  it  follows  that 

€<"'(x)  -  X  I  Kix,  z)  dz  =  A<"’(x)  (4) 

where  A^"’(x)  for  a  given  approximate  solution  ^^"’(x)  is  known  according  to 
Eq.  (2).  If  it  were  possible  to  solve  Eq.  (4)  directly  for  «^"’(x),  the  true  solution 
would  be  obtained  from  Eq.  (2)  at  once.  A  solution  of  Eq.  (4),  however,  encoun¬ 
ters  the  same  difficulties  as  the  solution  of  the  original  Elq.  (1).  Thus  one  has  to 
use  an  approximation. 

The  Liouville-Neumann  series  is  obtained  if  the  integral  in  Eq.  (4)  is  dis¬ 
regarded.  Then  one  has  a‘"'(x)  as  an  approximate  value  of  «^"'(x),  which  is  to 
be  subtracted  from  ^^"^(x)  in  order  to  obtain  ^^"“^“(x).  Thus  the  (n  1)“* 
term  of  the  Liouville-Neumann  series  equals 

fc‘"+“(x)  *  \^^"''”(x)  -  ^^"'(x)  -  -a‘"’(x).  (5) 

If  K(x,  z)  as  a  function  of  z  does  not  vary  excessively,  one  may  replace  Kix,  z) 
in  Eq.  (4)  by  its  average  value  in  order  to  obtain  an  approximation.  Thus,  since 

j  dz  =  j  dx, 

«‘"’(x)  ~  ^  1^ /  J  j  ^  —  a‘"’(x). 
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Upon  integrating  Eq.  (6)  with  re8{)ect  to  x  and  regrouping,  it  follows  that 
.  f  A<->(x)  dx 

J  dx  ^ - j — ^ ^ - 

1  —  X I  y  j  K(x,  z)  dzl  di>  /  j  dx. 

Substituting  Eq.  (7)  in  Eq.  (6)  and  solving  for  e^"’(x),  we  obtain 


«‘”(x)  ^  A‘"'(x)  + 


X  j  A^*’(x)  dx  K{x,  z)  dz  j  \  dx 
1  —  \  ^j  j  Kix,  z)  dz  dx|  ^  j  dx 


(7) 


(8) 


In  particular,  it  seems  profitable  to  use  the  negative  value  of  the  right-hand 
member  in  Eq.  (8)  instead  of  —  A^"*(x)  for  the  last  term  of  the  Liouville-Neu- 
mann  series  used  in  a  computation.  Replacing  —  A^“’(x)  in  Eq.  (8)  by  A:^"''’“(x) 
according  to  Eq.  (5),  one  has 

^(x)  ^  fix)  +  fc<“(x)  +  •  •  •  +  fc'"-'”(x)  +  (9) 


where  the  A:^"'(x)  values  are  the  terms  of  the  conventional  Liouville-Neumann 
series,  and 


J  dx  j  ^  /  ^(x,  z)  dzjy^  J  dx 

z)  dz  J  dx| ! 


(10) 


represents  a  last  correction  term. 

This  procedure  may  be  regarded  as  a  special  application  of  a  method  for  solv¬ 
ing  a  set  of  linear  equations  suggested  by  Gauss  in  his  lectures  and  reported 
by  Dedekind  [1].  The  usefulness  of  this  method  has  been  pointed  out  recently 
by  Zurmuehl  [2]. 

For  the  sake  of  illustration,  we  calculate  solutions  of  integral  equation  (1) 
with 


fix)  =  x^  —  2x*  +  X 

(11a) 

(zil  —  x)  for  0  z  ^  X 

Kix,  z)  =  ] 

(11b) 

[x(l  —  z)  for  X  ^  z  ^  1 

and  the  interval  of  integration  extends  from  0  to  1.  With  these  special  functions, 
Eq.  (1)  is  the  dimensionless  form  of  an  equation  used  by  Wiarda  [3]  for  calculat¬ 
ing  the  deflection  of  a  horizontal  beam  compressed  in  axial  direction  with  a  uni- 
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formly  distributed  load  norttial  to  the  axis  and  with  hinged  ends.  This  problem 
may  also  be  stated  in  the  form  of  a  differential  equation  whose  solution  is  [4] 

_  A  _ 

A*  cos  (fA*)  J  A 

with  Xi  =■  T*  as  the  first  eigenvalue. 

Numerical  values  of  approximations  obtained  with  and  without  the  term 
shown  in  Table  I  for  various  values  of  X  and  x  i.  Approxima¬ 
tions  including  the  term  are  nearly  as  good  as  or  even  better  than  solu¬ 

tions  involving  a  subsequent  term  of  the  Liouville-Neiunann  series. 


TABLE  I 

Approximate  Values  of  ^(x  i)  Defined  by  the  Integral  Equation 
^(x)  -  {x*  -  2x*  +  x)  +  xf  K{x,  zV(*)  dz 


Where  K{x,  t)  is  Defined  by  Equation  (11b) 


X 

2.4674 

3.5531 

4.8361 

x/x, 

0.25 

0.36 

0.49 

/ti)  -1-  *«>(*) 

0.3909 

0.4254 

0.4661 

/(J)  +  ifc'»(i)  +  x«>(i) 

0.4103 

0.4708 

0.5653 

/(J)  +  fc<‘>(i)  +  *<•>(!) 

0.4105 

0.4660  1 

0.5415 

/(i)  +  fc»>(i)  +  *<*>(*)  +  x‘«(i) 

0.4153 

0.4824 

0.5900 

^(I)  from  Eq.  (12) 

0.4170 

0.4889 

0.6138 

In  the  case  of  a  numerical  integration  of  the  values  of  the  calculation 

of  the  expression  requires  less  labor  than  that  of  a  subsequent  term  of 

the  Liouville-Neumann  series,  since  in  Ekj.  (10)  only  the  factor  /  K{x,  z)  dz  is  a 
function  of  x.  Use  of  Eqs.  (9)  and  (10)  may  therefore  save  labor  if  K{x,  z)  as  a 
function  of  z  does  not  vary  excessively.  But  this  method  should  not  be  used  if 
K{x,  z)  has  a  high  peak  for  x  »  z.  In  the  latter  case  another  approach  is  more 
helpful  [5]. 
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ROTORS  IN  SPHERICAL  POLYGONS 
Bt  Michael  Goldberg 


1.  Introduction.  In  an  earlier  paper  by  the  author  [1],  the  term  rotor  was 
applied  to  convex  curves  which  may  be  rotated  in  polygons  through  every 
orientation  while  keeping  contact  with  each  side  of  the  polygon.  The  term  may  be 
extended  to  three-dimensional  shapes.  For  example,  surfaces  of  constant  width 
may  be  considered  as  rotors  in  equilateral  parallelepipeds.  Rotors  for  the  regular 
tetrahedron  and  the  regular  octahedron  have  been  derived  by  Ernst  Meissner 
[2]. 

A  circular  cone  can  be  inscribed  in  a  regular  pyramid.  Furthermore,  this  cone, 
when  rotating  on  its  axis,  will  keep  continual  contact  with  the  faces  of  the  pyra¬ 
mid.  It  will  be  shown  that  there  are  other  conical  shapes  which  can  be  inscribed 
and  rotated  in  regular  pyramids  while  keeping  contact  with  the  lateral  faces  of 
the  pyramid.  Such  cones  can  be  derived  by  considering  the  equivalent  convex 
spherical  curves  in  which  they  cut  a  sphere  constructed  about  the  vertex  as  a 
center.  These  curves  are  rotors  in  the  spherical  polygons  which  correspond  to 
the  regular  pyramids. 

The  case  of  the  curve  of  constant  width  on  the  sphere  has  already  been  con¬ 
sidered  by  Blaschke  [3]  and  Santald  [4].  This  curve  is  inscribed  in  a  lune  bounded 
by  two  meridians.  Since  the  width  is  measured  by  the  arc  of  the  common  normal 
great  circle  joining  the  midpoints  of  the  meridians,  the  curve  of  constant  width 
must  always  touch  the  meridians  at  these  midpoints.  In  the  plane,  a  curve  of 
constant  width  is  not  constrained  against  sliding  along  the  parallel  lines  which 
touch  it.  Therefore,  another  pair  of  parallel  lines  may  be  added  thus  making 
it  a  rotor  in  a  rhombus.  However,  the  spherical  curve  of  constant  width  is  con¬ 
strained  against  sliding.  The  instantaneous  center  of  rotation  must  lie  on  the 
common  normal  great  circle.  If,  at  the  same  time,  the  curve  were  tangent  to 
another  fixed  lune  with  the  same  width,  the  instantaneous  center  of  rotation 
would  have  to  lie  on  its  common  normal  also.  Therefore,  the  instantaneous  cen¬ 
ter  would  then  be  the  intersection  of  these  normals,  the  same  fixed  point  for  all 
orientations.  Hence,  it  follows  that  this  curve  cannot  be  a  rotor  in  a  spherical 
quadrilateral  except  in  the  trivial  case  in  which  it  is  a  circular  rotor. 

However,  non-circular  rotors  in  spherical  quadrilaterals  are  still  possible 
although  they  are  not  curves  of  constant  width.  Furthermore,  it  will  be  shown 
that  rotors  can  be  constructed  in  regular  spherical  polygons  of  any  number  of 
sides  and  for  any  length  of  the  arcs.  As  the  length  of  the  arcs  approach  zero,  the 
cases  of  the  plane  rotors  are  approached.  As  the  lengths  of  the  arcs  increase  and 
the  polygon  approaches  a  single  great  circle,  the  rotor  approaches  the  same  great 
circle. 

2.  A  kinematic  construction  of  a  rotor  in  a  spherical  quadrilateral.  Inscribe 
an  equilateral  spherical  triangle  ABC  in  the  given  quadrilateral  so  that  point  A 
lies  at  the  midpoint  of  the  top  boundary.  (See  Fig  1.)  Let  this  triangle  be  carried 
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by  the  rotor  which  is  about  to  be  constructed.  Let  D  be  the  point  opi>osite  to  A 
on  the  quadrilateral.  Take  the  points  A,  B,  C,  D  as  points  on  the  contour  of  the 
rotor  being  constructed.  Then  as  the  ix>int  A  of  the  rotor  moves  to  the  right  along 
the  quadrilateral,  let  the  point  B  of  the  rotor  slide  upward  along  the  left  edge. 


Fia.  1.  Equilateral  spherical  triangle  inscribed  in  regular  spherical  quadrilateral 


Fio.  2.  Generation  of  rotor  in  spherical  quadrilateral 

Then  the  right  edge  of  the  quadrilateral  molds  a  boundary  curve  for  the  rotor 
beginning  at  C.  Continue  this  motion  until  the  triangle  is  symmetric  about  the 
diagonal  of  the  quadrilateral.  (See  Fig.  2.)  Let  the  contact  points  of  the  rotor 
with  the  quadrilateral  now  be  i?  on  the  right  edge  and  F  on  the  bottom  edge. 
The  arcs  of  the  rotor  from  C  io  E  and  from  D  to  F  have  been  molded.  In  other 
words,  the  traced  positions  of  the  right  edge  and  of  the  bottom  edge  of  the  fixed 
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quadrilateral  on  the  moving  plane  of  the  rotor  will  have  the  arcs  CE  and  DF 
as  envelopes.  Complete  the  rotor  by  constructing  arcs  similar  to  CE  and  DF, 
that  is,  CF  equal  to  CE  and  DC  equal  to  DB.  The  three  boundary  arcs  AB, 
BC  and  CA  will  then  be  equal.  Because  of  the  symmetry  of  the  equilateral 
rotor,  the  contacts  will  continue  for  the  complete  rotation  of  the  rotor. 

3.  A  construction  of  a  rotor  in  the  odd-sided  spherical  polygons.  Given  a 
spherical  polygon  of  an  odd  number  of  sides  (see  Fig.  3),  construct  an  inscribed 
doubly  symmetric  quadrilateral  A  BCD  which  lies  symmetrically  about  an  alti- 


Fio.  3.  Doubly  8}^tnetric  spherical  quadrilateral  inscribed  in  regular  spherical  pentagon 

tude  so  that  the  points  A  and  D  lie  on  sides  adjoining  the  vertex  of  the  polygon 
farthest  to  the  left  and  the  points  B  and  C  lie  on  the  sides  adjoining  the  vertex 
farthest  to  the  right,  and  so  that  the  normals  to  the  polygon  at  the  points  A, 
B,  C,  D  intersect  at  a  single  point.  The  latter  point  is  the  instantaneous  center 
of  rotation  of  the  rotor  carrying  the  points  A,  B,  C,  D  aa  the  rotor  begins  its 
motion.  Let  E  be  the  midpoint  of  the  bottom  edge  of  the  polygon.  Take  the 
points  A,  B,  C,  D,  E  as  points  on  the  contour  of  the  rotor  to  be  constructed. 
Rotate  the  rotor  clockwise  so  that  the  points  A  and  D  move  along  the  edges 
of  the  polygon  imtil  the  quadrilateral  A  BCD  is  symmetric  about  another  alti¬ 
tude  of  the  given  polygon.  (See  Fig.  4.)  If  the  point  F  is  now  the  contact  point 
of  the  rotor  with  the  bottom  edge  of  the  polygon,  the  arc  EF  of  the  rotor  will 
have  been  molded  by  this  bottom  edge.  In  a  similar  fashion,  each  edge  of  the 
polygon,  except  the  ones  on  which  the  points  A  and  D  were  sliding,  will  have 
molded  an  arc  of  the  boundary  of  the  rotor.  In  Fig.  4,  these  additional  arcs  are 
CO  and  BH.  Complete  the  rotor  by  constructing  arcs  similar  to  these  while 
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preserving  the  double  symmetry  of  the  quadrilateral  A  BCD.  Then  the  boundary 
arc  AHB  will  be  equal  to  the  boundary  arc  DFC,  while  the  boundary  arc  AD 
will  be  equal  to  the  boimdary  arc  BC. 

If  the  given  polygon  is  a  spherical  triangle,  the  quadrilateral  A  BCD  degener¬ 
ates  to  an  arc  AB  which  is  equal  to  the  altitude  of  the  given  spherical  triangle. 


Fio.  4.  Generation  of  rotor  in  spherical  pentagon 


4.  A  construction  of  a  rotor  in  a  regular  spherical  hexagon.  Given  a  regular 
spherical  hexagon,  let  A,  B,C,  D,  E,  F,  the  midpoints  of  the  sides,  be  points  on 
the  boundary  of  the  rotor  about  to  be  constructed.  (See  Fig.  5.)  Let  the  rotor 
turn  clockwise  so  that  the  points  A  and  B  move  along  the  edges  of  the  polygon. 
Among  the  boimdary  arcs  molded  by  the  edges  of  the  polygon  is  the  arc  DG 
which  is  molded  by  the  bottom  edge.  If  the  rotor  is  turned  counter-clockwise  so 
that  A  and  F  move  along  edges  of  the  polygon,  the  arc  CG  is  molded.  The  point 
G  is  determined  by  the  intersection  of  these  two  arcs.  The  point  H  is  determined 
in  a  corresponding  way.  The  solid  arcs,  shown  in  Fig.  5,  are  molded  by  these 
motions. 

With  the  points  A  and  B  moving  along  the  edges  of  the  polygon,  turn  the 
rotor  clockwise  until  the  {joint  G  touches  the  bottom  edge.  Continue  the  rota¬ 
tion,  but  now  with  B  and  G  moving  along  edges.  During  the  latter  motion,  the 
dotted  {jortion  of  CB  is  molded  by  an  edge  of  the  hexagon  while  the  arc  AF 
is  molded  by  the  top  edge.  A  symmetrical  counter-clockwise  rotation  will  mold 
the  other  two  dotted  arcs  which  complete  the  boundary  of  the  rotor. 

It  should  be  noted  that  the  five  points  A,  B,  F,  G,  H  are  sharp  points  of  the 
rotor;  that  is,  there  is  a  discontinuity  in  the  slo{)e  of  the  tangent  at  these  points. 
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Fio.  6  Generation  of  rotor  in  spherical  hexagon 

E 


Fid.  6.  Generation  of  rotor  in  even-sided  spherical  polygon 

6.  A  construction  of  a  rotor  in  the  even-sided  spherical  polygons.  Given  a 
regular  spherical  polygon  of  any  even  number  of  sides,  inscribe  an  isosceles 
triangle  ABC  (see  Fig.  6)  so  that  A  and  B  lie  to  the  right  of  the  centers  E  and  F 
of  a  pair. of  opposite  sides.  Let  AD  be  the  bisector  of  the  vertex  angle  CAB 
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and  let  AD  equal  EF.  The  points  A,  C,  D  are  to  be  points  on  the  boundary 
of  the  rotor  about  to  be  constructed.  Now  turn  the  rotor  counter-clockwise  in 
an  arbitrary  manner  so  that  A  moves  along  the  edge  of  the  polygon  until  it  co¬ 
incides  with  E,  while  D  approaches  and  simultaneously  coincides  with  F.  Con¬ 
tinue  this  motion  symmetrically  about  this  mean  position  until  the  point  C 
touches  the  bottom  edge  and  B  touches  the  next  edge  of  the  polygon.  During 
this  motion,  the  edges  of  the  polygon  will  mold  the  solid  boundary  arcs  of  the 
rotor  shown  in  Fig.  6. 

Continue  the  rotation  so  that  now  the  points  B  and  C  move  along  edges  of  the 
polygon.  The  point  A  no  longer  moves  along  an  edge.  During  this  motion,  half 
of  the  number  of  dotted  boundary  arcs  are  molded  by  the  edges  of  the  polygon. 
The  other  half  of  the  dotted  arcs  are  molded  by  rotating  the  rotor  clockwise 
from  its  initial  position,  letting  the  points  B  an(|  C  move  along  edges  of  the 
polygon. 

The  arbitrariness  of  this  construction  will  be  limited  by  the  necessity  for 
making  the  rotor  convex.  Within  this  limitation,  there  is  still  a  continuous 
infinity  of  different  shapes. 

6.  On  the  most  general  spherical  rotors  in  spherical  polygons.  The  rotors 
described  in  the  foregoing  constructions  are  only  special  cases  of  the  possible 
rotors.  Since  they  have  sharp  vertices,  they  correspond  to  the  extreme  circular- 
arc  rotors  in  regular  plane  polygons  which  have  been  previously  described  by 
the  author  [1].  The  component  boundary  arcs  of  these  spherical  rotors  are  not 
plane  and,  therefore,  they  are  not  circular.  This  shows  that  one  cannot  use 
rotors  of  plane  polygons  as  plane  sections  of  cones  which  are  to  be  rotors  in 
pyramids  except  in  the  trivial  case  of  a  circle  or  the  extreme  cases  in  which  the 
pyramids  become  prisms  and  the  conical  rotors  become  cylindrical  rotors. 

It  was  shown  by  Meissner  [5]  that  the  most  general  class  of  plane  rotors  in 
the  regular  polygons  of  n  sides  is  given  by  the  polar  tangential  equation 

<C 

Pn{9)  “  Oo  A-  ^  (<ik  COB  kd  +  hk  sin  kd) 

k-l 

where  p  is  the  porpondiculac  distance  from  the  origin  to  a  tangent  to  the  rotor, 
6  is  the  angle  that  this  porpondicular  makes  with  the  X-axis,  the  a*  and  bt  are 
constants  satisfying  a  certain  inequality  to  ensure  convexity  of  the  rotor,  and 
a*  =  0  and  6*  =  0  when  A:  ^  ±1  (mod  n).  A  similar  demonstration  was  given 
later  by  Fujiwara  [6].  It  would  be  interesting  to  obtain  a  set  of  geometric  vari¬ 
ables  in  terms  of  which  the  general  spherical  rotor  could  be  expressed  as  simply 
as  the  general  plane  rotor.  . 

7.  Calculation  of  the  principal  dimensions  of  the  extreme  rotors.  Of  all  the 
possible  rotors  in  the  regular  pxilygons,  the  rotors  described  in  Sections  2  to  5 
may  be  considered  as  extreme  cbsob  since  they  are  characterized  by  sharp  ver¬ 
tices.  The  principal  dimensions  of  these  rotors  are,  therefore,  chosen  to  be  the 
lengths  of  the  arcs  between  these  vertices  and  the  distances  of  the  midpoints 
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of  the  rotor  boundary  curves  from  these  arcs.  Given  a  regular  spherical  polygon 
of  n  arcs  of  length  2a,  then  the  angles  of  the  polygon,  the  radius  of  the  inscribed 
circle,  the  radius  of  the  circumscribed  circle  and  other  related  quantities  are 
derived  as  follows,  using  the  notation  of  Fig.  7. 

sin  C  »  (cos  ir/n)/cos  a,  tan  m  =  sin  a/cot  C 

tan  b  —  tan  a/cos  C,  cos  J  —  sin  2C  cos  o,  tan  u  =  —sin  o/cot  2C 

The  calculation  of  the  dimensions  of  the  extreme  rotors  in  these  polygons  will 
be  illustrated  for  the  case  of  a  pentagon.  The  notations  used  are  shown  in  Figs. 
7,  8  and  9. 


From  the  spherical  right  triangles  involving  the  associated  quantities,  the 
following  relations  hold. 

(1)  sin  t  ^  amk  sin  C,  (2)  sin  e  =  sin  <  sin  G 
From  equations  (1)  and  (2),  the  equation  (3)  is  obtained. 

(3)  sin  e  ^  sin  k  sin  C  sin  G 
Similarly,  we  have 

(4)  sin  s  “  sin  (A  +  li  —  A:)  sin  J 

(5)  cot  L  “  cos  (h  +  u  —  k)  tan  J 

(6)  sin  e  *=  sin  s  sin  L,  (7)  cot  G  *  cos  k/cot  C 

Equation  (3)  gives  the  quantity  sin  e  as  a  function  of  the  unknown  quantity 
k  and  known  quantities  derivable  from  the  given  polygon.  Similarly,  equation 
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(6)  gives  sin  e  as  another  function  of  k  and  the  known  quantities.  Therefore,  by 
successive  trials  for  k,  until  the  same  value  for  sin  e  is  obtained  in  equations  (3) 
and  (6),  one  may  approximate  k  and  the  derived  quantities. 

For  example,  if  the  regular  spherical  pentagon  is  composed  of  45°  arcs,  then 

a  =  22i°  C  =  61°07'  u  =  31°15'  J  =  38°37' 

m  =  34°45'  b  =  40°37'  h  =  75°22' 

The  value  for  k  converges  on  the  value  52°04',  from  which  the  following  values 
are  obtained. 

G  =  41°54'  8  =  30°33'  L  =  65°09'  e  =  27°28' 

From  Figs.  8  and  9,  the  following  equations  are  obtained. 

(8)  tan  V  =  cos  G  tan  t,  (9)  tan  w  =  cos  L  tan  s 

(10)  cos  r  =  cos  e  cos  ^(i;  +  w) 

(11)  tan  T  =  tan  c/sin  i(t)  +  w) 

(12)  sin  /  =  sin  r  cos  T,  (13)  tan  y  =  sin  T  tan  r 

(14)  z  =  h  —  k  —  w 

(15)  sin  p  =  cot  C  tan  / 

(16)  X  =  h  —  p  —  2y 

The  substitution  of  the  numerical  values  gives  the  following. 

t  =  43°40'  i;  =  35°23'  w  =  13°56'  T  =  51°15' 

r  =  36°15'  f  =  21°44'  y  =  29°46'  2  =  9°22' 

p  =  12°42'  X  =  3°08' 

8.  Parallel  rotors.  Parallel  curves  to  a  spherical  rotor  are  also  rotors.  These 
are  not  rotors  in  spherical  polygons  bounded  by  arcs  of  great  circles  but,  rather, 
in  spherical  polygons  of  small  circles.  However,  for  the  internal  parallel  curve 
at  a  distance  of  90°,  the  spherical  polygon  for  which  it  is  a  rotor  is  again  made  of 
arcs  of  great  circles  since  it  is  the  polar  polygon  of  the  given  polygon.  In  this 
case,  the  rotor  will  be  external  to  the  polygon. 

Another  way  of  making  a  rotor  outside  of  the  polygon  is  to  hold  an  internal 
rotor  fixed  while  the  polygon  is  rotated  around  it.  The  vertices  of  the  polygon 
will  all  trace  the  same  shape  which  can  serve  as  a  rotor  around  the  fixed  polygon. 
The  90°  parallel  to  this  shape,  when  it  is  a  simple  convex  curve,  will  be  an  inter¬ 
nal  rotor  of  the  polar  polygon. 

9.  Applications.  A  plane  rotor  or  a  solid  rotor  taken  with  its  associated  stator 
is  a  movable  mechanism  although  seemingly  overconstrained.  Such  a  pair  of 
elements  is  called  a  higher  pair  by  engineers  and  machine  designers.  These  higher 
pairs  may  be  included  with  exceptional  linkages  and  other  mechanisms  to  form 
a  class  which  may  be  called  singular  mechanisms.  The  class  of  spherical  rotors 
discussed  here  are  another  contribution  to  the  class  of  singular  mechanisms. 

The  plane  rotors  have  found  occasional  application  as  cam  devices.  In  the 
same  way,  the  spherical  rotors  may  find  possible  application  as  special  cams. 
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These  singular  cam  mechanisms  possess  the  advantage  over  the  usual  cam 
mechanisms  in  that  they  do  not  require  the  cam  follower  to  be  held  against  the 
cam  by  a  spring.  Vibration  difficulties  are  reduced. 

Another  application  is  a  negative  one.  Where  cones  of  circular  section  are  de 
sired,  these  non -circular  cones  may  be  obtained  through  various  sources  of  error 
in  production.  If  the  test  for  circularity  consists  of  multiple  contacts  with  the 
faces  of  a  regular  pyramid,  these  non-circular  cones  will  pass  the  test.  Therefore, 
the  test  must  be  modified  or  augmented  by  other  means  to  reduce  this  hazard. 


Fio.  10  Photograph  of  several  conical  rotors  in  regular  pyramids 


The  models  of  the  conical  rotors  in  pyramids,  shown  in  Fig.  10,  are  built  upon 
the  plane  sections  of  the  cones  passing  through  the  center  of  the  sphere  and  the 
boundaries  of  the  spherical  rotors.  These  plane  sections  are  not  plane  rotors  in 
plane  polygons.  The  axes  of  the  cones  oscillate  with  respect  to  the  pyramids 
during  the  rotation,  making  the  plane  sections  cut  the  pyramids  in  varying 
irregular  polygons. 
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ON  THE  CONVERGENCE  OF  UNSTABLE  APPROXIMATE 
SOLUTIONS  OF  THE  HEAT  EQUATION  TO  THE 
EXACT  SOLUTION 

Bt  Werner  Leutert 

Introduction.  In  a  recent  paper  by  O’Brien,  Hyman  and  Kaplan  [1]  it  is  shown 
that  a  certain  parabolic  difference  approximation  does  not  possess  numerically 
stable  solutions  whenever  the  mesh  ratio  r  =  A</(Ax)*  exceeds 

The  question  of  whether  it  is  ixissible  to  find  solutions  of  the  difference  equa¬ 
tion  which  converge  to  the  exact  solution  of  the  differential  equation  for  any 
positive  r  or  whether  instability  implies  lack  of  convergence  will  be  answered  in 
this  paper.  It  will  be  shown  that  for  any  positive  value  of  r  the  difference  equa¬ 
tion  admits  infinitely  many  exact  solutions  which  converge  to  the  exact  solution 
of  the  differential  equation. 

1.  The  Problem.*  The  function  u(x,  t)  satisfies  the  differential  equation 
du/dt  =  <>0  0<x<l 

the  boundary  conditions  u(0,  t)  =  m(1,  t)  ^  0,  t  ^  0  and  the  initial  condition 
w(x,  0)  =  f{x)  0  <  X  <  1.  (1) 

The  exact  solution  D  of  this  problem  is  well  known  and  given  by 

eo 

u(x‘  0  *  sin  mx  e~’  "  *  (2) 

where 


It  will  be  assumed  that  /(x)  is  sectionally  continuous  in  the  interval  [0,  1]  'and 
that  it  has  one  sided  derivatives  at  all  interior  points  of  that  interval.  These 
conditions  are  sufficient  to  show  that  tt(x,  t)  is  the  unique  solution  of  the  prob¬ 
lem. 

The  special  case  /(x)  k  1  is  the  simple  parabolic  problem  O’Brien,  Hyman 
and  Kaplan  refer  to  in  their  paper. 

2.  The  difference  equation.  Two  difference  equations  are  used  in  reference 
one  to  obtain  numerical  results.  For  the  difference  equation  used  by  Richard¬ 
son  (page  232)  the  authors  point  out  themselves  (page  238)  that  there  exist  con¬ 
vergent  exact  solutions  for  any  positive  r,  while  all  numerical  solutions,  obtained 
by  making  use  of  the  difference  equation,  are  unstable.  The  author  of  this  paper 
has  proved  this  fact  (reference  two).  The  second  case  will  be  considered  here. 

‘  The  notation  ia  slightly  different  from  the  one  used  by  O’Brien,  Hyman  and  Kaplan. 
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The  interval  0  ^  x  ^  1  is  divided  into  M'  subintervals  of  equal  length  Ax. 
The  mesh  ratio  r  is  defined  by  the  relation 

(Ax)*r  *  Af. 

Let  v{x,  0  be  an  exact  solution  A  of  the  difference  equation 

v(x,  f  +  Af)  —  v(x,  t)  *  r[t>(x  +  Ax,  t)  +  v(x  —  Ax,  t)  —  2v(x,  <)]  (3) 

(equation  (2)  in  reference  one).  By  separation  of  variables  it  can  easily  be 
found  that 

v(x,  0  “  53  ^>1.  sin  mx  I  1  —  4r  sin*  (4) 

is  a  formal  solution  of  (3),  each  term  of  which  satisfies  (3)  and  the  same  bound¬ 
ary  conditions  as  u(x,  t),  namely 

i;(0,  0  -  i>(l,  0=0  f  ^  0. 

Therefore  each  term  of  (4)  is  an  eigenfunction  of  the  difference  equation.  The 
bn  are  arbitrary  constants. 

3.  The  exact  solutions.  While  it  is  necessary  to  known  the  value  of  u(x,  0)  in 
(1)  for  almost  all  values  of  x  in  the  interval  0  <  x  <  1,  it  is  sufficient  to  know 
the  values  of  v(x,  0)  on  the  meshpoints  of  the  first  line  in  order  to  start  a  nu¬ 
merical  computation. 

The  convergence  theorem  of  section  five  applies  to  any  one  of  the  infinitely 
many  exact  solutions  of  (3)  which  will  be  denoted  by  <)•  They  may  be 

found  in  the  following  way. 

To  any  preassigned  positive  integer  p  and  any  fixed  r  ^  ^  there  exists  a 
positive  constant  Mo  such  that  for  any  integral  M  >  Mo  a  positive  integer 
k(p,  M)  may  be  uniquely  determined  so,  that 

1  —  4r  sin*  (n  -f  'p)xf2M  ^0  n  =  1,  2,  •  •  •  ,  A(p,  M) 

and 

1  —  sin*  (k  +1  -H  p)t/2M  ^  0. 

For  0  <  r  ^  i  we  choose  k(p,  M)  —  Af  —  p.  It  is  obvious  that  for  fixed  p  and  r 

lim  kip,  M)  =  CO.  (6) 

If  we  put  in  (4)  bn  =  0  for  all  n  >  kip,  M)  and  choose  the  remaining  k  different 
bnip,  M)  in  such  a  way  that  to  any  preassigned  e  >  0  there  exists  an  A/i(c,  p) 
such  that  for  any  M  >  Mi 

I  bnip,  M)  —  a,  I  <  e  uniformly  for  n  =  1,  2,  •  •  •  ,  A:  (6) 

*  Throughout  this  paper  M  always  denotes  a  positive  integer. 
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then  for  any  M  >  max  (Mo ,  Mi)  the  exact  solution  rpj#(x,  /)  is  defined  by  the 
formula 

k 

Vpy(x,  0  -  E  bn(p,  M)  sin  imx[l  -  4r  sin*  (Tn/2M)]‘*'*''  (7) 

in  other  words  whenever  r  ^  J  the  summation  on  n  in  (7)  extends  to  within 
p  of  the  stage  when  the  bracketed  quantity  becomes  negative,  where  p  is  an 
arbitrarily  fixed  positive  integer. 

4.  Special  cases  of  initial  values.  The  initial  condition  (1)  for  D  corresponds 
to  the  initial  condition 

* 

Vpnix,  0)  =  E  8™  ’TWX  (8) 

n^\ 

taken  on  the  meshpoints 

Mx  =  q  g=l,  2,  •••,M  —  1 

of  the  first  line. 

Case  1.  For 

bn  “  Of.  *  2  f(x)  sin  mx  dx  (9) 

condition  (6)  is  certainly  satisfied.  In  this  case  the  initial  values  for  v,itix,  t) 
are  chosen  in  such  a  way  that  the  integral 

lf(x)  -  Vpu(x,  0)]*  dx 

is  minimized.  (Least  square  error  approximation). 

Case  2.  For  the  special  case  fix)  ^  1,  r  ^  J  and  p  =  1  we  obtain  k  =  M  —  I 
and 

vim(x,  0  “  E  sin  mx[l  —  4r  sin*  (im/2M)]‘“’''.  (10) 

n^\ 

Choosing  as  initial  condition  viuix,  0)  *  1  on  the  M  —  1  meshpoints  of  the  first 
line  g  —  1,  2,  •  •  •  ,  M  —  1,  a  simple  computation  gives 

6,(M)  —  0,  n  even 

(11) 

6,(M)  =  (2/M)  cot  (im/2M)  n  odd. 

Since  in  this  special  case 

o,  »  0,  n  even;  a«  —  4(im)“‘,  n  odd 
Condition  (6)  follows  directly  from  the  fact  that 

A(n)  ■»  a»  —  —  (4/im)[l  —  (m/2M)  cot  (Tn/2M)] 
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considered  as  a  function  of  n,  is  non  negative  and  possesses  a  continuous,  non 
negative  derivative  with  respect  to  n  in  the  interval  1  ^  n  ^  M .  Therefore  (6) 
is  satisfied  for 

Ml  >  4 

and  the  convergence  theorem  of  section  five  applies  to  this  case.  (10)  together 
with  (11)  is  nothing  else  but  the  exact  solution  of  the  difference  equation  given 
by  O’Brien,  Hyman  and  Kaplan  on  page  235  qf  reference  one  (formula  17). 
The  authors  assume  that  this  particular  exact  solution  of  the  difference  equa¬ 
tion  (3)  converges  for  all  r  <  i,  but  they  offer  no  proof  (page  237). 

The  proof  given  here  applies  only  for  r  ^  J.  A  recently  completed  thesis  by 
O’Brien  (reference  three)  contains  a  proof  for  the  same  range  of  r  (r  ^  }).  It  is 
different  from  the  special  case  of  the  convergence  theorem  in  section  five  which 
holds  for  this  particular  exact  solution. 

5.  The  convergence  theorem.  Assumptions: 

1)  f^fo>0,  r>0,  O^x^l.  r  and  U  are  fixed  positive  constants. 

2)  sin  mx  *  /(x),  |  /(x)  \  <  P,  P  independent  of  x 


I 


sin  mx  dx 


To  any  €  >  0  there  exists  an  Mi(e,  p)  such  that  for  any  M  >  Mi 
I  bn(p,  M)  —  On  I  <  «  for  1  ^  n  ^  k(p,  M),  provided  lim  A:  «  <» 


1  —  4r  sin*  (m/2Af)  ^  0  for  1  ^  n 
Theorem : 


Kp,  m). 


lim  Vfuix,  t)  »  u(x,  t) 


lim  6,  sin  mx  [1  —  4r  sin*  (m/2Af)]‘***^'  “So*  sin  mx  e  '*"** 

M-»m  n— 1  *  »— 1 

X,  r  are  fixed.  The  limit  is  yniform  in  t.  For  5.  =  a»  the  value  of  t  may  be  chosen 
sero,  i.e.  convergence  is  proved  for  f  0.  (This  is  not  important  for  applications 
because  the  value  of  /(x)  =»  u(x,  0)  is  known.) 


6.  A  Lemma.  Lemma.  To  any  c  >  0  there  exists  an  3/i(c)  such  that  for  any 
M  >  Mt  any  fixed  t  ^  0  and  fixed  r  >  0  , 

I  -  (1  -  4r  sin*  z)'*"*'"  |  <  t/M 

uniformly  in  z  for  0  ^  z  ^  Zo  where  zo  ■=  t/2  for  r  ^  J  and  Zo  *=  Arcsin  (4r)“‘^* 
forr 

If  t  ^  to  >  0  then  il/s(c,  t)  may  be  chosen  equal  to  Mtit,  to). 

Proof.  Since  the  lemma  is  correct  for  f  *  0,  assume  f  ^  fo  >  0. 
a)  Let  Zi  “  for  r  ^  i  and  Zi  =  Arcsin  (8r)“‘^*  for  r  ^  J.  Then  0  <  Zi  ^  \t. 
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In  the  interval  Zi  ^  z  ^  Zo 


(1  -  4r  sin*  z)'*"*''  ^  (1  -  4r  sin*  Zi)‘***‘''  g  2-'*"*''.  (12) 

It  is  obvious  that  there  exists  an  Mi(e,  Ho)  such  that  for  any  t  ^  to  and  any 
M  >  Ml  the  lemma  is  correct  for  the  chosen  interval  of  z. 

b)  It  will  be  shown  that 

(1  -  4r  sin*  z)‘*'*"  -  e'^'*'***  <  ,/M  (13) 

for  0  ^  z  ^  Zi  and  the  remaining  assumptions  made  in  the  lemma.  (13)  is 
equivalent  to 

F{z)  -  «“*'***[(!  -  4r  sin*  z) -  {,/M)]  <  1.  (14) 

The  first  derivative  r 

F{z)  -  4<ilf*e*‘*'***(l  -  4r  sin*  z)<'**''>-‘  G{z)  (15) 

will  certainly  be  non  positive  for  all  z  in  the  given  interval  if 

2d 

G{z)  -  2z(l  -  4r  sin  z)  -  3/(1  _  4r  sin*  z)<^'^‘  “ 
is  non  positive.  Since 

G'{z)  ^  sin*  z  14  —  8r  —  ... - f*""  »  V  1  (17) 

L  •  ilf  sm*  z(l  -  4r  sm*  z)****/')-*  J 
and  H{z)  -  M  8in*z[l  -  4r  8in*z]“"*''’"‘  ^  AT*'*  for  0  ^  z  g  AT*'* 

1  -  J 

it  is  easily  seen  that  there  exists  a  positive  Mo{,f  to)  independent  of  z  ^ch  that 
for  any  M  >  Mo  and  any  t  ^  to 

H{z)  <  ,/{2  -  4r)  r  <  i  (18) 

and 

H{z)  <  €/4r  (19) 

(18)  implies  that  G*{z)  in  (17)  is  non  positive  and  since  in  (16)  G{0)  «  0,  it  fol¬ 
lows  that  in  (15)  F'(z)  is  non  positive.  (14)  implies  F{0)  <  1  and  therefore 
(13)  is  proved. 

c)  It  will  be  shown  that 

_  (1  _  4^  gjjji  ^yM*ir  ^  ^20) 

for  0  ^  z  ^  Zi  and  the  remaining  assumptions  made  in  the  lemma.  (20)  is  equiv¬ 
alent  to 


ib(z)  =  4<Af*z*  4-  In  \{,/M)  +  (1  -  4r8in*  z)‘***'T  ^  0. 


(21) 
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Since  K(0)  >  0  and 

K'(z)  =  StM^z  r  1  -  - - J— ^-5 — - r-^-i-T1-77I377,1  (22) 

L  2z  1  —  4r  8in*  z  +  (e/ilf)(l  —  4r  sin* 

is  certainly  non  negative  for 

(«/Af)(l  —  4r  sin*  ^  4r  sin*  z.  (23) 

(20)  is  proved  because  (23)  is  an  immediate  consequence  of  (19).  The  lemma  at 
the  beginning  of  this  section  is  therefore  proved  for  Af*  =  max  (Af* ,  Mt). 


7.  Proof  of  the  convergence  theorem.  It  can  easily  be  verified  that  any 
Vpitix,  t)  given  by  (7)  satisfies  all  assumptions  made  in  the  convergence  theorem. 
From  assumption  two  and  Abel’s  test  it  follows  that  to  any  given  «  >  0  there 
exists  an  Af|(e,  <o)  such  that  for  any  A/  >  Af i  and  any  t  ^  to 


^  o„  sin  mx  e 


<  e. 


(24) 


By  substituting  z  =  iml2M  into  the  lemma  it  follows  immediately*  for  any 
Af  >  max  (Afo ,  Mi,  Af j ,  Af») 

k  » 

^  bn  sin  mx  (1  —  4r  8in*im/2Af]‘***^'’  —  ^  a,  sin  mx 

1  n— 1 

=  ^  {bn  —  dn)  sin  mx 

+  51  (^»  —  “i  +  ®»)  sin  mix  [(1  —  4r  sin*  (im/2Af))‘*^*^''  — 


Z  a, 

n-Jk+l 


Sin  mx  e 


-w*n*t 


^ « E 


Ig 


+  €*  +  2eP  +  t 


<  *  [(1  -  c-'*‘»)-*  +  6  +  2P  +  1]  q.e.d. 

It  is  obvious  that  the  assumptions  of  the  lemma  are  satisfied  in  this  particular 
case.  If  b,  =>  On 


1  v,y{xi0)  -  u(xiO)  1 


y*.  Gn  sin  mx 

»-k+l 


<  t 


for  Af  >  Mo  because  of  assumption  two  in  the  convergence  theorem. 
*  The  inequality 

-I  I 

-  ^  2.P 

follows  from  the  lemma  and  the  fact  that  because  of  assumption  2 


2)  On  sin  mx 


(l-4,.in'^) 
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ON  THE  CONVERGENCE  OF  APPROXIMATE  SOLUTIONS  OF 
THE  WAVE  EQUATION  TO  THE  EXACT  SOLUTION 

By  Werner  Leutert  and  George  G.  O’Brien 

1.  Introduction.  In  their  well  known  paper,  “Uber  die  Partiellen  Differenzen- 
gleichungen  der  Mathematischen  Physik,”  (reference  one)  Courant,  Friedrichs 
and  Lewy  prove  that  if  a  certain  difference  equation  is  substituted  for  the  wave 
equation 

d'u/dt'  =  d'u/dx' 

the  approximate  solution,  thus  obtained,  will  converge  under  very  general  con¬ 
ditions  to  the  solution  of  the  wave  equation  whenever  the  mesh  size  is  decreased 
and  the  mesh  ratio 

r  “  A</Ax 

is  chosen  less  than  one  and  kept  constant.  They  point  out  that  a  solution  of  the 
difference  equation  will  in  general  (“in  allgemeinen”)  not  converge  to  the  cor¬ 
responding  solutions  of  the  wave  equation  if  the  mesh  ratio  r  exceeds  one. 

In  a  recent  paper  by  O’Brien,  Hyman  and  Kaplan,  “A  Study  of  the  Numerical 
Solution  of  Partial  Differential  Equations”  (reference  two)  the  above  result  is 
quoted  and,  in  addition,  it  is  remarked  that  if  the  triangular  region  of  influence 
of  a  single  point  for  the  difference  equation  does  not  include  the  corresponding 
region  of  influence  of  the  point  for  the  differential  equation  (r  >  1)  convergence 
is  “clearly  impossible”  and  “thus  r  ^  1  is  a  necessary  condition  for  conver¬ 
gence.” 

In  this  paper  a  convergent  solution  of  the  difference  equation  in  question  for 
any  ■positive  value  of  the  mesh  ratio  r  will  be  established. 

2.  The  problem  and  its  exact  solution.  The  following  special  problem  will  be 
considered.  The  function  u(x,  t)  satisfies  the  differential  equation 

d'u/dt'  =  d'u/dx'  0  <  X  <  1  0  <  f 

the  boundary  conditions  > 

u(0,  t)  -  m(1,  0  =  0,  <  ^  0 

and  the  initial  condition 

m(x,  0)  -  fix)  [dM(x,  t)/dt]t^  0  ^  X  ^  1  (1) 

The  exact  solution  of  this  problem  (vibrating  string)  is  well  known  and  given  by 

m 

m(x,  0  “  On  sin  TUX  cos  mt  (2) 

fl*l 


where 
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The  more  general  case 

•  [du{x,  i)/dt]t-o  =  g{x),  0  <  X  <  1 

will  present  no  additional  difficulties. 

It  will  be  assumed  that  /(x)  is  continuous  in  the  interval  [0,  1]  and  that  it  has 
one  sided  derivatives  at  all  interior  points  of  that  interval.  These  conditions 
are  sufficient  to  show  that  u(x,  t)  is  the  imique  solution  of  the  problem. 

3.  The  difference  equation.  The  interval  0  ^  x  ^  1  is  divided  into  M  sub¬ 
intervals  of  equal  length  Ax.  The  mesh  ratio  r  is  defined  by  the  relation  (Ax)r  » 
Af.  Let  v(x,  t)  be  an  exact  solution  of  the  difference  equation 

v(x,  f  +  Af)  +  v(x,  f  —  A<)  —  2v(x,  t) 

(3) 

=  r[t>(x  -f  Ax,  t)  -f-  v{x  —  Ax,  t)  —  2r(x,  <)] 

This  is  the  difference  equation  considered  in  references  one  and  two.  By  separa¬ 
tion  of  variables  it  can  easily  be  foimd  that 

v{x,  0  “  2  sin  mx  [bn  cos  {{tM/r)  arc  cos  [1  —  2r*  sin*  (im/2ilf)]} 

»-i  (4) 

-f-  c„  sin  {(tM/r)  arc  cos  [1  —  2r*  sin*  (irn/2Af)]}J 

is  a  formal  solution  of  (3)  each  term  of,  which  satisfies  (3)  and  the  same  boundary 
conditions  as  u(x,  t),  namely 

r(0,  0  »  p(l,  0  =*  0,  f  ^  0. 

The  hn  and  Cn  in  (4)  are  arbitrary  constants. 

4.  One  exact  solution  of  the  difference  equation.  While  it  is  necessary  to  know 
the  values  of  u(x,  0)  in  (1)  for  all  values  of  x  in  the  interval  0  <  x  <  1,  it  is 
sufficient  to  know  the  values  of  v(x,  0)  on  the  mesh  points  of  the  first  line.  These 
values  of  v(x,  0)  on  the  mesh  points  need  not  coincide  with  the  corresponding 
values  of  m(x,  0)  on  the  same  mesh  points  in  order  to  insure  convergence. 

To  any  positive  integer  Af  >  1  we  define  another  pKNsitive  fc(Af)  such  that 

HM)  <  \/M  (5) 

and 

lim  kiM)  =  00  (6) 

i.e.  k{M)  could  be  chosen  to  be  the  positive  integer  satisfying  the  inequality 

-  1  ^  jfc(M)  < 

If  we  put  in  (4)  Cm  —  0  for  ail  n  and  6n  —  0  for  n  >  k{M)  and  choose  the  re¬ 
maining  k  different  hn{M)  in  such  a  way  that  to  any  preassigned  c  >  0  there 
exists  an  Afi(e)  such  that  for  any  M  >  Mi 

I  hn(M)  —  o,  1  <  uniformly  for  n  ^  1,  2  -  k 


(7) 
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then  for  any  M  >  M\  the  exact  solution  Vm{x,  t)  of  the  difference  equation  (3) 
is  defined  for  0  ^  x  ^  1,  0  ^  <  to  be 

0  =  S  hn{M)  sin  mx  cos  [{tM/r)  arc  cos  { 1  —  2r*  sin*  (im/2Af) }].  (8) 

The  initial  condition  at  the  line  f  0  becomes 

k 

Vjf(x,  0)  2  6n(M)sinimx.  (9) 

il«l 

One  possible  way  of  satisfying  (7)  is  to  choose  6,  *  a« ,  n  *  1,  2  •  •  •  A;  which 
means  that  the  initial  values  of  Vm{x,  0)  are  chosen  in  such  away  that 

[/(x)  -  Vm  (x,  0)1*  dx. 

is  minimized.  (Least  square  error  approximation  of  /(x)  by  a  trigonometric  poly¬ 
nomial  of  k  terms.) 


6.  The  convergence  theorem.  Assumptions: 

1.  0,  0  ^  X  ^  1.  r  and  fo  are  fixed  positive  constants. 

2.  2^^-!  On  sin  xnx  *  /(x),  |  /(x)  \  <  P,  P  independent  of  x. 


On 


sin  mx  dx 


3.  To  any  €  >  0  there  exists  an  Mi{i)  such  that  for  any  M  >  Mi 

I  6,(3/)  -  o,  1  <  €  3/"''*  for  1  n  ^  k{M) 

4.  k(M)  <  M^'\  lim  k{M)  -  *. 


Theorem:  limvjr(x,  t)  —  u(x,  t)  or 

ir-»» 

lim  ^  6,  (3/)  sin  mx  cos  [(3/t/r)  arc  cos  {1  —  2r*  sin*  (im/23/)}] 

M-*»  M  — 1 


“  23  <*»  sin  mx  cos  mt, 

r,  t,  and  x  are  fixed. 


6.  A  Lemma.  Assumptioru: 


1.  r  >  0,  2.  0  ^  z  ^  §T3r*'*. 


Lemma:  There  exists  an  Mt(r)  such  that  for  any  M  >  Mt  and  any  given 
«  >  0 


I  2zr  —  arc  cos  (1  —  2r*  sin*  z)  \  <  trfM*. 


CONVERGENCE  OF  APPROXIMATE  SOLUTIONS 


255 


Proof:  Since  the  lemma  is  obviously  satisfied  for  r  =  1,  choose  r  ^  1.  Choose 
Afi(r)  so  that 

1  —  2r*  sin*  z  >  0 

for  all  admissible  values  of  z  and  M  >  Mi.  Let 

F(z)  =  2zr  —  arc  cos  (1  —  2r*  sin*  z). 


F(0)  =  0,  F'iO)  =  0 


F"iz)  = 


2r(l  —  r*)  sin  z 
(1  —  r*  sin*  2)*'*’ 


A.  r  <  1, 


0  g  F"iz)  g  2r  sin  z. 


Integrating  twice  betw'een  the  limits  zero  and  z  leads  to 

0  ^  F(z)  ^  2r(z  -  sinz)  ^  (l/3!)2r2*  ^  (rT*/3-8)ilf~*'\ 


B.  r  >  1 


0  ^  F"(2)  ^  2‘'*r(l  -  r*)  sin  z. 


In  the  same  way  as  in  case  A  we  obtain 

0  ^  F(z)  ^  *‘^8-6  *'*^''* 

It  is  obvious  that  &n  Mi  >  Mi  exists  so  that  for  any  M  >  Mt  and  any  positive  r 

I  F(z)  I  <  er/M*. 

7.  Proof  of  the  convergence  theorem :  Putting  z  ~  (m/2M)  in  the  lemma  of 
section  6  it  follow’s  immediately  that  there  exists  an  Mi  such  that  for  M  >  Mi 

l(Aff/r)  arc  cos  {1  —  2r*  sin*  (Tn/2Af)}  —  mt  \  <  tt/M,  n  =>  1,  2,  •  •  •  k{M) 


I  cos  [{Mi/r)  arc  cos  {1  —  2r*  sin*  {m/2M)]]  —  cos  mt  \  <  tt/M.  (10) 

From  assumptions  2  and  4  in  the  convergence  theorem  it  follow's  immediately 
that  to  any  «  >  0  there  exists  an  Mi{t)  such  that  for  any  M  >  Mt  and  fixed  t 


^  On  sin  mx  cos  mt  <  «. 

n-*+l 
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Since  for  M  >  max  {Mi ,  Mt ,  Mt)  (7),  (10)  and  (11)  imply 

k  k 

l  t;jf(x,  t)  —  u(x,  0  I  “  H  (6n  —  oO  sin  mx  cos  mt  (bn  —  a»  +  an)  sin  xnx 

»“i  •— 1 

[cos  {{tM/r)  arc  cos  (1  —  2r*  sin*  {m/2M))\  —  cos  imf] 

SO 

—  a,  sin  mx  cos  mi  [  ^  e  +  «*f  +  €P<  +  e  ^  «(2  +  «<  +  Pt) 

n-k+l 

the  convergence  theorem  is  proved. 
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